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0 %% any thing in Praiſe of the 
© BN enſiumg Treatiſe, were an At- 
tempt as needleſs and impertinent, 
6 Rs as to write a Panegyrick on its 
Author. It is enough that the Subject is 
ALGEBRA; and that it was written by 
Sir Iſaac Newton: Thoſe who know any 
thing of the Sciences, need not be told the 
Value of the former; nor thoſe who have 
heard any thing of Philoſophy and Mathe- 
maticks, to be inſiructed in the Praiſes of 
the latter. If any thing could add to the 
Eſteem every Body has for the Analytick Art, 
it muſt be, that Sir Iſaac has condeſcended ta 
handle it ; nor could any thing add to the 
Opinion the World has of that illuſtrious 
Author's Merit, but that he has written 
with ſo much Succeſs on that wonderful Sub- 
Jett. R 
It is true, we have already a great many 
Books of Algebra, and one might even furniſh 
a Mos 


1 To the READER. 


2 moderate Library purely with Authors on 
that Subject. But as no Body will imagine 
that Sir Iſaac would have taken the Pains to 


compoſe a new one, had he not found all the | 


old ones defeftive; ſo, it will be eaſily allow- 
ed. that none was more able than he, either to 
diſcover the Errors and Defefts in other 
Books, or to ſupply and rettify them in his 
OWN. 

The Book was originally writ for the pri- 
vate Uſe of the Gentlemen of Cambridge, and 
was delivered in Lectures, at We publick 
Schools, by the Author, then Lucaſian Pro- 
fefſer iu that *Unrverſity. Thus, not being im- 
meatately intended for the Preſs, the Author 
had not proſecuted his Subjeft ſo far as might 
otherwiſe have been expected; nor indeed did 


he ever find Leiſure to bring his Work to 4 


Concluſion : So that it muſt be obſerved, that 
all the Conſlrutlions, both Geometrical and 
Mechanical, which occur towards the End of 
the Book, do only ſerve for finding the firſt 
two or three Figures of Roots; the Author 
having here only given us the Conſiruction of 
Cubick Equations, though he had a Deſign to 
have added, a general Method of conſtrutting 
Biquaaratick, and other higher Powers, and 
to have particularly ſhewn in what Manner 
the other Figures of Roots were to be ex- 
tracted. In this unfiniſhed State it continued 


till the Tear 1797, when Mr. Whiſton, the 


Author's Succeſſor in the Lucaſian Chair, con- 


ſadering 


To the READER. iii 


ſidering that it was but ſmall in Bulk, and 
yet ample in Matter, not too much crowded 
with Rules and Precepts, and yet well fur- 
niſhed with choice Examples, ( ſerving not on- 
ly as Praxes on the Rules, but as Inſtances 0 


the ag Vſefulneſc of the Art it ſelf; and, 


in ſhort, every Way qualified to conduct the 


young Student from his firſt ſetting out on this 


Study) thought it Pity ſo noble and uſeful a 
Work ſhould be doomed to a College-Confine- 
ment, and obtained Leave to make it Publick. 
And in order to ſupply what the Author had 
left undone, ſubjoyned the General and truly 
Noble Method of extratting the Roots of Equa- 
tions, publiſhed by Dr. Halley in the Philo- 


ſophical "Tranſactions, having firſt procured 


both thoſe Gentlemen's Leave for his fo 
doing. 

As to the publiſhing a Tranſlation of this 
Book, the Editor is of Opinion, that it is 
enough to excuſe his Undertaking, that ſuch 
Great Men were concerned in the Original; 
and is perſwaded, that the ſame Reaſon which 
engaged Fir Iſaac to write, and Mr. Whiſton 
to publiſh the Latin Edition, will bear him 
out in publiſhing this Engliſh one: Nor will 
the Reader require any farther Evidence, that 
the Tranſlator has done Juſtice to the Origi- 
nal, after I have aſſured him, that Mr. Ralphſon 
and Mr.Cunn were both concerned in this Tran- 


ſlation. 


* 


A D. 


WHEAT IS EE MENT. 


T HIS New Edition, in Exgliſb, of Sir IsAAc NRWTOx's 

ALGEBRA, has been very carefully compared with the 
correct Edition of the Original, that was publiſhed in 1722 
and ſuitable Emendations have been every where made ac- 
cordingly. What was there wanting, is a general Method of 
finding, in Numbers, the Roots of Equations; and the 
Doctrine of the I oci and by their Means the Geometrical Con- 
ſtruction of Equations. The firſt is ſupplied by Dr. HarLezy's 
Method, which is here annexed. The other the Reader may 
find delivered with great Perſpicuity and Elegance, by the Mar- 
guiſe 4 PH ira} in his Azualyricat mo of the Conick 
Sections: Where, befides, he will meet with great Variety 
of very difficult Problems, which are ſolved after ſo ex- 
cellent a Manner, as not to be given over, until they are 
at length brought to the moſt elegant Conſtruction they are 
capable of. As this Part of Agebra is the moſt difficult, ſo 
it is the moſt neceſſary ; and has never, I believe, been hand- 
led to any good Purpoſe, by any Writer whatever, beſides 
that illuſtrious Author. What Schoten has pretended to do 
on this Head, in general, at the End of Cartes's Geometry, 
is the moſt clumſy Performance imaginable. 
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Univerſal Arithmetick : 


OR, A 
TREATISE 
OP 
Arithmetical ComPos1TION and 
RESOLUTION. 


TAEEOMPUTATION is either d by 
MNunbers, as in Vulgar Arithmetick, or by 
| Speries, as uſual among Algebraiſts. They are 

both built on the ſame Foundations, and aim 
at the ſame End, vis. Arithmetick Definitely 

and Particularly, Algebra Indefinitely and Uni- 


_ verſally ; ſo that almoſt all xpreſſions that are found out by 


this Computation, and particularly Conclufions, may be called 
Theorems, But Fant aq — excellent jn this that 
whereas in Arithmetick Queſtions are only reſolv'd by pro- 
ceeding from given Quantities to the Quantities ſought, Al- 

ebra proceeds in a retrograde Order, from the Quantities 
ought, as if they were given, tothe — given, as if they 
were ſought, to the — that we may ſome way or other come 
to a Conc luſion or Equation, from which one may bring out 
the Quantity ſought. And after this Way the moſt difficult 
Problems are reſolv'd, the Reſolutions whereof would be 
fought in vain from only 3 Arithmetick. Yet — 


L NOTATION. 


metick in all its Operations is fo ſubſervient to Alpebra, as 


that they ſeem both but to make one perfect Science of Com- 


puting ; and therefore I will explain them both er 


Whoever goes upon this Science, muſt firſt underſtand the 
Signification of the Terms and Notes, and learn the funda- 
mental Operations, viz. Addition, Subſtraction, Multiplica- 
tion, and Divifion ; Extraction of Roots, Reduction of Frac- 
tions, and of Radical Quantitics, and the Methods of or- 


dering the Terms of Equations, and exterminating the un- 
known Qnautities (where they are more than _ Then 
let [the Learner] proceed to exerciſe himſelf in theſe Opera- 
tions, by bringing Problems to Equations; and, laſtly, let 
him cantider the — and Reſolution of Equations. 


Of the Signification of fume Mords and Notes. 


By Number we underſtand not ſo much a Multitude of 
Unities, as the abſtracted Ratio of any Quantity, to another 
Quantity of the ſame Kind, which we take for Unity. And 
this is threefold ; integer, fracted, and ſurd: An Integer is 
what is meaſured by Unity, a Traction, that which a ſub- 
multiple Part of Unity meaſures, and a $tr4, to which Unity 
is incommenſurable. 5 : 

Every one underſtands the Nutes of eve Numbers, (0, 1, 
2,3, 4, 5, 6, 7, 8, 9) and the Values of thoſe Notes when 
more than one are ſet together. But as Numbers plac'd on 
the left Hand, next before Unity, denote Tens of Units, in 
the ſecond Place Hundreds, in the third Place Thouſands, &9c, 
ſo Numbers ſet in the ſirſt Place after Unity, denote tenth 
Parts of an Unit, in the ſecond Place hundredth Parts, in the 
third Place thouſandth Parts, c. and theſe are call'd Deci- 
nal Frattions, . becauſe they always decreaſe in a Decimal 
Ratio; and to diſtinguiſh the Integers from the Decimals, 
we place a Comma, or a Point, or a ſeparating Line. Thus 
the Number 732 L 569 denotes ſeyen hundred thirty-two 
Units, together with five tenth Parts, fix centeſimal, or 
hundredth Parts, and nine millefimal, or thouſandth Parts 
of Unity; which are alſo written thus, 732, L 569; or 
thus, 732.569; or alſo thus, 732 L 569, and ſo the Number 
57g, 2083 fifty-ſeven thouſand one hundred and four Units, 
together with two tenth Parts, eight thouſandth Parts, and 
three ten thouſandth Parts of Unity; and the Number 0,064 


denotes fix centeſimals and four milleſimal Parts. The Noteb 
of Surds and fracted Numbers are ſet down in the following 


Pages. * IW hen 
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NOTATION. 3 

When, the: Quantity of any Thing is unknown, or look d 
uon as iudeteriſi nate, ſo that we cannot expreſs it iu Numbers, 
de Aue it by fame Species, or by ſame Leiter, And if we 


conſider known Quannties as indeterminate, we denote them, 
for diſtinction ſake, with the initial Letters of the Alphabet, 


as 4, U, c, d, and the unknown ones by the final ones, 2, y, x, 


&c. Some ſubſtitute Conſonants or great Letters for known 
Quantities, and Vowels or little Letters for the unknown ones. 
Qnuantities are either Affirmative, or greater than nothing; 
er Negative, or /ef5 than nothing. Thus in humane Affairs, 
Polſefſions or Stock may be call'd affirmative Goods, and Debts 
negative ones. And ſo in local Motion, Progreſſion may be 
call'd affirmative Motion, and Repreſſion negative Motion; 
becauſe the firſt augments, and the other diminiſhes the Length 
of the Way made, And after the ſame mannerin Geometry, 


if a Line drawn any certain Way be reckon'd for Affirmative, 


then a Line drawn the contrary Way may be taken for Nega- 
tive. As if AB [See Hg. .] be drawn to the tight, and 
B O to the left; and AB be reckon'd Nan BC 
will be Negative; becauſe in the drawing it diminiſhes A B, 
and reduces it either to a ſhorter, as A C, or to none, if C 


chances to fall upon the Point A, or to leſs than none, if BC 


be longer than AB from which it is taken. A negative 
Quantity is denoted by the Sign — ; the Sign + is prefix'd 
to an affirmative one; and ;þ denotes an uncertain Sign, and 
+ a contrary uncertain one. | | 

In an Aggregate of axe: the Note + ſignifies, that 
the Quantity it is prefix 'A to, is to be added, and ibe Note —, 
at it is to be ſubtracted. And we uſually expreſs theſe 
Notes by the Words Plus (or more) and Aſinus (or 45). 
Thus 2 ＋ 3, or 2 more 3, denotes the Sum of the Numbers 
2 and 3, that is 5. And5 —3, or 5 leſs 3, denotes the Dif- 
ference which ariſes by ſubduCting 3 from 5, that is 2: 
And — 5 + 3 fignifies the Difference which ariſes from ſub- 
Cuttings from 3, that is — 2; and 6 — 1 +3 makes 8. Alſo 
a+ b denotes the Sum of the Quantities 4 and &, and a —b 
the Difference which ariſcs by ſubducting & from a; and 
a — b+c ſignifies the Sum of that Difference, and of the 
Quantity c. Suppoſe if a be 5, bz, andc8, then a+ will 
be 7, and a—bz, and a—b—+c will be 11. Alſo 2 434 


is 54, and 30 —24—b +34is 2b +a; for 3b —b makes 


20, and — 24 ＋3 a makes a, whoſe Aggregate, or Sum, is 
2 b+4, and ſo in others. Theſe Notes + and — are called 
Signs. And when neither is prefix'd, the Sign + is always 
to be underſtood. B 2 Mui. 


0 


4 NOTATION, 
Multiplication, properly ſo call'd, is that which is made by 
Integers, as ſeeking a new Quantity, ſo many times greater 


than the Multiplicand, as the Multiplier is greater than Uni- 


ty. But for want of a better Word, that is alſo called Muiti- 
Flication, which is made uſe of in Fractions and Surds, to find 
a new Quantity in the ſame Ratio (whatever it be) to the 
Multiplicand, as the Multiplier has to Unity, Nor is Multi- 
plication made only by abſtract Numbers, but alſo by concrete 
Quantities, as by Lines, Surfaces, Local Motion, Weight 

Sc. as far as theſe being related to ſome known _ of 
their kind, as to Unity, may expreſs the Ratios of Numbers, 
and ſupply their Place. As isif the Quantity A be to be mul- 
tiply'd by a Line of 12 Foot, * a Line of 2 Foot to 
be Unity, there will be produc d by 5 Multiplication 6 A, 
or fix times A, in the ſame manner as if A were to be mul- 
tiply'd by the abſtract Number 6; for 6 A is in the ſame 
Ratio to A, as a Line of 12 Foot has to a Line of 2 Foot. 
And ſo if you were to multiply any two Lines, A C [ See Fig. 2.] 
and AD by one another, take A B for Unity, and draw B C, 
and parallel to it DE, and AE will be the Product of this 
Multiplication ; becauſe it is to ADas AC to the Unity A B. 
Moreover, Cuſtom has obtain'd, that the Geneſis or Deſcrip- 
tion of a Surface, by a Line moving at right Angles upon an- 
other Line, ſhould be called the Multiplication of thoſe two 
Lines. For tho' a Line, however muiltiply'd, cannot become 
a Surface, and conſequently this Generation of a Surface by 
Lines is very different from Multiplication, yet they agree in 


this, that the Number of Unities in either Line, multiply'd 


by the Number of Unities in the other, produces an abſtrac- 
ted Number of Unities in the Surface comprehended under 
thoſe Lines, if the ſuperficial Unity be defin'd as it is uſed to 
be, viz. a Square whole Sides are linear Unities. As if the 
right Line [4 ig. 3.] AB conſiſt of four Unities, and A C of 
three, then the Rectangle AD will conſiſt of four times three, 
or 12 ſquare Unities, as from the Scheme will appear. And 
there is the like Analogy of a Solid and a Product made by 
the continual Multiplication of three Quantities, And hence 
it is, that the Words to multiply into, the Content, a Rectangle, 
a Square, a Cube, a Dimenſion, a Side, and the like, which 
are Geometrical Terms, are applied to Arithmetical Opera- 
tions. For by a Square, or Rettangle, or a 2 2 
Dimenſions, we do not always underſtand a Surface, but moſt 
commonly a Quantity of ſome other kind, which is produc d 
by the Multiplication of two other Quantities, and very = 
* 880 i . f 3 1 ine 
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| dividing 4 by b; as ſuppoſe a was 15 and 0 3, chen — would 


NOTATION 5 


4 Line which is produc'd by the Multiplication of two other 
Lines. And ſo we call a Cube, or a Parallelopiped, or a 
ntity of three Dimenſions, that which is produc'd by 
two Multiplications. We ſay likewiſe the Side tor a Roor, 
and uſe Draw into inſtead o ry + ; and ſo in others, 
A Number prefix d immediately before any Species, denotes 
that Species to be ſo often to be talen. Thus 2 à denotes two 


as, BH three b's, 15 x, fifteen x's. 


or more Species immediately connected together denote a 
Product or 8 made by the Multiplication all the 
Species rogether, Thus ab denotes a Quantity made by mul- 
tiplying a by b, and ab» denotes a — made by multi- 
woke a by b, and the Product again by x. As ſuppoſe, if 4 
were 2, and Y; and v5, then ab would be 6, and ab x 30. 

Among Quantities multiplying one another, the Sign x, or 
the Word by or into, is made uſe of to denote the Product 
ſometimes. 'Thus 3 x 5, or 3 by or into 5 denotes 15 ; but 
the chief Uſe of theſe Notes is, when compound - Quantities 
are multiply'd together. As if y—2 6 were to multiply y +6, 
the way is to draw a Line over each Quantity, and then write 


them thus, y —2b into y, or y —2 bx y +6. 

' Diviſion bs properly that which is made uſe of for integer 
or whole Numbers, in finding a new ny ſo much leſs 
than the Dividend, as Unity is than the Diviſor. But by 
Analogy, the Word may alſo be ufed when a new Quantity 
is ſought, that ſhall be in any ſuch Ratio to the Dividend, as 


Unity has to the Diviſor ; whether that Diviſor be a Fraction 


or ſurd Number, or other Quantity of any other kind. Thus 
to divide the Line [See Fig. 4.] AE by the Line AC, AB 
being Unity, you are to draw ED parallel to CB, and AD 
will be the Quotient. Moreover, it is call'd Diviſion, b 
reaſon of a certain Similitude, when a Rectangle is appli 
N 28 Line as a Baſe, in order thereby to know the 

eighth. q 

One Quantity elo another, with à Line interpoſed, de- 
notes & Quotient, or 4 Nu ariſing by the Diviſion of 
the upper Quantity by the lower. Thus © denotes a Quan- 
tity ariſing by dividing 6 by 2, that is 3; and 4 a Quantity 
arifing by the Divifion of 5 by 8, that is one eighth Part of 


the Number 5. And J denotes a Quantity which ariſes by 


genote 


— 


6 NOTATION. 


7 


| i ab—bb "> 
denote 3. Likewiſe thus STS denotes a Quantity arifing 


by dividing a- by a+x. And fo in others. Theſe 
ſorts of Quantities are called Factions, and the upper Part 
is call'd by the Name of the Numerator, and the lower is 
call'd the Denominator. | 

Sometimes the Diviſor is ſet before the divided nee 
and ſeparated from it by a Mark reſembling an Arch of a 
Circle, Thus to denote the Quantity which ariſes by the Di- 


: a v : axx 
viſion of 22 by 4 — 9, it may be wrote thus, 4 —b) Re 


1 we commonly denote Multiplication by the im- 
mediate Conjunction of the Quantities, yet an Integer before 
a Fraction, denotes the Sum of both. Thus 3 4 denotes three 
and a halt, | AE 
Va Quantity be multifly'd by itſelf, the Number of Fats 
er Proaucts is, for xe ons, ſes at the Top of the Letter. 
Thus for 444 we write a“, for a aaa 4*, for 44444 A,, and 
for aaa we write 4, or a; as, ſuppoſe it a were 
5 and b be 2, then 4 will be 5x5 Xx or 125, and 4* will be 
$X5X5X5 or 625, and a & will bezXx5x5xX2X2 or 500. 
Where Note, that if a Number be written immediately be- 
tween two Species, it always belongs to the former ; thus the 
Number; in the Quantity 4* bb, does not denote that Ub is to 
be taken thrice, but that @ is to be thrice multiply'd by' itſelf, 
Note, moreover, that theſe 3 are ſald to be of ſo 
many Dimeinſicus, or of ſo high a Porter or Dignity, as they 
conſiſt of Factors or Quantities multi lying one another; and 
the Number ſet on forwards at the To of the Letter is called 
the Index of thoſe Powers or „ Par Ev thus 44 is of two 
Dimenſions, or of the 24 Power, and 4* of three, as the 
Number 3 at the Top denotes. @4 is alſo called a Sqrare, 
a* a Cule, a* a Hiqtadrate or ſquared Square, a* a Juadrate- 
Cube, a a Cnvo-Cnbe, a7 à Quaarato-Quadrato-Lule or 
Square3-Squares Cnbe, and fo on: And the Quantity a, by 
whoſe Multiplication by itſelf theſe Powers are generated, is 
called their Rot, r. it is the Square Root of the Square 4a, 
the Cube Root of the Cube a2 4, &c. | 

But when a Root, multiply'd by itſelf, produces a Square, 
and that Square, multiply'd again by the Root, produces a 
Cube, Ec. it will be (by the Definition of Multiplication) as 
Unity to the Root, ſo that Root to the Square, and that 
Square to the Cube, Cc. And conſequently rhe ſquare * 


— 


NOTATION. 7 


of any Quantity will be a mean Proportional between Unity 
and that Quantity, and the Cube Root the firſt of two mean 
Proportionals, and the Biquadratick Root the firſt of three, 
and ſo on. Wherefore Roots are known by theſe two Pro- 
perties or Affections, firſt, that by multiplying themſelves 
they produce the ſuperiour Powers; 2dly, that they are mean 
Proportionals between thoſe Powers and Unity. Thus, 8 is 
the Square Root of the Number 654, and 4 the Cube Root of 
it, is hence evident, becauſe 8 x 8, and 4x 4 x 4 make 64, 
or becauſe as 1 to8, ſo is 8 ro 64, and 11s to 4 as 4 to 16, and 
as 16 to 64. And hence, if the Square Root of any Line, as 
AB [See Fig. 5.] is to be extracted, produce it to C, and let 
BC be Unity; then upon AC deſenbe a Semicircle, and at 
B erect a Perpendicular, meeting the Circle in D; then will 
BD be the Root, becauſe it is a mean Proportional between 
AB and Unity BC. | 
To denote the Root of any Quantity, we nſe to prefix this 
Note / for a Square Root, and this ü 3: if it be à Cube 
Root, aud this 9 4: for a Biquadratick Root, &c. Thus 64 
denotes 8; and / 3:64 denotes 4; and y 4 4 denotes a; and 
ax denotes the Square Root of ax; and y3:44xx the 
Cube Root of 44 w. As if à be 3, and x tz; then y aw 
will be / 36, or 6; and / 3: 44xx will be / 3:1728, or 12. 
And when theſe Roots cannot be extracted, the Quantities 
are called S,, as y &x ; or Sur Numbers, as V 12. 
There are ſome, that to denote the Square or firſt Power, 
make uſe of q, and of c for the Cube, 4 for the Biquadrate, 
and c for the Quadrato-Cube, c. After this Manner for 
the Square, Cube, and Biquadrate of A, they write A 7, Ac, 
A1q, &e. and for the Cube Root of ab — x, they write 


v c:abb—x*, Others make uſe of other ſorts of Notes, 


but they are now almoit out of Faſhion, 

The Mark ſig niſies, that the Quantities on each Side of 
it are equal. Thus x = b denotes & to be equal to 5. 

T he Note : : ſignifies that the Quantities on both Sides of it 
are proportional. Thus 4.6 : : c. A ſignifies, that 4 is to b as 
cto4; anda.b.e :: c. 4 J ſignifies Par a, b, and e, are to 
one another reſpectively, as c, 4, and f, are among them- 
—_— or that 4 toc, O to 4, and e to /, are in 1 ſame 

atio. 

Laſtly, the Interpretation of any Marks or Signs that may 
be compounded out of theſe, will eaſily be known by Analogy. 


Thus: 4* U denotes three quarters of a* 5b, and 3 - ſignifies 
thrice 


» 
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thrice <, and ) Va x ſeven times Va. Alſo —s denotes 


- 27 - 2* denotes the pro- 
9 — 


duct made by multiplying 2 by 


44 ge! 


the Product of æ by and 


that is the Quo- 


tient ariſing by the Diviſion of 3e by 4a + ge; and = 


ax, that which is made by multiplying / A* by = 


and We Quaticae arifing by the Dividoa of j 3x 


c 
8a Ver 
by cz and 24 +V cx 


the Quotient ariſing by the Diviſion 


of 84y cx by the Sum of the Quantities z a +y/ cx. And 


34 xXx — 
thus 2 — 
ſion of the Difference 34 * x — x* by the Sum a+ x, and 
7 za xx -& | 

a+x 

24x * —x 


zaÞ3cy- — denotes the Product of the Multipli- 


a + x 
cation of that Root by the Sum 2@ + 3c. Thus alſo 


y 444 + bv denotes the Root of the Sum of the Quantities 


244 and bb, and V : a +y 2 aa +Þb denotes the Root of 
the Sum of the Quantities 5 4 and y/ 3 aa D, and 


z 
— denotes the Quotient ariſing by the Divi- 


2 4 5 
BS Va +y 4a + bb denotes the Root multiply'd . 


, 


7a er And fo in other Caſes, 


But Note, that in complex — 5 — of this nature, there 
is no neceſlity of giving a particular Attention to, or bearing in 
your Mind the Signification of each Letter; it will ſuffice in 


by - 2 4 


general to underſtand, e. g. that Y 44 + y/; aa + bb figni- 


fies the Root of the Aggregate or Sum of 5a+y/ Tag +bbz 
1 what - 


z 
denotes the Root of that Quotient, and 
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whatever that Aggregate may chance to be, when Numbers 
or Lines are ſubſtituted in the room of Letters. And thus it 


is as ſufficient to underſtand, that 25 ——5— = ſigni- 
fres the Quotient ariſing by the Diviſion of the Quantity 


VIA as+bb by the Quantity 4 — y/ 4b, as much 
as if thoſe Quantities were ſimple and known, though at pre- 
ſent.one may be ignorant what they are, and not give any 
particular Attention to the Conſtitution or Signification of 
each of their Parts; which I thought I ought here to admo- 
niſh, leſt young Beginners ſhould be deterr'd in the very Be- 
ginning, by the Complexneſs of the Terms. 


Of AppirT1oN. 


© 3 HE Addition of Numbers, where they are not very 
cempoumed, is manifeſt of itſelf, Thus it is at firſt 
Sight evident, that ) and 9 or 5 + 9 make 16, and that 
11 + 15 make 26. But in ure compornde4 Numbers, the 
Buſineſs is perform d by <rriring the Numbers in a Row 4oeen- 
wards, or one under another, aud ſingly collecting the Sums of 
the Columns. As if the Numbers 1357 and 172 are to be 
added, write either of them (ſuppoſe 172) under the other 
1357, ſo that the Units of the one, viz. 2, may ex- 
actly ſtand under the Units of the other, vis. 7, and 1357 
the other Numbers of the one exactly under the cor- 152 
Ren ones of the other, vis. the Place of Tens —— 
under Tens, vis. 7 under 5, and that of Hundreds, 1529 
diz. 1, under the Place of Hundreds of the other, 
diz. 3. Then beginning at the right hand, ſay 2 and ) make 
9, which write underneath. Alle 7 and 5 make 12, the laſt 
of which two Numbers, vis. 2, write underneath, and re- 
ſerve in your mind the other, vis. 1, to be added to the two 
next Numbers, vis. 1 and 3. Then ſay 1 and 1 make 2, 
which being added to 3 they make 5, which write under- 
neath, and there will remain only x, the firſt Figure of the 
upper Row of Numbers, which alſo muſt be writ under- 
neath ; and then you have the whole Sum, vis. 1529. 

Thus, to add the Numbers 87899 +1 3403 + 885 +1920 
into one Sum, write them one under another, ſo that all the 
Units may make one Column, the Tens another, the Hun- 


dreds a third, and the Places 4 "Thouſands a fourth, and ſo 
f On. 
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on. Then ſay, 5 and 3 make 8, and 8 + 9 make 17 ; then 


write ) underneath, and the 1 add to the next Rank, ſaying 
and 8 make 9, 9 + 2 make 11, and 11 +9 make20; 
having writ the © underneath, ſay again as before, 


2 and 8 make 10, and 10 +9 make 19, and 19 ＋4 87899 


make 23, and 23 8 make 31; then reſerving 3 
in your Memory, write down 1 as before, — * 2 


again, 3 E 1 make 4, 4 +3 make), and y + 7 
make 14, wherefore write underneath 4, and laſtly 2 


ſay 1 EI make 2, and 2 +8 make 10, which in 194807 
the laſt Place write down, and you will have the 
Sum of them all. 

After the ſame manner we alſo add Decimals, as in the 


following Example may be ſeen : 


630,953 
51,080) 
303721 
987,303) 

Addition 7s ferform'd in Algebraick Terms or Species, by 
connecting the Quantities to be added with their proper Signs, 
aud moreover by uniting into one Sum thoſe that can be ſo 
united. Thus a and 6 makea+b; a and — b make a—b; 
— a and — 6 make —a—b; 74 and 9a make 74 +9gaz 
—ay acandby ac make —=ay/ ac+Hby ac, orb Vac 
ay ac; tor it is all one, in what Order ſoever they arc 
written. 

Affirmative Quantities, which agree in Species, are united 
together, by adding the prefix'd Numbers that are mul- 
tiply'd into thoſe Species. Thus 74+ 9@ make 16 4. And 


a a 4 
116c + 15 6c make 26 bc. Alſo 3 - +5 % make 8 —, 


and 2 y ac Vac make 9 Vac, and6yv ab — xx + 


Val && make 13 VA x. And in like manner, 
6y/ 3+1y 3 make 13 / 3. Moreover a Vac +by as 


make a + b y/ ac, by adding together 4 and þ as Numbers 

| — — z 

multiplying Y 4c. And fo 24 - 3c y— — 
za —x* 


% make 50 37 Le becauls 


a 
24 + 3cand 34make54 + 3c 


. 
3 
2 
5 
7 


and 2 Vac and —- ) Vac make — 5 Vac. 
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ive Fraftions, that have the ſame Denominator, 
are united by adding their Numerators. Thus + +} make 


'  24X ax ax 84y cx 
25 and 7 + make =; and thus f e 


1) 4 q, 25 42 / cx aa by 
IT vis u fe. , + os 
aa+bx 
c 
Negative Quantities are added after the ſame way as Affir- 


mative. Thus — 2 and make 5 ; — and ——- * 


154x + 3 
make — . -A ax and—by ax make -A -V ax. 


But when a Negative Quantity is to be added to an Aﬀirma- 
tive one, the A ffirmati ve muſt be diminiſh'd by the Negative 


one. Thus 3 un makes 3 —— and — — ada 


7T4X 


— —-3 —&ayacandbyacmakeb—ay ac. And 


Note, that when the Negative Quantity is greater than the 
Affirmative, the Aggregate or Sum will be Negative, Thus 


11 a * a 
2 and — 3 make — 13 - and — — make — 5, 


In the Addition of a greater Number of Quantities, or 
more compound ones, it will be convenient to obſerve the 
Method or Form of ” — we have laid down above in 
the Addition of Numbers. As if 11 4x — 14 4+ z, and 
44+2 —B8ax, and 74 — 94x, were to be added to- 
gether, diſpofe them ſo in Columns, that the Terms that con- 
tain the ſame ous may ſtand in a Row one under an- 
other, viz, the Numbers 3 and 2 in one Column, the Spe- 
cies — 144, and 44, and 74, in an- 
other Column, and the Species 11742 17 22 ＋ 3 
and — 84 and — 94x in a third, —- 8a ＋ 44+2 
wk 2 me Foes of * Column — gar - 742 

y themſelves, laying 2 and 3 makes, 7— 
which I write underneath then 174 55 * 
| 2 and 
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and 44 make 114 and moreover — 14 4 make — 3 4, which 
I alſo write underneath, laſtly, — gar and — 8 ax make 
—178&4X, to which 17 & x added make o. And ſo the Sum 
comes out — 34+ 5. 

After the ſame manner the Buſineſs is done in the follow- 
ing Examples, | 


i2x+ 7a c- N 4ax 1 
1745 94 CRIES _— "+6 43+7 
19 164 26 , 5, Vac * | 4 
T 7 
74x 3 
F 
6 r u 4 
EN Ir x 1 
5 —6xx+53x — 2455 — 4445 — 45 
'+24y9 — 44 
Bit3 487 = 487, . 
9 * — 33 44 9 34 — 
| 27 
5 x* +243 


34 — 24 8 yaa YYY 
—2x* ＋5 Ur — 20 V —xx 
—4b⁰¹⁰⁰ —,,jjÜ0m̃ĩ a e 


*#bx* A N,, e - 204˙¹ V4 — e. 


Of SUBTRACTION. 


THE Invention of the Difference of Numbers that are 
not 700 much com potinded, is of itſelf evident; as if you 
take 9 from 17, there will remain 8. But in more compoumded 
Numbers, Subtraction is perform'd by ſubſcribing or ſetting 
underneath h Suubtrahend, and ſubtratting each of the lower 

Figures from each of the 8 ones. Thus to ſubtract 6354 

from 782579, having ſubſcrib'd 63543, ſay, 3 from 9 an 
ere remains 6, which write underneath ; and 4 from 7 and 
there remains 3, which write likewiſe underneath ; Hou 
5 from 
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s from 5 and there remains nothing, which in like manner 
{et underneath z then 3 comes to be taken from 2; but be- 
cauſe 3 is greater than 2, you mult borrow 1 from the next 
Figure 8, which, together with 2, make 12, from which z 
may be taken and there will remain 9, which write likewiſe 
underneath; and then when beſides 6 there is alſo 1 to be 
taken from 8, add the 1 to the 6, and the Sum 7 being taken 
from 8, there will be left 1, which in like manner 
write underneath. Laſtly, when in the lower 782579 
Rank of Numbers there remains nothing to be 63543 
taken from 1, write underneath the 7, and ſo you 719036 
have the Difference 719036. | . 
But eſpecial Care is to be taken, that rhe Figures of the 
Subtrahend be placed or ſubſcrive4 in their proper or homo- 
geneous Places; viz. the Units of the one under the Units 
of the other, and the Tens under the Tens, and likewiſe 
the Decimals under the Decimals, Cc. as we have ſhewn in 
Addition. Thus to take the Decimal, 0,63 from the In- 


teger 547, they are not to be diſpoſed thus —— but thus 


mo 633 viz, ſo that the o, which ſupplies the Place of U- 


nits in the Decimal, muſt be placed under the Units of the 
other Number. Then o being underſtood to ſtand in the 
empty Places of the upper Number, ſay, 3 from o, which 
fince it cannot be, x ought to be borrow'd from the forego- 
ing Place, which will make 10, from which z is to be taken, 
and there remains 7s, which write underneath. Then that 
1 which was borrow d added to & make , and this is to 
be taken from o above it; but fince that cannot be, you muſt 
again borrow 1 from the foregoing Place to make 10, then 
7 from 10 leaves 3, which in like manner is to be 
writ underneath ; then that 1 being added to o, 
makes 1, which 1 being taken from ) leaves 6, 
which again write underneath. Laſtly, write the — 
two Figures 54 (fince nothing remains to be taken 54637 
from them) underneath, and you'll have the Re- - 
mainder 546,37. | 

For Exerciſe ſake, we here ſet down ſome more Examples, 
both in Integers and Decimals, 


1673 
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1673 1673 


458074 35,72 46, 303 308, 
154r 26 920 14,32 3,078 23,74 
132 93 448869 214 43,4223 282,96 


Fa greater Number is to be taken from a leſs, you maſt 
firſt ſubtract the leſs from the greater, and then prefix a ne- 
gative Sign to the Remainder. As if from 1541 you are to 
ſubtract 1673, on the contrary I ſubtra& 1541 from 1673, and 
to the Remainder 132 I prefix the Sign —. 

In Algebraick Terms, Subtraction 15 perform'd by connec- 
ting the Qlautities, after having changed all the Signs of | the 
Subtrahend, and by uniting thoſe together which can be united, 
as we have done in Addition. Thus + 9 4 from + 98 
leaves 94 — 7a or 24; — 54 from + 9a leaves + 94 + 
74, or 164; + 7a from — 94 leaves — 94 — 74, or — 
164; and — 7 a from — 9a leaves — ga +74, or — 24; 


a a a 
ſo Sy from 5 = leaves 2 . Vac from 2 Vac leaves — 


- 5 3 4 3 7 
ac; — from — 23 — 2 — leaves —; 
57 FS * Toad x, 7 from — leaves -—3 


24x 34x 5ax gay cr 
b . b 3:zaFycs 24 TV 
— 25 Ver 44 by, ör—- 424 
leaves ow 1 4a —6 
from 2 4 + b leaves 24a K-44 , ora 263; 342 
\— 22 + ac from 38 leaves 34S — 34S +22 — 46 


aa — ab aa + ab 
or 8 2 — 4c; - - from > he leaves 
aa +ab —_— 22 2 . 


from a+-xyax leaves 4 x—aFxyar or a & Va x, 
and ſo in. others. But where Quantities conſiſt ol mare Terms, 


\ 


the Operation may be managed as in Numbers, as in the fol- 


lowing Examples : 
” 


12 * 


—114y cx 
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12x 474 ee 5 * + ix 


922 — IIe ZIA 6x* —4x 
54 —24 26 Vc, 5x) -N 


IIA I 2 
7 FIT T 
42 1 
ome» aa if m—_ 
2 3 J 
14x 3 
. _ 9 7 


Of MULTIPLICATION. 


N UMBERS which ariſe or are produced by the Multi- 
plication of any two Numbers, not greater than 9, are 
to be learnt and retain'd in the Memory: As that 5 into ) 
makes 35, and that 8 by 9 make 72, Cc. and then the Mul- 
tiplication of greater Numbers is to be perform'd after the 
1 of theſe 2 les. . _ . 

It 795 is to be multiply 4, write 4 underneath, as you 
ſee here. Then ſay, _ 1 20, whoſe laſt . 
Figure, vis. o, ſet under the 4, and reſerve the for- 


mer 2 for the next Operation. Say moreover, 4 in- * 
to 9 makes 36, to which add the former 2, and 7 


there is made 38, whoſe latter * 8 write un- 
derneath as before, and reſerve the former 3. Laſt- 
ly, ſay, 4 into) makes 28, to which add the former 3 and 
there is made 31, which being alſo ſet pnderneath, you'll 
have the Number 3180, which comes out by multiplying 
the whole 995 by 4. f 

Moreover, if 9043 be to be multiply'd by 2305, write 
either of them, viz. 2305 under the other 9943 as before, 
and multiply the upper 9043 firſt by 5, after the Manner 
ſhewn, and there will come out 45215; then 
by o, and there will come out ooo; thirdly, 9043 
by 3, and there will come out 27129; laſtly, 2305 
by 2, and there will come out 18086. Then 45215 
diſpoſe theſe Numbers ſo coming out in a de- 0000 
ſcending Series, or under one another, ſo that 27129 
the laſt Figure of every lower Row ſhall ſtand 18086 
one Place nearer to the left Hand than the laſt 20844173 
of the next ſuperiour Row. Then add all theſe 


together, 
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together, and there will ariſe 20844115, the Number that 
is made by multiplying the whole 9043 by the whole 2305. 

In the ſame manner Decimals are multiply'd by Integers 
or other Decimals, or both, as you may ſee in the following 
Examples : 


72,4 50,18 350925 


as 3 2 
6516 25090 78050 

1448 35126 117075 
—_ . oo  _ yo 
137,9950 ,05151300 


But Note, ie Number coming out, or the Product, ſo 
many Tigures muſt be cut off to the right Hand for Decimals 
as there are Decimal Figures both in the Multiplyer and 
the Multifhcand, And it by Chance there are not ſo many 
Figures in the Product, the deficient Places muſt be fill'd up 
10 the left Hand with o's, as here in the third Example. 
 Simfie Algebraick Terms are multipiy d by multiplying 
the Numbers into the Numbers, and the Species into the 
Species, and by making the Product Affirmative, if both 
the Factors are Afirmative, or both Negative; and Negative 
if ctherwiſe. | 
Thus 24 into 3b, or — 24 into — 30 make 6 4b, or 6A: 
for it is no matter in what order they are placed. Thus alſo 
24 bly — 30, or — 24 by 30 make — 64b. And thus, 
24C into 8 Y cc make Id ccc, or isa; and 5axx in- 
to—1244x,y make — 84 x*; and —16cy into 31 45 
make — 496 h; and — 4 2 into — 3 y 42 make 122 
Vas. And ſo; into — 4 make — 12, and — 3 into — 4 
make 12. * 

Frafions are multiply'd, by multiplying their Numera- 
tors by their Numerators, and their 22 by their 


« 


6 DET E 

Denominators. Thus = into make — ; and . into = 

5 7 F 

ac a mA 83 ac 

make 5— 3 and 2 Fan 3 make 6 , or6 ,—5 

36 % ́Zl!. — 7699 , —218ccy" — 4 
and © * make 79 and | 


2 C 


into 
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—3y 42 12 8 a4 3 
— — — Tre 
- make A and . x1 4 


into 


a 6 | 
make 7 . Alſo 3 into make 7 * may appear, if ; 


be reduced to the Form of a Fraction, viz, - by making uſe 


: 15448 | 

of Unity for the Denominator. And thus : into 24 
47 2 av 

make w_ . Whence note by the way, that _— and 


abx. ab a 
< bare the ſame; as alſo „ and Thx, alſo 


c 0 
222. a 


b 
- y cx; and ſo in others. 


Radical Quantities of the ſame Denomination (that is, if 
they are both Square Roots, or both Cube Roots, or both 
Biquadratick Roots, Ec.) are multiply'd by multjplying the 
Terms together under the ſame Radical Sign. Hhus y 3 
into y 5 make yy 15; and y ab into y c4 make yabca; 
and / 5 a1y into Y 7492 make Y 35 a4a9's; and 

a abb a*bb aab 


www Ml BO . * 

* 1 into / ; make y/ go that is And 
24 y az into 30a make 6aby aazs, that is aa; 
2XX — 2X — 6 x* — 6 x* 

4 d 2 88 into ages, eg mak — — 12 — . 

= Tac e py , that is 2 z and 

—4xy ab, —34dy5cx i24dxy5abce 

— — into make 5 
10ee 70aee 


autities that conſiſt of ſeveral Parts, are multiply'd by 
3 all the rat of the one into all the Pare of the 
other, as is ſhewn in the Multiplication of Numbers. Thus, 
c—x into à make ac — ax, and aa ＋ 246 — be into 
4 — make a + zA —anb—;bac + bbc, For 
aa +24c — be into — b make —aab —24acb + bbc, 
and into 4 make 4 +, 244c = abc, the Sum whereof 3s 
\ D a + 


* ————— 


*„— _— 


* See ihe Chapter of Notation. 


— 
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a! + 244ec —aab — zabe bc. A Specimen of this 
Sort of Multiplication, together with other like Examples, 
you have underneath : | 
a+b 
a+b 


aa+2ac—be 
a—b 


— aab —2abe + bbe ab + bb 
a 244 — abs aa ＋ ab 
a 4248c— aal — ;zabc + bbc aa +2ab+bb 


.a+b Jy ＋ 2a) —+aa 

3 99 —2ay + aa 

NS oe BY anyy tiny - 4. 
aa+ab — 245 —4 aayy a 


3a 7 — I 4g — 4499 


yY* * _ —3z4a9y π 3-4 
24x * | 
6 * 
abb 
ye+V— 
267 abb 8 4246 
"RR C 
I 
PEW | ef 
c 
g aa VE „ 
— 34 — + — —. 


6 C 2 c 


Of 
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DIVISION is performed in Numbers, by ſeeking how 
many times the Diviſor is contained in the Dividend, and 
as often ſubtracting, and writing ſo many Units in the Quo- 
tient; and 3 repeating that 3 upon Occaſion, as 
often as the 175 can be ſubtracted. | 

Thus, to divide 63 by 7, ſeek how many times ) is con- 
tained in 63, and there will come out preciſely 9 for the Quo- 
tient; and conſequently 5 is equal to 9. Moreover, to di- 
vide 371 by ), prefix the Diviſor 5, and beginning at the firſt 
Figuer = eee coming as near 
as ible, lay, how many times 7 is containe - 
in wy and you will fd"; x then writing 5 in 7 — x (53 
the Quotient, ſubtract 5 x ), or 35, from 3), _ 
and there will remain 2, to which ſct the laſt anal 
Figure of the Dividend, vis. 1; and then 21 = 
will be the remaining Part of the Dividend for - 
the next Operation; ſay therefore as before, 
how many times ) is contained in 21'? and the Anſwer will 
be 3; wheretore writing 3 in the Quotient, take 3 x 7, or 21, 
trom 21 and there will remain o. Whence it is manifeſt, that 
53 is preciſely the Number, that ariſes from the Diviſion of 
v2 : 
** dus to divide 4798 by 
23, firſt beginning with the ini- 8 
tial Figures 47, ſay, how many 23) 4798 (208,086, Cc. 


times is 23 contained in 47 ? An- 465 

ſwer 2 3 wherefore write 2 in the 19 
Quotient, and from 47 ſubtraſgt co 

2 X 23, or 46, and there will re- 198 
main 1, to which join the next 184 
Number of the Dividend, vir. — — 
9, and you will have 19 to work _ 
upon next Say therefore, how 5 
many times is 23 contained in a 
19? Anſwer o; wherefore write — 
2 in the Quotient; and from 19 200 
ſubtract 0x23, or o, and there 184 
remains 19, to which join the "160 


laſt Number 8, and you will 
have 198 to work upon next. 


D 2 Where- 
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Wherefore in the laſt Place ſay, how many times is 23 con- 
rained in 198 (which may be gueſs'd at from the firſt Figures 
ot each, 2 and 19, by taking notice how many times 2 is 
contain'd in 19)? I anſwer 8; wherefore write 8 in the Quo- 


tient, and from 198 ſubtract 8 x 23, or 184, and there will | 


remain 14 to be farther divided by 23 ; and ſo the Quotient 
will be 20837. And if this Fraction is not liked, you may 
continue the Diviſion in Decimal Fractions as far as you pleaſe, 
by adding always a Cypher to the remaining Number. Thus 
to the Remainder 14 add o, and it becomes 140. Then 
ſay, how many times 23 in 140? Anſwer 6; write there- 
fore 6 in the Quotient; and from 140 ſubtract 6 x 23, or 
138, and there will remain 2 z to which ſet a Cypher (or o) 
as before. And thus the Work being continued as far as you 
pleaſe, there will at length come out this Quotient, vs. 
208,6086, Oc. 


After the ſame Manner the De- 46,1) 3,5218 (0,0639 


cimal Fraction 3,5218 is divide 322, 
by the Decimal Fraction 46,1, and 294 
there comes out o, 5639, Ec. 2766 
Where note, that there muſt be ſo —_—_ 
many Figures cut off in the Quo- * 82 
tient, for Decimals, as there are 1383 
more in the laſt Dividend than in 4370 


rhe Diviſor : As in this Example 5, 
becauſe there are 6 in the laſt Dividend, vis. 0,004370, and 
1 in the Diviſor 46,1. 

We have here ſubjoin'd more Examples, for Clearnefs 
Take, vig. | 


9043) 20844115 (2305. 72,4) 2099.6 (29 


18086 1445 
27581 6516 
27129 6516 
7115 0 
. 
© 


50,18) 


and 
efs 


18) 
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50,18) 137,995 (2,75 0,0132) 0051513 (3,9025 
10036 396 
37635 4 
35126 | 1188 
25090 | 330 
25090 264 
2 | 66d: ..;.! 
$60 
x 


In Algebraick Terms Diviſion is performed by the Reſolu- 
rion of what is compounded by Multiplication. Thus, ab di- 
vided by 2 gives for the Quotient 6b, 6 a6 divided by 2 a gives 
36; and divided by — 24 gives — 30. —6ab divided 
by 2 4 gives — 3 5; and divided by — 24 gives 3 C. 16 abe® 
divided by 2 4c gives 8bcc, — 844 & divided by — 


1244 XxX gives Jaxx. Likewiſe 35 divided by 5 gives . 


ac ,; 8 C —2Taccy* . 4 
77 divided by 7 gives - - 8 2 divided by 34090 


b 2 
gives 1 "A = divided by 3 yoo _ ; and reciprocally 


— 


1 ODER. go8"S 34 
= divided by 7 divided by 2 4 
gives —— — ; and reciprocally divided by = gives 2 4. 


Likewiſe / 15 divided by / 3 gives / 5. y abc4 divided 
by Vc gives ab, Vac by Vac gives yaa, ore. 


4 
v* 35 aay*s divided by 5ayy gives Y a. 7 
fy * abb midday 5abee „. 
divided by — gives * 1 divided by 


0 3 And ſo a +b yaxdi- 


vided by @ ＋ & gives /@x; and reciprocally divided by 


a x 


22 DIVISION. 
Ned 5 a EF 

vangires 5 77 v ax divided by AN 

gives ay ax, ot divided by & gives ; 


I 
ab 


and reciprocally divided by 2 gives a. But in Diviſions 


of this ſort you are to take care, that the Quantities divided 
one another be of the ſame kind, viz. that Numbers be 
divided by Numbers, and Species by Species, Radical Quan- 
tities by Radical Quantities, Numerators of Fractions by 
Numerators, and Denominators by Denominators; alſo in 
Numerators, Denominators, and Radical Quantities, the 
Quantities of each kind muſt be divided by homogeneous 
ones, or Quantities of the ſame kind. e Iu 
Now if ap rr to be divided cannot be thus reſolved by 
the Diviſor pro 


are Integers, to write the Diviſor underneath, with a Line 


y ax, or 


| i +57 WS | 
between them. Thus to divide ab by c, write ; and to 


divide 4 ＋ cx by a, write ED — or > 


ver. 


And ſo y ax —xx divided by Vc gives 


* And aa + ab 44 — 2 xx divided by a—b 


CX 


—__, 44 ＋ 4 a4 1 — 2 * | | 
y/ 48 — ww gives = "4 ES And 12 5 
divided by 4 V 7 gives 3 /. 1] 
Du wwhen theſe Quantities are Fractious, multiply the Nu- 
merator of the Dividend into the Denominator of the Di- 
viſor, and the Denominator into the Numerator, and the 


firſt Product will be the Numerator, and the latter the De- 


| 3 
nominator of the Quotient. Thus to divide 7 by / write 


4 
5, that is, multiply @ by 4 and b by c. In like manner, 
J 


7 


ſea, it is ſufficient, when both the Quantities | 
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10 1 34 . 20 
1 55 And — y ax divided by -7 gives 


1548 2 S 
ee Var, and divided by ee give 
154 x 


| | 228 
8 ce an = After the ſame manner, * divided by 
C . 44 c Ne | 
C ( or by -) gives Tr And c ( E) divided by 
ad 


0 a | 
To gives . And — divided by 5 gives 77 And 3 di- 


vided by 7 gives A. And — Ve x divided by a gives 
a+b ac+be 


ac a 


ex. And 2 V divided by 3 y c4 gives — 72 


ccd 


And — 
5 11 


Ver. And a＋ Vc x diyided by 5 gives 


a x? 
ce 


divided by 2 „ -> gives — „ 3, and ſo in others 


A Quantity compounded of ſeveral Terms, is divided by 
Midi each of its Terms 45 the Diviſor. Thus 44 + 


| „ 
and divided by 3 y/ _ gives — V 


34x — xx divided by à gives 8 + 3 x — _ But when 


the Diviſor confifts alſo of ſeveral Terms, the Divſion is 
perform'd as in Numbers, Thus to divide 4 + 2 44 
aab zabe be by a — b, ſay, how many times is 4 
contained in a“, vis. the firſt Term of the Diviſor in the firſt 
Term of the Dividend? Anſwer 4a. Wherefore write a4 in 
the Quotient; and having ſubtracted a — & mu!tiply'd into 
aa, or a — aab from . Dividend, there will remain 


244c —3abc+ bbc yet to be divided. Then ſay again, 
how many times 4 in 244c? Anfwer 24c. Wherefore 
write alſo 2 4c in the Quotient, and having ſubtracted a — & 
into 2 4c, or 244C — 24 be from the aforeſaid Remainder, 
there will yet remain — ab bc + bc. Wherefore ſay again, 
how many times & in — abc? Anſwer — bc, and then 

| write 


4 
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write — bc in the Quotient; and having, in the laſt Place, 
ſubtracted þ a — into — bc, vis. — abc + bbc from 
the laſt Remainder, there will remain nothing; which ſhews 
that the Diviſion is at an end, and the Quotient coming out 
aa ＋-2 4c — be. 3 l 

But that theſe Operations may be duly reduced to the 
Form which we uſe in the Diviſion of Numbers, he Terms 
both of the Dividend and the Diviſor muſt be diſpoſed in 
order, according to the Dimenſions of that Letter which is 
Judged mof proper for the Operation; ſo that thoſe Terms 
may ſtand firſt, in which that Letter is of moſt Dimenſions, 
and thoſe in the ſecond Place whoſe Dimenſions are next 
higheſt ; and fo on to thoſe wherein that Letter is not at all 
involv'd, or into which it is not at all multiply'd, which 
ought to ſtand in the laſt Place. Thus in the Example we 
Jul now brought, if the Terms are diſpoſed according to the 

imenſions of the Letter a, the following Diagram will ſhew 
the Form of the Work, vis. | | 


a — 5) a" T2440 3% , , bbe (a a ＋ 24 —be 


o ＋ 2A - 34a l¹ 
2 4 ac - 24 be 7 


Where may be ſeen, that the Term 4“, or 4 of three Di- 
menſions, ſtands in the firſt Place of the Dividend, and the 


Terms % in which 4 is of two Dimenſions, ſtand in 
the ſecond Place, and ſo on. The Dividend might alſo have 
been writ thus; 5 3 


Fin . zbca +bbc. 


Where the Terms that ſtand in the ſecond Place are united, 
by collecting together the Factors of the Letter according to 
which the er is made. And thus if the Terms were to 
be iFpafed according to the Dimenſions of the Letter C, the 
Buſineſ&muſt be performed as in the following Diagram, the 
Explication whereof we ſhall here ſubjoin. , 
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4 ; RES . * 3 ' 3 
c. 2 T - f 
cbhb - ach Re | = 

Ade 4-8 
2 "G8 400 24ac 


240, 2440c 
— 2 t 


0 © * : TY TY C1403 


Say, How many times is — & cantain'd in ch Anſwer 
—Ccb, Wherefore having writ — cb in the Quotient, ſub- 
tract —b+ax—cb, orbb -a be, and there will re- 


main in the ſecond Place - a M 4 5. To this Remainder 
add, if you pleaſe, the Quantities that ſtand in the laſt 
z 2 


Place, vis. aac, and ſay again, how many times is — 5 


contain'd in 75 *Z76? Anſwer L. 24 Theſe therefore 
being writ in the Quotient, ſubtract — b + @ multiply'd by 


1 ts. tur ee and there will remain no- 


thing. Whence it is manifeſt, that the Diviſion is at an 
End. the Quotient coming out — c +2 4c+44, as 
before. | i 6 
ud thus, if you were to divide a 25 - 44A + y y c* 
+y* —29*cc—a* —24*cc — a* by yy —aa—Ccc. 
order or place the Quantities according to the Dimenſions 
of the Letter y, thus : 
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—_— 


— 24 CC 


Then I divide as in the following Diagram. Here are added 
other Examples, in which you are to take Notice, that where 
the Dimenſions of the Letter, which this Method of ordering 
ranges, don't always proceed in the ſame Arithmetical Pro- 
greſſion, but ſometimes interrupted, in the defective Places 


this Mark & is put. 


ww 
. / WV * * IF — 28 CC. 
AA 1 + C BP 
6 — 44 „ ＋244 5 a* 
ce . 
2 4 
＋244 „ 
—aacey* 
b 2 5 
* 9 
1 
4 . 
PE —24"CC 
8285 — AA c“ 
O | © 


ab) aa%—bb(a—b 


a a ＋ 4 

, 9 — ab 
| —ab—bb 
O "_ 


IJ —245 


ded 
here 
ring 
Pro- 
aces 


Co 
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„24 + aa) = (y3 +249—348 
F 3**—33449 +30 =- “e | 
y*—-249* +aayy 


o ＋ 245 —4z aayy 
+243' —4 2 C2. 
0 — a 
— 144 2281 
2 0 2 


aababy: +bb) 
a* * 


| * 
a* Sa*by:2 + aabb 
. 
—b by 2: —24aabb ably; 


Laabb Saab ye 
aabb+dahyr+1 
S 


(aa - UHV TTL 
* +65 T 


1 


Some begin Diviſion from the laſt Terms, but it comes 
to the ſame Thing, if, inverting the Order of the Terms, you 
begin from the firſt. There are alſo other Methods wa i- 
— but it is ſufficient to know the moſt eaſy and com- 
modious. | 


Of EXTRACTION of Roors. 


HEN zhe Square Root of any Number is to be ex- 
trated, it is firſt to be noted with Points in every 

other Place, beginning from Unity; then you are to write 
down ſuch a Figure for the Quotient, or Root, whoſe Square 
ſhall be equal to, or n „ Jeſs than the Figure or Fi- 
gures to the firſt Point. And then 2 that Suare, 
the other Figures of the Root ill be found one by one, by 
dividing the Remainder by the 4auble of the Root hs {ar as 
extracted, and each Time raking pw that Remait 1 me 
2 THURY'S 
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Square ef the Figure that laſt came out, and the Decuple of nc 


the aforejais Diviſor augmented by that Figure. 4 X 
Thus to extract the Root out of 99856, firſt Point it af- Re 
ter this Manner, 99856 ; then ſeek a Number whoſe Square wri 
ſhall equal the firſt Figure 9, vis. 3, and write it in the 22 
Quotient; and then having ſubtracted from 16, 

+ 9, 3X3, or 9, there will remain o; to which adj 
99856 (316 ſet down the Figures to the next Point, vis. gur 


98 for the following Operation. Then taking 617 


—— — — —— Cp, Ss 


898 no Notice of the laſt Figure 8, ſay, How =_ the 
3 times is the Double of 3, or 6, contain obt⸗ 
_ in the firit Figure 99 Anſwer 1; where- the 
9 3756 fore having writ 1 in the Quotient, ſubtract laſt 
\.Þþ 3756 the Product of 1x61, or 61, from 98, and time 
ily — 7 there will remain 37, to which connect the Anſ 
laſt Figures 56, and you will have the Num- in t 
9 ber 3756, in which the Work is next to be car- 617 
| ried on. Wherefore alſo neglecting the laſt Figure of this, into 
. dis. 6, ſay, How many times is the double of 31, or 62, will 
Up | contained in 375, (which is to be gueſſed at from the initial the 
1 Figures 6 and 35, by taking Notice how many times 6 is you 
IF 1 contained in 39?) Anſwers; and writing 6:in the Quoti- viſio 
0 ent, ſubtract 6 x 626, or 3756, and there will remain o; of 4. 
11 whence it appears that the Buſineſs is done; the Root com- tain 
is ing out 316. i tain' 
| defi. | and 
" Otherwiſe with the Diviſors ſet down it ill ſtand tbus: - be 

NF 8 
99856 (316 — 
9 Bi. 
6098 8879 
6r } As ne 
62)3756 that 
3756 It, if 
. co —_ 
main 
Ani fo in others, main 
4110 


And ſo if you were to extract the Root out of 22178791, 9418, 
firſt having pointed it, ſeek a Number, whoſe Square ving 
(if it cannot be exactly equalled ) ſhall! be the next leſs from 
Square to 22, the Figures to the firſt Point, and you * havin 
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find it to be 10 For 5 X 5, Or 25, is greater than 22 3 6nd 

4 * 4, or 16, leſs ; wherefore 4 wi the Figure of the 

Root. This therefore being 

writ in the Quotient, fm 2 

22 take the Square 4X 4, or 22178791 (4709,43637 &c. 
5 


16, and to the Remainder 6 x 
adjoin moreover the next Fi- 1 
gures 17, and you will have —. 

617, from whoſe Diviſion by 2 


the double of 4 you are to 88791 

obtain the ſecond Pigure of 8481 

the Root; vis. neglecting the 411000 

laſt Figure 7, ſay, how many 376736 a 
times is 8 contained in 61? 3426400 
Anſwer 7 ; wherefore write 7 4 19% | 

in the Quotient, and from — 
617 take the Product of) ED 
into 87, or 609, and there 2222 
will remain 8; to which join 3369 
the two — 9 =_ 87, and 282566169 
ou will have 887, by the Di- 624221 
"ſion whereof by — double „ 
of 47, or 94, you are to ob- 4 


tain the third Figure; as ſay, How many times is 94 con- 
tain'd in 88? Anſwer o; wherefore write o in the Quotient, 
and adjoin the two laſt Figures 91, and you will have 88791, 
by whoſe Diviſion by the double of 470, or 940, you are to 
obtain the laſt Figure, vis, ſay, How many times 940 i 
8879? Anſwer 9; wherefore write 9 in the Quotient, — 
you will have the Root 4509. | b 
But fince the Product g x 9409 or 84681 ſubtracted from 
88791, leaves 4110, that is a Sign that the Number 4799 
As not the Root of the Number 22178791 preciſely, but 
that it is a little leſs. And in this Caſe, and in others like 
it, if you defire the Root ſhould approach nearer, you muſt 
carry on the hy in Decimals, by adding to the Re- 
mainder two Cyphers in each Operation. us the Re- 
mainder 4110 having two Cyphers added to it, becomes 
411000; by the Divifion whereof by the double of 4709 or 
9418, you will have the firſt Decimal Figure 4. Then ha- 
ving writ 4 in the — ſubtract 4 x 94184, or 376736 
from 411000, and there will remain 34264. And ſo 


having added two more Cyphers, the Work may be mw 
7 | ri 


— 1 —— ——— — 
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ried on at Pleaſure, the Root at length coming out 
; 4709443637, &c. Do, $4.30 „ 
But when the Root is carried on half-way, or above, the 
reſt of the Figures may be obtained by Diviſion alone. As in 
this Example, if you had a mind to extract the Root to 
nine Figures, after the five former 47094 are extracted, the 
ſour latter may be had, by dividing the Remainder by the 
double of 4709,4- | a 
And after this manner, if the Root of 32976 was to be 
extracted to five Places in Numbers; After the Figures are 
inted, write 1 in the Quotient, as being the Figure whoſe 
uare 1X 1, or 1, is the greateſt that is contained in 3 the 
Figure to the firſt Point; and having 
ES. taken the Square of x from 3, there 
32976 (181,39 will remain 2; then having ſet the 
_ two next Figures, v2, 29 to it, (via. 


to 2) ſeek how many times the double 


2) 229 f of 1, or 2, is contained in za, and you 
3 will find indeed that it is contained more 
36) 576 than ten times ; but you are neyer to 
361 take your Diviſor ten times, no, nor nine 


e opal times in this Caſe ; becauſe the Product 
$63) 815 (35, *. % «29, 07-265, h Samen than 28%, 
from which it would be to be taken. 
Wheteſore ſay only 8: And then having writ 8 in the Quo- 
tient, and ſubtracted 8 x 28, or 224, there will remain 5 ; 
and having ſet down to this the Figures 76, ſeek how many 
times the double of 18, or 36, is contained in 57, and yo 
will find 1, and ſo write 1 in the Quotient; and having ſub- 
traced 1 x 361, or 361 from 576, there will remain 215, 
Laſtly, to obtain the remaining Figures, divide this Number 
215 by the Double of 181, or 362, and you will have the 
Figures 59, which being writ in the Quotient, you will have 
the Root 181,59. | | | 
After the ſame way Roots are alſo extracted out of De- 
eimal Numbers. Thus the Root of 329,76 is 18,159 ; and 
the Root of 3,296 is 1,8152 ; and the Root of 0,032976 is 
o,18159, and fo on. But the Root of 3297,6 is 57,4247 ; 
and the Root of 32,976 is 5,74247- And thus ths. Root 0 
9,9856 is 3,16. But the Root of ©,99856 is 0,999279, Cc. 
as will appear from the following Diagrams, n gots 


3297,60 


IC 


11 


11 
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329760 (57,4247 &&. 9.5856 (6 
25 b | 1 Sy if 
10) 797 | 6) 9 
749 1 b = Se 
114) 4860 632) 3756 
4576 3 1 
1148) 284 (247 0 
| 9278560 (0,999279 Ke. 
81 
18) 188 5 
1701 
198) 18460 
17901 


1998) 559 (279 


1 will comprehend the Extraction of the Cubick Root, and 
of all others, under one general Rule, conſulting rather the Eaſe 
of underſtanding the Praxis than the m—_ ouſneſs of it, left 
n ſhould 81 much retard = Lens - r ok ings he are — B 

uent vis. every third Figure begmmng from Un 

is frſt of all to be pointed, if the Root to be red hey 
Cubick one; or every fifth, if it be a Quadrato-Cubick, or 
of the fifth Poxeer, &c. aud then ſuch a Figure is to be wrlt 
in the 8 whoſe greateſt Power (i. e. whoſe Cube, 
it be 4 Cubick Potter, or whoſe Quadrato-Cube, i it be 
fifth Power, c. Pall either be equal to the Figure or Frgnres 
before the firſt Point, or the next leſs ; and then having fub- 
tractea thar Power, the next Figure Twill be found by di- 
viding the Remainder augmented by the next Figure of the 
Reſotvuend, by the next greateſt Porter of rhe 2 mu- 
tiplie by the Inder of the Power to be extrafted, that is, by 
the triple Square of the 'Duorient, if rhe Root be a Cubic one; 
or by the quintuple Biquadrate, i. e. five times the Biqua- 
drate if the Root be of the fifth Power, &c. And having 
5 tracted the greateſt Power of the whole Quotient 

rom the firſt Refolvend, the third Figure will be fou di- 
vidiug that Remainder augmented by the next Figure of the 
Reſotvend, by the neus greateſt Power of the <vbole Quotient 
multiplied by the Tndex of the Norrer to be extracted; ami fo. 


Thus 


on in infinitum. 
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Thus to extract the Cube Root of 13312053, the Number 


is firſt to be pointed after this manner, vis. 13312053. Then 
ou are to write in the _—_— the Figure 2, whoſe Cube 8 
is the next Jeſs Cube to the Figures 13, [which is not a per- 
teft Cube Number] or to the firſt Point; and having ſub- 
tracted that Cube, there will remain 5 ; which being aug- 
mented by the next Figure of the Reſolvend 3, and divided 
| by the triple Square of 

18 1 the Quotient 2, by ſeek- 
13312053 (237 ing how many times 3 & 4, 

Subtract the Cube 8 or 12, is contained in 53, 
12) rem. 53 (G or; it gives 4 for the ſecond 


Figure of the . 
Subtract Cube 12167 But ſince the Cube of 
1587) rem. 11450 (7 


13 oo 24, is. 
122 13824 would come out 
n ge. wag too great to be ſubtracted 
from the Figures 13312 
uur | j that preceed the ſecond 
Point, there muſt only 3 be writ in the Quotient. Then the 
Quotient 23 being in a ſeparate Paper or Place multiplied by 
23 gives the Square 529, which again multiplied by 23 gives 
the Cube 12167, and this taken from 13312, will leave 
1145 ; which angered by the next Figure of the Reſol- 
vend o, and divided by the triple Square of the Quotient 
23, vis. by ſeeking how many times 3 „ 529, or 158), is 
contained in 11450, it gives 7 for the third Figure of the 
Quotient. Then the Quotient 237, multiplied by 237, gives 
the Square 56169, whic again multiplied by 237 gives the 

13312053, and this taken from the Reſolvend leaves 
o Whence it is evident that the Root ſought is 237. 


And ſo to extract the Quadrato-Cubical Root of 36430820, 

it muſt be pointed over every fitth Figure, and the Figure 3, 
whoſe 2 Cor fifth Power] 243 is the next 

to 364, V2. to the firſt Point muſt. be writ in the Quotient. 

Then the Quadrato- Cube 243 

26430820 (32,5 being ſubtracted from 364, there 

— remains 121, which augmented 

51 by the next Figure of the Reſol- 

405) 1213 ( vend, vis. 3, and divided by five 

times the Biquadrate of the Quo- 

tient, vir. by ſeeking how man 

times 5 x 81, or 405, is contai 


33554432 
5242880) 2876388,0 (5 


tities 
is 4, 


that 
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in 1213, it gives 2 for the ſecond Figure, That Quotient 32 
being thrice multiplied by itſelf, makes the * 
1048576; and this again multiplied by 32, makes the Qua- 
drato-Cube 33554432, which being ſubtracted from the Re- 
ſolvend leaves 2856388. Therefore 32 is the Integer Part of 
the Root, but not the exact Root; wherefore, if you have a 
mind to proſecute the Work in Decimals, the Remainder, 
augmented by a Cypher, muſt be divided by five times the 
aforeſaid Biquadrate of the 3 by ſeeking how many 
times 5 x 10485 76, or 5242880, is contained in 2876 388, o, 
and there will come out the third Figure, or the firſt Deci- 
mal 5. nd fo by ſubtracting the Quadrato-Cube of the 
Quotient 32,5 from the Reſolvend, and dividing the Re- 
mainder by five times its Biquadrate, the fourth Figure may 
be obtained. And fo on in infinitum. f 
When the Biquaaratick Root is to be extracted, you may 
extract twice the Square Root, becauſe / is as much as y* **, 
And when the Cubo-Cubick Root is to be extracted, you 
may firſt extraft the Cube-Roos, and then the Square-Root of 
that Cube-Root, becauſe / is the ſame as ** ; whence 


ſome have called theſe Roots not Cubo-Cubick cnes, but Qua- 


draro-Cubes. And the ſame is to be obſerved in other Roots, 
whoſe Indexes are not prime Numbers. | 

The Extraction of * out of ſimple Algebraick Quan- 
tities, is evident, even from the Notation itſelf; as that yas 
is a, and that y/aaccis ac, and that ygaaccis z ac, and 


: 4% ' ya 
that /494* xx is jaa. And alſo that y —_—_— is 


aa a* bb aal gag 34% 
4 and that / — is ——, and that Y al 


| 8 þ6 bb 
and that y/$ is J. and that Y 27 r ——, and that 
| 2 
y/*aabbisyab. Moreover, that Va acc, orbintoyaacc, 
is h into ac or abc. And that e N is N 


2bxx 
94 


24bxx+6bx' 
gac 


F Iſay 
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I fay, theſe are all evident, becauſe it will appear, at firſt 
Sight, that the propoſed Quantities are produced by multi- 
plying the Roots into themſelves (as 44 from ax a, aacc 
mac into ac, 9aacc from 3ac into 3 ac, &c.) But 
when Quantities conſiſt of ſeveral Terms, the Bufineſs is 
performed as in Numbers. Thus, to extract the Square Root 
out of aa - 24b -b, in the firſt Place, write the Root of 
| | the firſt 3 3 —— 

| uotient, and having ſubtra 
: 0605-285 +-bb (6+ 2 2X & dn 
m_ | main 2 4b + bb to find the Re- 
o mainder of the Root by. Say 
+ 2ab+bb therefore, How many times is 
1 the double of the Quotient, or 
| 2 4, contained in the firſt Term of 
| oat the Remainder 24b? I anſwer b; 
therefore write h in the Quotient, and having ſubtracted the 


Product of b into 2 4 + 6, or 2 ab ＋ bb, there will remain 
nothing. -Which ſhews that the Work is finiſhed, the Root 
coming out a + b. 
And thus, to extract the Root out of a* - 64* b +5 a*' bb 
— 1220 + 465, firſt, ſet in the Quotient the Root of the 
Term a“, viz. 44, and having ſubtracted its Square 
a aN aa, or a, there will remain 64 U + 5446 — 
12 4b + 4 to find the Remainder of the Root. Say 
therefore, How many times is 244 contained in 64 b? 
Anſwer 34; wherefore write 346 in the Quotient, and 
having ſubtracted the Product of 3 4 into 2 a4 + 346, or 
64* b +gaabb, there will yet remain — 44abb — 1240. 
+ 46* to carry on the Work. Therefore ſay again, How 
many times is the Double of the Quotient, viz. 244 ＋ 64 b 
contained in — 44abb — 12 40, or, which is the ſame 
Thing, ſay, How many times is the Double of the firſt Term 
"of the Quotient, or 244, contained in the firſt Term of the 
Remainder — 444bb? Anſwer —2 bb, Then having writ 
- —2bÞb in the Quotient, and ſubtracted the Product — 2 þ b 
into 244 + 64b — 2bb, or — 4aabb — 1246 + 465, 
there will remain _— Whence it follows, That the 
Root is 48 + 34b — 2 bb, 5 | 


#* 4 
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4. + 6 a. b + 5aabb — 1246b* ＋- 41 (aa + 3ab—:bb 
a 4 | Fa | 


0. 
+64 b+gaabb' 


oO w—4gaabb 
HT 
0 
And thus the Root of the 2 8e ige 
irre van +435* —83 +4 
is y +29 — 2; and the Root of tity 16 4* — 


5 4b* is 323 x— 
444+ 2bb, as may appear by the Niagrams underneath : 


xx — 4 +348 (4 —36 


XP 
2 

'bb —6# 7706 
the © 0 
uare 
Hon +164 „ 

| „* TD 2400 — 16448" (71 © 998 
5 n + 46+ 3” +2bb 
and * 
2 = 

; 4 
— 72474, 27. N 
2 + 1266 — 9 
fame — ; 
"erm | 0 oe Lag? > ++, 5 
the ; 
writ a . $49) #— —85 +4 (99 +29=9 
2þb ” 
40% O 
t the 47 +439 

0 —49) 
—yy —8B3 +4: a 

Wy 1 


F 2 5 15+. oY 
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If you would extract the Cube Root of 4* + 344b + 


34bb + b», the Operation is performed thus: 
& + zaab+3abb+b (a@+b 
2 


3440 . 3445 (b 
a + 3440 ＋ 3abb + bs 


O O O O 


Extract firſt the Cube Root of the fil Term a, viz: a, 


and ſet it down in the Quotient: Then, ſubtracting its Cube 
a, ſay, How many times is its triple Square, or 344, con- 


tained in the next Term of the Remainder 344 b? and there 


comes out þ ; wherefore write þ in the Quotient, and ſubtrac- 
ting the Cube of the Quotient, there will renmim o. 'Thers- 
fore a + b is the Roat. | 

After the ſame manner, if the Cube Root is to be extracted 
out of 2* + 62* — 402? + 96 2 — 64, it will come out 
2% ＋ 22 — 4 And ſo in higher Roots. 7 


Of the RepucTtion of Fractions and Ra- 
DICAL Quantitics. 


| THE Reduction of Fraftions and Radical Quantities is 
of Uſe in the preceding Operations, and that either to 
the leaſt Terms, or to the ſame Denomination. hs 


Of the REDucTION of FRACTIONs 70 the leaft 
Terms. 


FR ACTIONS are reduced to the leaſt Terms, by divi- 
ding the Numerators and Denominators by the greateſt 


Diviſor. Thus the Fraction _ is reduced to a more 


Simple one 75 by dividing both 4 4c and bc by c; and 


a is . to a more Simple one — by dividing both 


203 ac 744 8 
66 TI. reduced 0 by Rh 


viding 


203 and 667 by 293 and 
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* 


viding by 29 c. And & 2 2 — 


cad Pz ac comes 24 4 
4 —4 40 4266 —5 

by dividing by 3 3. And OT — becomes 
L. L — by dividing by 2 — b. 

And after this Method, the Terms aſter Multiplication or 
Diviſion, may be for the moſt part abridged. As if you 

„ ace 3 bd 4 

were to multiply 57672 by 7774» or divide it by — 


| 8aab'ce 6aabb 
there will come out = TY 2. and by Reduction 5 


But in theſe Caſes, it is better to abbreviate the Terms be- 
fore the Operation, b dividing thoſe Terms firſt by the 
greateſt common Diviſor, which you would be obliged to do 
afterwards. Thus, in the — before us, it I divide 
2 4 bi and 644 by the common Diviſor b, and 3cc4 and 
94cc by the common Diviſor 3 cc, there will come out 


bb 
the Fraction e tb multiplied by 35, or to be divi- 


4 
4 4 „„ aa 
ded by 34 there N out as above. And ſo o_ 


b 
into 7- becomes © into F, or J. And ©- divided by — 
becomes 4 4 divided by 6, or >. F 


Xx Xx 


cx 7 pony c ac 
—— omes ———, into —, or —— . - 
LT "Ron And 28 di 


vided by — becomes 4 divided by 75 or 12. 


of 
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Of the Invention of Diviſors. 


T O this Head may be referred the Invention of Diviſors, ti 
by which any — may be divided. If it be à ſim- fc 
Fle Quant , divide it by its feaſt Diviſor, and the Quotient te 
by us vaſt Liuiſor, till there remain an indiviſible Motient, T 


an. you will bave all the prime Diviſors of that Pnantity, 
Then multify together each Pair of theſe Diviſors, each. Ter- 
nary or three of them, each Quaternary, &c. and you will alſo 
have all the compoumded Diviſorss As, if all the Niviſors of 
the Number 60 are required, divide it by 2, and the Quoti- 
ent 30 by 2, and the Quotient 15 by 3, and there will remain 
the indiviſible Quotient 5. Therefore the prime Diviſors are be 
T, 2, 2, 3, 53 thoſe compoſed of the Pairs 4, 6, 10, 15; of the Te 
Ternaries 12, 20, 30; and of all of them 60. Again, If all 
the Diviſors of the Quantity 21 4 5h are deſired, livide it by 
3, and the Quotient ) 4b by 7, and the Quotient 4bb by 
a, and the Quotient % by b, and there will remain the prime 
Quotient . Therefore the prime Diviſors are 1, 3, ), 4, h, b; 
and thoſe compoſed of the Pairs 21, 3 4, 36,74, ) b, a b, lb; 
thoſe compoſed of the Ternaries 21 4, 21 b, 34 b, 3 b, 74 b, 
5 b, ab; and thoſe of the Quaternaries 21 4b, 21 51, 
3a ll, all; that of the Quinaries 21 4 bb. After the ſame 
Way all the Diviſors of 2 250 —6 A4 ac are 1, 2, 4, 66 — 
3 46, 24, 2bb — ac, abb— zaac, 2abb —644c. 

If after a Quantity is divided by all Ar Diviſors, it 
remains ſtill compounaed, and you ſiiſpect it has ſome com- 
ponmatd Diviſer, diſpoſe it according to the Dimenſions of any 
of tle Letters in it, and in the Room of that Letter ſubſtitute 
fucceſſively three or more Terms of this Arithmetical Progreſſ- 

on, Viz. 3, 2, I, ©, —I, — 2, and ſet the reſulting Terms to- 
gether with all their Diuiſors, 4 the correſponding Terms of i And 
2 


rhe Pri greſſſon, ſetting down alſo the Signs of the Diviſers, 
buth Affirmative and Negative. T hen ſet alſo dumm the Arith- Diff 
metical Pregreſſions which run through the Diviſors of all the high 
Numbers proceeding frem the greater Terms to the leſs, in the 
Oraer that the Terms of the Progreſſicn 3, 2, 1, o, — 1, — 2 the! 

proceed, and * Terms differ either by Unity, or by ſome | and 

Number which divides the higheſt Term of the Quantity pro- Thin 
"a If any Progreſſion of this kind occurs, that Term of it i out : 
zwhich ſtands in the ſame Line with the Term o of the firſt Ar 
Progreſſion, divided ky the Difference of the Terms, and join 

| - 
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ed with its Sign to the aforeſaid Letter, will compoſe the 
Quantity by which you are to attempt the Diviſi jon. 

As if the Quantity be & —x x» 10 + 6, by ſubſti- 
tuting, one by one, 4 Terms of this Progreſſion 1. o. — 1, 
for x, there will ariſe the Numbers — 4, 6, + 14, which, 
together with all their Diviſors, I place right againſt the 
Terms of the Progreſſion 1. 0. — 1. after this Manner. 


I. 2. 4. 
I. 2. 3. 6 5 


ah 1. 2. 7.14 | +2. 


Then, becauſe the higheſt Term x* is —— by no Num- 
ber but Unity, I ſeek among the Diviſors I on whoſo 
Terms differ by Unity, and ( — higheſt to 
the loweſt) decreaſe as the youu — Progreſſion 
1. O. — 1. And 1I find only one Progreſſion of this Sort, vis. 
4. 3. 2. whoſe Term therefore ＋ 3 I chuſe, which ſtands 
in the ſame Line with the Term o of the firſt 
1. 0. — 1. and I attemp the Diviſion by æ + 3, find it 
ſucceeds, there coming ont x» 7 — 4.x + 2, 


Again, if the n — 215 +39 ＋ 20, 


1 
O 


for y 1 ſubſtitute Tucceſlively 2. 1. 0. — 1. — 2. and the re- 
ſulting Numbers = 7. 20. 3. 34. with all their Diviſors, I 
place by them as fi | 
Res 30 | I. 2. 3. 5. 6. 10. 15. 30 i 10, 
L197 13. . Yo 
0 201. 2. 4. 5. IO. 20 4. 
— 113 11. 3. + 1. 
— 21341. 2. 17. 34 — 2. 


And among the Diviſors I perceive there is this decreaſing 
Arithmetical Progreſſion + 10. + 7. + 4. + 1. — 2. The 
Difference of the Terms of this Progreſſion, w1z. 3, divides the 
higheſt Term of the Quantity 6 y+. Wherefore I adjoin to the 
Letter y the Term + 4, which ſtands in the Row oppoſite to 
the Term o, divided by the Difference of the Terms, vis. 3, 
and 'I attempt the Dixifion byes +, or, which is the ſame 
Thing, by 3 54 and the $ ſucceeds, there coming 
out A +5 
And ſo, if th antity be 244 —504* + 49 4) a 
1404 80 p07 the tien will be as follows. 


2124 
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2 421. 2. 3. 6. J. 14. 21.42 ＋3. +3.+ 5. 
1 23 1. 23. ＋1.—1. + 1. 
O 301. 2. 3. 5. C. 10. 15. 30. —1.—5.— 5. 
. 297 I. 3. 9. 11. 27. 33. 99.297 | — 3.—9.— 11. 


Here are three Progreſſions, whoſe Terms — 1. — 5, — 5, 
divided by the Differences of the Terms 2, 4, 6, give three 
Diviſors to be tried a — 3, 4 -, and a — . And the Di- 
viſion by the laſt Diviſor & — 3, or 64 — 5, ſucceeds, there 
coming out 44. — 5% - 444 — 204 —6. 
If no Diviſor occur by this Method, or none that divides 
the Quantity propoſed, we are to conclude, that that — 
tity does not admit a Diviſor of one Dimenſion. But perhaps 
it may, if it be a Quantity of more than three Dimenſions, 
admit a Diviſor of two Dimenſions. And if ſo, that Diviſor 
will be found by this Method. Subſtitute in that Quantity 
for the Letter or Species as before, four or more Terms of this 
Pregreſſion 3, 2,1, o. —1.—2.—3. Let all the Diviſors 
the Numbers that reſult be ſingly added to and ſubtracted 
rom the Squares of the correſpondent Terms of that Progreſ- 
fron, multiplicd iuto ſome Numeral Diviſor of the higheſt Term 
- of the Quantity propoſed, and right againſt the Progreſſion let 
be placeã the Sums and Differences, Then note all the colla- 
teral Progreſſions which run through thoſe Sums and Diffe- 
rences. Then ſuppoſe I C to be a Term of ſuch like Progreſ- 
ſions that ſtauds againſt the Term o ne fo Pregreſſion, 
and + B the Difference which ariſes by ſubautting + C from 
the next ſuferior Term which ſtanas againſt the Term 1 of the 


firſt Progreſſion, ani A to be the afcreſaid Numeral Diviſor of 


the higheſt Term, and | to be the Letter which is the propoſes 

Quantity, then A11+ Bl + C wilt be the Diviſor to le 
fried. 

Thus ſuppoſe the propoſed Quantity to be x — x3 — 5x x 


＋Iz —6, for » 1 write ſucceſſively 3, 2, 1, 0. — 1, — 2, 


and the Numbers that come out 39. 6. 1. — 6. — 21. — 26, 


I diſpoſe or place together with their Diviſors in the ſame 
Line with them, and I add and ſubtract the Diviſors to and 
from the 2 of the Terms of the firſt Progreſſion, mul- 
tiplied by the Numeral Diviſor of the Term v, which is U- 
nity, 9272. to and from the Terms 9. 4. 1. o. 1. 4, and diſ- 
pole likewiſe the Sums and Differences on the Side. Then I 
write, as follows, the Progreſſions which occur among the 


ſame. Then I make uſe of the Terms of theſe Progreſſions 


* 


- and 


and 11 
Diviſo 
the Pri 
take th 
and — 
he Ny 
4th Co 
199, W 
the Dit 
nd th 
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2 and — 3, which ſtands oppoſite to the Term © in that 
Progreſſion which is in the firſt Column, ſucceſlively for + C, 


3 391. 3. 13. 399 —30.—4. 6.8. 10. 12. 22. 48 —4. 6 

261.2. 3. 64 — 2.1. 2. 3. 5. 6. 7. 10. —2. 3 

111. 10. 2. | | &% 8 

I O| 61.2. 3. 6 }O|—6.—3,—2, —1.1.2.3.6 2.—3 

* —1 211. 3. 7-211 —20.—6. — 2. 0. 2. 4. 8. 22 4.—6 

re —2 | 26|1.2.13.26 |4|—22, 9. 2. 3. 5.6.17. 30 6.—9 

es and I make uſe of the Differences that ariſe by wee, 
* theſe Terms from the 2 Terms o and o, viz. — 2 an 

＋z reſpectively for T B. Alſo Unity for A; and æ for /. 

| And ſo in the room ot AZ} + B/ + C, I have theſe two Di- 

or viſors to try, viz, xx + 2% — 2, and xx — 3* ＋ 3, by 

ty both of which the Buſineſs ſucceeds. 


Again, if the Quantity 3 — 69* +3* — 87 — 14 y 
"rs —— > be ili the Opiaten will be as follows. Firit, 
ied L attempt the Bufineſs by adding and ſubtracting the Diviſors 
of. to and from the Squares of the Terms of the Progreſſion 
* 2. 1. 0. — 1, making uſe of x for A, but the Buſineſs does not 


let 

4. 3170 20 1 
Fen 2J 38 1. 2. 19. 38 12—16.—7. 10. 1 f. 1 3. 14. 31. 50(—7.—11 
9 ] IO 1.2, 5. 100 3-7. 2. I. 2. 4. 5. 8. 13. —7. 3 
on, 0141. 2. 7. 14 00 —14.—7.—2.—1. 1. 2. 7. 14(—7. —I 
Im —1| 101. 2. 5. 100 3—7.—2. 1. 2. 4. 5. 8. 13. —7. —7 
che 2190 12 | — yg 


ſucceed. Wherefore in the room of A; I make uſe of z, the 
"Lg other numeral Dixiſor of the higheſt Term 3 y* ; and theſe 
Squares being wn wy wr by 3, I add and ſubtract the Divi- 

vx [ors to and from the Produtts, viz. 12. 3. O. 3, and I find theſe 
4 wo Progreſſions in the reſulting Terms, — 9, — . — . —7, 
„and 11. 5. — 1.— 7. For Expedition ſake, I neglected the 
Diviſors of the outermoſt Terms 170 and 190. — 
the Progreſſions being continued upwards and downwards, I 
take the next Terms, vis. — ) and 17 at the Top, and — 7 
and — 13 at Bottom, and I try if theſe being ſubdued from 
he Numbers 27 and 12, which ſtand againſt them in the 
4th Column, their Differences divide thoſe Numbers 170 and 
199, which ſtand againſt them in the ſecond Column. And 
the Difference between 27 and — 7, that is, 34, divides 1703 
nd the Difference of 12 Lane” 3 7, that is, 19, divides 1 55 
0 
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Alſo the Difference between 27 and 17, that is, 10, divides 
10; but the Difference between 12 and — 12, that is, 25, 
does not divide 190. Wherefore I reject the latter Progrel- 
fion. According to the former, ＋ C is — 7, and + B is 


nothing ; the Terms of the Progreſſion having no Difference. 


Wheretore the Diviſor to be tried A7 + BJ + C will be 
39) +7. And the Diviſion ſuccceds, there coming out 
* 8228 ＋ 2. 

If after this way, there can be found no Diviſor which 
ſucceeds, we are to conclude, that the propoſed Quantity will 
not admit of a Diviſor of two Dimenſions. The ſame Method 
may be extended to the Invention of Diviſors of more Di- 
mentions, by ſeeking in the aforeſaid Sums and Differences 
not Arithmetical Progreſſions, but ſome others, the firſt, 
ſecond, and third, c. Differences of whoſe Terms are in 
Arithmetical Progreſſion : But the Learner ought not to be 
detained about them. 

Where there are two Letters in the propoſe Quantity, ani 
all its Terms aſcend to equally high Dimenſions, put Unity for 
one of thoſe Letters; then, Ly the preceding Rules, ſeek a Di- 
viſor, aud compleat the aeficient Dimenſions of this Diviſor, by 
reſtoring that Letter for Unity. | 

As if the Quantity be 6 — C — ar copy + 3049 —— 
200% where all the Terms are of four Dimenſions ; tor c! 
put 1, and the N becomes 6 y* — 5 — 2155 ＋- 357 
20, whoſe Diviſor, as above, is 39 + 4; and having com- 

leated the deficient Dimenſion of the laſt Term by a correſ- 
pondent Dimenſion of c, you have 35 + 4c for the Diviſor 
ſought. 80, if the Quantity be * - — 5bbxx + 
12 55 x — 66* ; putting x for “, and having found xx + 
2X —2 the Divifor of the reſulting Quantity ## — * — 
5 vx +12x—6, I compleat its deficient Dimenſions by 
reſpective Dimenſions of &, and ſol have x x+ 2bx +2 
the Diviſor ſought. 

When there are three or more Letters in the Quantity pro- 

ſed, and all its Terms aſcend to the ſame Dimenſions, the 
Hiviſor may be found by the precedent Rules; but more 
expeditiouſly after this way: Seek all the Diviſors of all tle 
Terms in which ſome one of the Letters is not, and d. of 
all the Terms in <ehich ſome other of the T.etrers is not; as al 
of all the Terms in which a third, fourth, and fifth Letter i 
net, if there are ſo many Letters; and ſo run over all tht 
Letters: Aud in the ſame Line with thoſe Letters place the 
Diviſors reſpetively. Then ſee, if in any Series of Diviſer' 

| going 


divide 
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going through all the Letters, all the Parts involving only on- 
Letter can be as often found as there are Letters (exceptins © 
only one) in the Quantity Propeſes ; and likewiſe if the Parts 
involving two Letters may be found as often as there are 
Letters (excepting two) in the Quantity propoſed. If ſo ; all 
thoſe Parts taken together unaer their proper Signs will be rhe 
Divi ſor ſought. 

As if there were propoſed the Quantity 12 & 14% 
＋ocx x- Iz l & bert gcc 89 — 12 — 
4 ec + 6c*; the Diviſors of one Dimenſion of the Terms 
8b) — 12 be —gbcc sc, in which x is not, will be 
found by the preceding Rules to be 2 — 3c and 4b —6c; 
and of the Terms 12 * ESC +8cex +60), in which 
b is not, there will be only one Diviſor qv + 3c; and of 
the Terms 12K —14bhxx —12bby 8, in which 
there is not c, there will be the Diviſors 2+ —b and 
4x —2b. I diſpoſe theſe Diviſors in the ſame Lines with 
the Letters x, b, c, as you here ſee ; a 


„ 26 — gc. 49 — 6c. 
b|ax+3c. 


cl2x—b, 4x — 2. 


Since there are three Letters, and each of the Parts of the 
Diviſors only involve one of the Letters, thoſe Parts ought 
to be found twice in the Series of Diviſors. But the Parts 
4b, 6c, 2x, b of the Diviſors 45 —6c and 2 * , only 
occur once, and are not found any where out of thoſe Divi- 
ſors whereof they are Parts. Wherefore I negle& thoſe Divi- 
ſors. There remain only three Diviſors 20 — 3c, 4x + 3c 
and 4 — 2b, Theſe are in the Series going through all 
the Letters x, b, c, and each of the Parts 26, 3c, 4 x, are 
found in them twice, as ought to be, and that with the ſame 
Signs, provided the Signs of the Diviſor 2 & — 3 c be changed, 
and in its Place you write — 26 + 3c, For you may 
change the Signs of any Diviſor, I take therefore all the 
Parts of theſe, viz. 2b, 3c, 4x, once apiece under their 
proper Signs, and the Aggregate —2b+ 3c Ax will 

the Diviſor which was to be found. For if by this you 
divide the propoſed — there will come out 3 æ 
— 2b ＋ 260-455. | 


G 2 


Again 
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Again, if the Quantity be 12x* — 104x* — gb x* 
— 264* w- + Iz UN + GUY 24A xx - 8agabxx 
—8abbxx —246' X - 44 . ⁰＋ Ga ⁰⁰Uν - za 
+ 186+x+124'b + 32441 — 1261; I place the Divi- 
ſors of the Terms in which * is not, by æ; and thoſe 
Terms in which à is not, by a; and thoſe in which b is not, 
by C, as you here ſee, Then I perceive that all thoſe that 


b. 2b. 4b. aa + 3bb. 2aa+6bb, 4aa + 12bb. 

T 

a larx—3br+26bb, 12xx—gbx - 656. 

„ r. 2X, 3 — 44. 6e = 84. z - 44x. G - 8a. 
24 1 AX 344d. Ax + 24 — 64a. 


are but of one Dimenſion are to be rejected, becauſe the 
Simple ones, b. 2 C. 4b. x. 2x, and the Parts of the com- 

ounded ones, 3 * — 44. 6 *. — 84, are found but once in 
all the Diviſors ; but there are three Letters in the propoſed 
Quantity, and thoſe Parts involve but one, and ſo ought 
to be found twice, In like manner, the Diviſors of two 
Dimenſions, a8 ＋ 30 C. 24a +606. 444 ＋ 126 b. bb — 
344. and 46% — 1244 I reject, becauſe their Parts 4 4. 
2 44. 444. (. and 40. involving only one Letter à or 6, 
are not found more than once. But the Parts 2 0% and 6 44 
of the Diviſor 20% — 6a, which is the only remaining 
one in the Line with x, and which likewiſe involve only one 
Letter, are found again or twice, vis. the Part 2 bb in the 
Diviſor 4 xx — 29x + 2 bb, and the Part 64 in the Di— 
viſor 41 v 24 — 6844, Morcover, theſe three Diviſors 
are in a Scries ſtanding in the ſame Lines with the three 
Letters x, a, C; and all their Parts 2 U, 644, 4x x, which 
involve only one Letter, are found twice in them, and that 
under their proper Signs; but the Parts 3b x, 2 a x, which 
involve two Letters, occur but once in them, Wherefore, al 
the divers Parts of theſe three Diviſors, 2 5, 6a, 4x, 
26x, 24x, connected under their proper Signs, will make 
the Diviſors ſought, vis. 20 —6aa +qgrx—z3bsx + 
24x, I therefore divide the Quantity propoſed by this Di- 
viſor, and there ariſes 3 & , - 2446 — 60), 

It ail the Terms of any Quantity are not equally hig], 
the aefcient Dimenſions muſt be filled up by the Dimen- 
ſions of any aſſumed Letter; then having found a Diviſc! 
by the freceacut Rules, the afſumea Letter is to be blotted out. 
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As if the Quantity be 12 * —14bxax+gxx—12bbsx 
—6bx+8x+86'—1:6*—4zb +6; aſſume any Let- 
ter, as c, and fill up the Dimenſions of the Quantity propoſed 
by its Dimenſions, after this Manner, 12 * — 14 bx x 
gexx —12bbx—6bex+ 8ccx +86'—12bbe — 
4bcc +6c%, Then having found out its Diviſor 4 x — 2 6 
—+ 3 c, blot out c; and you will have the Diviſor required, 
viz. 4x — 26 + 3. 

Sometimes Divifors may be found more eafily than by 
theſe Rules. As if ſome Letter in the propoſed Quantity be 
of only one Dimenſion; you may ſeek for the greateſt com- 
mon Diviſor of the Terms in which that Letter is found, 
and of the remaining Terms in which it is not found ; for 
that Diviſor will divide the whole. And if there is no 
ſuch common Diviſor, there will be no Diviſor of the 
whole. For Example, if there be propoſed the Quantity 
* — 34a r˙ —844Aν ＋I18 A FSA —acxx— 
8aacx +64"c—84*; let there be ſought the common 
Diviſor of the Terms + c x* —acxx—8aacx+64 c, 
in which c is only of one Dimenſion, and of the remain- 
ing Terms * — 3 a —8Baaxx +184" - $845, and 
that Diviſor, viz, x x +2 4x—244, will divide the whole 
Quantity. 

But the greateſt common Diviſor of two Numbers, if it is 
net known, or does not appear at firſt Sight, it is found by a 
perpernal Subtrattion of the leſs from the greater, and of the 
Remainder from the laſt Quantity ſubrrafted, Fer that 
<1 be the ſought Diviſor, which at length leaves nothing. 
Thus, to find the greateſt common Diviſor of the Numbers 
203 and 667, ſubtract thrice 203 from 667, and the Remain- 
der 58 thrice from 203, and the Remainder 29 twice from 
58, and there will remain nothing; which ſhews, that 29 is 
the Diviſor ſought. 

After the ſame Manner the common Diviſor in Species, 
hen it is compounded, is found, by ſubtracting either Quan- 
rity, or its Multiple, from the other ; provided both Thoſe 

uantities and the Remainder be ranged according to the Li- 
menſions of any Letter, as is ſhexwn in Diviſion, and be each 
Zime managed by dividing them by all their Diviſors, which 
are either Simple , or divide each of irs Terms as if it tere 
a Simple one. Thus, to find the greateſt common Divi- 
ſor of the Numerator and Denominator of this Fraction 

2 * 


2 * 
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6s . FNFENTION 
** - 34 —8$aaxx +184 r-— 84 : 

x* —axx—8aax+64' multiply the De 
nominator by æ, that its firſt Term may become the ſame with 
the firſt Term of the Numerator. Then ſubtract it, and there 
will remain — z a + 124% x — 844, which being right- 
ly ordered by dividing by — 2 4, it becomes x — 6 x + 
44. Subtract this from the Denominator, and there will re- 
main —&xx —244x +34; which again divided by 
— 4, becomes xv +24x— 244. Multiply this by , that 
its firſt Term may become the ſame with the firſt Term of the 
laſt ſubtracted Quantity K —6 44x + 4 4), from which it 
is to be likewiſe ſubtracted, and there will remain — 2 4 x 
— 444x +44), which divided by — 2 4, becomes al ſo 
& AY 244. And ſince this is the ſame with the 
former Remainder, and conſequently being ſubtracted from it, 
will leave nothing, it will be the Diviſor ſought ; by which 
the ſed Fraction, by dividing both the Numerator and 
Denominator by it, may be reduced to a more Simple one, 


xx—54x+4aa 
G—3s 
And ſo, if you have the Fraction 
| 6a +154*%b—44' cc—1084abce 
gab —27aabe—6abec+1860 ® 
its Terms muſt be firſt abbreviated , by dividing the Nume- 


rator by 44, and the Denominator by 3%: Then ſubtraQin 
twice 3 a —g 44c — 24cC +60 from 64 + 1548 


—-44cc—10bcr, there will remain 18 f 48 OY ** 


Which being ordered, by dividing each Term by 5 b +6 c 
after the ſame Way as if 564 + 6c was a ſimple Quantity, it 
becomes 344 - 2 cc. This being multiplicd by a, ſubtract 
it from 34 —gaac—2acc+6c, and there will remain 
—94ac+6c, which being again ordered by a Divifion 
by — 3c, becomes alſo 3 4a —2cc, as before, Wherefore 
344 —2CC is the Diviſor ſought. Which being found, di- 
vide by it the Parts of the propoſed Fraction, and you will 


24 ＋ 544 


have 346 — 9 0 ; 


vid. to 


Now, 
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Now, if a common Diviſor cannot be found after this 
Way, it is certain there is none at all ; unleſs, perhaps, it 
may ariſe out of the Terms that abbreviate the Numerator and 
Denominator of the Fraction. As, if you have the Fra ction 


aaAA -c -Aacc c 
40a4d—gacd—2acc +20) 
cording to the Dimenſions of the Letter 4, that the Numerator 


may become Rar 3 and the Denominator 


rn Theſe muſt firſt be abbreviated by divi- 


ding each Term of the Numerator by aa —cc, and each 
of the Denominator by 2 a — a c, juſt as ifag—ccand 2 4 
— 2c were fimple Quantities. And ſo, in Room of the 
Numerator there will come out 44 —cc, and in Room of 
the Denominator 2 44 — c, from which, thus prepared, no 
common Diviſor can be obtained. Bur, out of the Terms 
44 — cc and 24 — 2c, by which both the Numerator and 
Denominator are abbreviated, there comes out a Diviſor, 
vid. a — c, by which the Fraction may be reduced to this, via. 


ada +idd—acc—c 


444 —2CC 

44a c and 24 - 2 c had not had a common Diviſor, the 
propoſed Fraction would have been irreducible, 

nd this is a general Method of finding common Diviſors : 
Nut moſt commonly they are more IG found by ſeek- 
ing all the prime Diviſors of either of the Quantities, that is, 
ſuch as cannot be divided by others, and then by trying if any 
of them will divide the other without 4 Remainaer. Thus, 


4 a —aab+abb—b 
to re 1 7 


mult find the Diviſors of the — aa — 4b, viz, @ and 
a—b, then you muſt try whether either a, or a —6b, will 
alſo divide a — 4b t abb — 6+ without any Remainder. 


and ſo diſpoſe its Terms, ac- 


Now, if neither the Terms 


to the leaſt Terms, you 


of 


48 REDUCTION. 


Of the REeDucTtion of FRACTIONS 7% @ common 
Denominator. 


FR ACTIONS are reduced to 4 common Denominator by 
8 multiplying the Terms of each by the Denominator of the 
other. 


— multiply the Gone of one 7 2 by 4, 


and alſo the Terms of the other — by L, and they will be- 


4 
aa be 
Fa and 77 whereof the common Denominator is 5. 


ab b 
And thus @ and , or — and © become © — and — 


But where the 1 1 a common Piviſer, 3 it is 
anger to n 7 9 alternately by the Quotients. Thus 


a' 4 
the Fraction - and — are e to theſe 504 and 


Thus, having —and 


come „, 


I, by multiplying alternately by the Quotients c and 4, ari- 


ſing by the Diviſion of the Denominators by the common 
Diviſor h. 

This Reduction is moſtly of Uſe in the Addition and 
Subtraction of Eractions, which, if they have different De- 


nominators, mult be firſt reduced to * 5 Denomina- 


tor before they can be added. Thus - ＋ — by Reducti- 
on becomes + or 2 and 4 + 7 becomes 
— And © 42 3 1 CEN fine * 
And FE — CC — x becomes =. And ſo 
= + 1 9 Ty TY 2 * „ that is, 25. 
And 2 . And . — 1 


becomes 
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\ 


I 
2 * And ; * T4 or 2 + 


- becomes — — - += = or — And 25 *- becomes — 
"Whew hs are kh Fractions _ two, they are to be 
added gradually. Thus, having — „ 


2 
14 — 4AM 


34 4 * 


from 2. take a, and there will remain , to this 


— 3 
, and there will come out = — — — 4 — , 


2XX 


add 


from whence, laſtly, take away 1, and there will remain 


34 — 64 x + nee 
34a * — 34axx 


+ And fo if you have 
* 


3. firſt, you aro to find tho Aggregate of ; E, oi 


7 
- 5% * 
Rh , and then to take from it 7 and there will remain — 


Of the REDucTiIoN of Rapicart Quantities 10 
their leaſt Terms. 


A Radical Quantity, where rhe Roct of the *vhole canno x 
be extracted, is reauced by extracting the Root of ſom e 
I or of it. 

us Va abe, by extracting the Root of the Diviſor 4 4, 
. —. ay bc. And y/ 48, by extracting the Root of the 
Diviſor 16, becomes 4 y 3. And * 4 extractin 
the Root of the Diviſor 1644, becomes 44y 3bc, An 


b — bb þ* 
* a T4 , by extracting the Root of its 


— 443 bb „ — 
— i +4 | becomes. * 


Diviſor 


—y/ab. And 


aaoomm — 


P 


+ 


extracting the Root of the 
H ; X Diviſor 


PV 
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aa mm am 


Diviſor 55 „becomes 73 yoo+4mp. And 6 Vi 0 
by oY the Root of the Diviſor - , becomes 7 * 5 

f 

— = —, and by farther extracting the Root of the Deno- \ 

the 

5 In 

minator, it becomes {- e And 1 5 or 4 — —, by out 

the 


extracting the Root of the Denominator, hab va 1 And cor 


4 $84 + 1655, by mn the Cube Root of its Di- 


viſor 8 a, becomes 24 Ad. After the ſame manner tha 
IT b Jo the Square Root of its Diviſor 4 4, 

Ja“ x, by extracking the 89 

becomes Va into \/ax, or by - the Biquadratick . 


Root of the Diviſor 45, it becomes 4 92 And ſo Ja“ & 


4 
. 7 5 . 6, . 
is changed intoa,/a+*,or into a x Vr or into Vaæ x Va. com 


Moreover, this Reduction is not only of uſe for abbre-MM| , 4 
viating of Radical Quantities, but alſo for their Addition 
and Subtraction, if they agree in their Roots when they are 
reduced to the molt fimple Form; for then they may be 
added, which otherwiſe they cannot. Thus, „ pf + y 15 
by * becomes 4 3 + 53; that is gy 3. And 


v 48 — 43 5 * Reduction becomes 40 3 — vv 3, that is, 


b ab—gaabb+ gat' 
5 75 And thus, / *>— +y/© 4 Ads 22 


| b 
by extrafting what is Rattonal in k becomes — 464. 


420 | * 
el, that is, C /. And J f 


15 Va > abi becomes 24 / 0+ bpza—by/bpis, that 
is 24 —by/b+26. 


of 


87 * 
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Of the REDucTiIoN of RADICCAL Ouamities to 
the ſame Denomination. 


HEN you are to multiply or divide Radicals of a 

different Denomination, you mult firſt reduce them to 
the ſame Nenomination, -by prefixing that radical Sign whoſe 
Index is the leaſt Number, which their Indices divide with- 
out a Remainder, and by multiplying the Quantities under 
the Signs ſo many times, excepting one, as that Index is be- 
come greater. | 


: * | * 4 7 
For ſoy ax into 2/aax becomes / a? x* into \/a* x, 
that is / a” *. And Va into Va x becomes JAA into 


a i 5 f 
Vaæ, that is, \/a* x. And / into becomes vo 26 in- 


to / >, that is, / 30. By the ſame Reaſon, ay bc be- 


comes yaa into Ve, that is Vaabc. And 440 3 be 
becomes / 16 24 into y/ 3 bc, that is, / 48 4a be. And 


24 5 + 24 becomes / 8 4 into / b + 24, that is, 


a ac 
SAN 164% And fo yy becomes LES or 777 


6ab 264ab* 
And WST-FT0 becomes ge or y 24 b. And ſo in 


others. 


Of the RrDVUcTION of RA DTC ALs to more fimple 
Radicals, by the Extraction of Roots. 


T HE Roots of Quantities, which axe compoſed of Integers 
and Radical Quadraticks, extract thus: 
Let A deucte tle greater Part of any Quantity, and B the 


fer Parr; and * —— 


aeill be the Square of 


the greater Part of the Root; ond — S338 2 will 
2 


be the Square of the leſſer Part, *ehich is to be joined ro the 
greater Part with the Sign of B. - 


H 2 As 


,” 
_ — 


| 
| 


| 
N 
; 
| 
| 
| 
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As if the Quantity be 3 + y/ 8, by writing 3 for A, and 
y 8 for B, AA BB D 1, and thence the Square of the 


arc 

greater Part of the Root , that is, 2, and the Square * 
| — N N | 

of the leſs * , . that is, 1. Therefore the Root is, x + V2. war 
Again if you are to extract the Root of / 32 — 24, by Wy 


putting / 32 for A, and / 24 for B, Y AA — BB will be 


| g Wk 
=, and thence 1 „and LC 2 


3 / 2 and 2 will be the Squares of the Parts of the Root. 
The Root therefore is / 18 — / 2, After the ſame man- 
ner, if out of aa +- 2x44 — & you are to extract the ¶ rhe 


Root, for A write 4 4, and for B write 2xy/ aa —wxx, and | 

AA—BB will be = a* - 44 u + 4 x*, the Root A 
whereof is 2 —2 xx. Whence the Square of one Part of AA 
the Root will be ag — x x, and that of the other wx; and then 


ſo the Root will be r + y/ 44 — XX. Again, if you have or 


aa +5ax —tayax+4xy, by writing aa +$5ax for near 
A, and 24yar-+4xx for B, AA —BB will be = or y/ 
a ＋ G gaaxx, whoſe Root is 4a-3 ax. Whence 
the Square of the greater Part of the Root will be aa-+- 44 x, 


and that of the lefler Part a, and the Root y/ aa+ 4ax — 
y ax. Laſtly, It you have 6 YS —y 12 — / 24, putting 
6 +y/ B=A, and—yi:—y24=B, AA—BBRT- 
Will. be = 8; whence the greater Part of the Root is 


4 3 +y 8, that is as above 1E V2, and the leſſer Part / 2, # 
and conſequently the Root itſelf 1E 2 - 3. But where VJ, 
there are more of this ſort of Radical Terms, the Parts of the be en 
Root may be ſooner found, by dividing the Product of any 2V2 
two of the Radicals by ſome third Radical, which ſhall pro- 

duce a Rational and Integer _—_— For the Root of twice Ag 
that Quotient will be double of the Part of the Root ſought. V 43 


, that is, 


. SVV VIS VI 1 1 
As in the laſt Example, . * 
ger N 


And E 7 2 Therefore the Parts of the Root 
are 1, y 2, y/ 3 as above. There 
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There is alſo a Rule of extracting higher Roots out of 
Numeral Quantities conſiſting of two Parts, whoſe Squares 
are commenſurable. ; . 

Let there be the Quantity A + B. And its greater Part A. 
Aud the Index of the Root to be extracted c. Seek the leaſt 
Number , whoſe Power n. may be divided by A A—BB 
doit hout any Remainder, and let the Quotient be Q. Compute 


A + B x in the neareſt Integer Numbers. Let it be 
r. Divide A y Q by the greateſt rational Diviſor. Let the 


Kr 


Quotient be 8, and let in the next greateſt Integers ze 


25 


called t. And — 8 ui be the Root ſought, if 
the Root can be extrafted. 


As if the Cube Root be to be extracted out of V 968 +25 3 
AA—BB will be = 243; and 7, 7, ), will be its Diviſors 3 


therefore 2 = 7, and Q=1. _ Moreover, AE BNV Q, 
or y/ 968 +25, having extracted the former Part of the 
Root, is a little greater than 56; and its Cube Root in the 
neareſt Numbers is 4; therefore 7 4. Moreover, AQ 
or y/ 968, by taking out whatever is Rational, becomes 


| 74 2 
22 0 2, Therefore / 2 its Radical Part is 5s, and 3 . 
, / 2 
3 
or 795 in the neareſt Integer Numbers is 2. Therefore 


— — 
!=2, Laſtly, 5 is 2 0/2, VIII is x, and ., or 
VI, is 1. Therefore 2 / 2 +1 is the Root ſought, if it can 
be extracted. I try therefore by Multiplication it the Cube of 
2 Va ＋1 beyg68 ＋ 25, and it ſucceeds, 


Again, if the Cube Root is to be extracted out of 68 — 
V 4374, AA—BB will be = 250, whoſe Diviſors are 
5, 5» 5» 2. Therefore 1 = 5X2 10, and Q = 4. And 
VA+BxyYQ, or V68+y 4374 x 2 in the neareſt Inte- 
ger Numbers is) r. Moreover, Ay Q, or 68 /, by 

he EX 


54 REDUCTION. 


extracting or taking out what is Rational, becomes 136 y/ 1, 


err 
2 


7 
Therefore , and * in the neareſt Inte- 


ger Numbers is 4 f. Therefore? s=4, VTS —n=y 6, 
and / Q=\/ 4, or J; and ſo the Root to be try'd is 
* | 
| 3/2 5 | | 
Again, if the fifth Root be to be extracted out of 
29 06 ＋ 4 ; AA—BB will be = 5, and conſe- 
quently a: 3, == 8, 3, S=y/ 6, f=1, 15S=y 6, 
tt - z, and JQ = 81, or /g; andſothe 


Root to be tried is EL 1 


99 

But if in theſe Sorts of Operations, the Quantity be a 
Fraction, or its Parts have a common Diviſor, extract ſe- 
Parately the Roots of the Terms, and of the Factors. 
As it the Cube Root be to be extracted out of /242 — 123, 
this, having reduced its Parts to a common Denominator, 
/ 

will become n ; 


ly the Cube Root of the Numerator and the Denominator, 


2V 2—1 


3 


92 
tract any Root out of /ͥ 3993 + {/ 17578125; divide the 
Parts by the common Diviſor / 3, and there will come out 


1t +y/ 1:5. Whence the propoſed Quantity is / 3 into 
II +y 125, whoſe Root will be found by extracting ſepa- 


 rately the Root of each Factor / 3, and 11 +y 125. 


9 


Then having extracted ſeparate- 


Again, if you are to ex- 


there will come out 


07 


07 
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Of the Form of an EQUATION. 
EQ ATIONS are Ranks of Quantities either equal to 


one another, or, taken together, equal to nothing. 'Theſe 
are to be conſidered chiefly after two Ways; either as the laſt 
Concluſions to which you come in the Reſolution of Pro- 
blems ; or as Means, by the Help whereof you are to obtain 
final Equations. An __—_— ot the former Kind is com- 
poſed only out of one unknown Quantity involved with known 
ones, if the Problem be determined, and propoſes ſomething 
certain to be found out. But thoſe of the latter Kind involve 
ſeveral unknown Quantities, which, tor that Reaſon, muſt 
be compared among one another, and ſo connected, that out 
of all there may emerge a new Equation, in which there is 
only one unknown Quantity which we ſeek mixed with known 
Quantities, Which Quantity, that it may be the more eaſily 
diſcovered, that Equation mult be transformed molt common-' 
ly various Ways, until it becomes the moſt Simple that it can, 
and alſo like . of the following Degrecs of them, in which 
» denotes the Quantity ſought, according to whote Dimen- 
ſions the Terms, as you ſee, are ordered, and 9, 7, , 5 de- 
note any other * from which, being known and de- 
termined, x is alſo determined, and may be inveſtigated by 
Methods hereafter to be explained. 


x =Þ Or, x - p =o. 
vr Hr. x * - 4 o. 
x) Er -qur+r. x) —— , , -e = So. 


* r 2 . 
* ; 


After this Manner therefore the Terms of Equations are 
to be ordered according to the Dimenſions of the unknown 
Quantity, ſo that thoſe may be in the firſt Place, in which 
the unknown Quantity is of the moſt Dimenſions, as x, x x, 
x, x*, c. and hof in the ſecond Place, in which x is of 
the next greateſt Dimenſion, as 9, / x, 5 Þx*, and ſo 
on. As to what regards the Signs, they may ſtand any 
how; and one or more of the intermediate Terms may be 
ſometimes wanting. Thus, * X — bb o, or 
#) =bbx ,, is an Equation of the third Degree, _ 

2 
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Z* Tex, * 2 So, is an Equation of the fourth 


Degree: For the Degree of an Equation is always eſtimated 
by the greatelt Dimenſion of the unknown Quantity, without 
any regard to the known ones, or to the intermediate Terms, 
But by the Defect of the intermediate Terms, the Equation 
is molt commonly rendered much more fimple, and may be 
ſometimes depreſſed to a lower Degree. For thus, v* = 
qxx—+5 is to be reckoned an Equation of the ſecond De- 

ree, becauſe it may be reſolved into two Equations of the 

econd Degree. For, ſuppoſing x x = y, and y being accord- 
ingly writ tor x x in that "pn. ag there will come out in its 
ſtead yy=qy +5, an Equation of the ſecond Degree; by 
the Help whereof when y is found, the Equation x x =y al- 
ſo of the ſecond Degree, will give x. | 

And theſe are the Concluſions to which Problems are to be 

brought. But before I go upon their Reſolution, it will be 
neceſſary to ſhew the Methods of transforming and — 
Equations into Order, and the Methods of finding the fin 
Equations. I ſhall comprize the Reduction of a Single E- 
quation in the following Ss | 


Of ordering a Single EQUATION, 


Rorr LIF there are any Quantities that may deſtroy one 
another, or may be joined into one by Addition or 
Subtrattion, the Terms are that Way to be diminiſhed. 
As if you have 5b—3a+2x:=5a+3 x, take from 
each Side 2 Xx, and add 34, and there will come out 5 b = 


b+b 
8a+x. And thus, UN — =a+Þ+b, by ſtriking 


1 | 
out the equivalent Quantities —— — g, becomes 
b x 
& — 


To this Rule may alſo be referred the Ordering of the 
Terms of an Equation, which is uſually performed by the 
Tranſpoſition of the Members to the contrary Sides under the 
contrary Sign. As if you had the Equation 56 84 Ax, 

ou are to find 4+; take from each Side 8 4, or, which 


the ſame Thing, tranſpoſe 8 4 to the contraty Side with 
| . its 


cordi! 
nator 


and 1 
46 


FX = 


and tl 
of y z 1 


the 
4 the 


wit 
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is Gign changed, and there will come out 5% — 84 e. 
After the ſame way, if you have 48—3 ay =ab—bb—+by, 
and you are to find y; tranſpoſe — 3 ah) and ab — bb, fo 
that there may be the Terms multiplied by y on the one 
Side, and the other Terms on the other Side, and there will. 
come out aa — ab + bb —;3ay +by, whence 2 vill 
have y by the fifth Rule following, viz. by dividing each 
aa -- 
e 
And thus the Equation abr +a —aax =abb—ziabs 
— *, by due ordering and tranſpoſition becomes x). — 

an — ' ,—aa +8 __ 
—2ab*Þabb ® ae! +. "7 Yo hes 
Rutz II. If there is auy Quantity by cwwhich all the 
Terms of the Equation are multiplied, al! of them muſt be di- 
vie by that Quantity; or, if all are divided by the ſame 
Qrantity, all muſt be multiphed by it too. | 
Thus, having 15 46 = 24 4b +36 x, divide all the Terms 

by C, and you will have 15 6 =244+3x ; then by 3, and 


„ a 
you will have 56 = 84 + x. Or having —-— — ===, 


Part by 3 4 +6, for there will come out 


ac CC c 


: bs bbs 
multiply all by c, and there comes out —— —— = x x; 


Rur z III. If there be any irreducille Fraction, in whoſe 
Denominator there is found the Letter, according to whoſe Die 
menſions the Equation is to be ordered, ail the Terms of the 
Equation miſt be multiplied by that Deuominator, or by ſome 


Diviſar of it. 
As if the Equation — —+b=x be to be ordered ac- 
cording to x, multiply all its Terms by 4 — the Denomi- 


ax 2 
rator of the Fraction 2 — ſeeing x is contained therein, 


and there comes out ax ab - = ax — xx, or 
ab — by =— xx, and tranſpoſing each Part you will have © 
3 4 — 424 
20 % - CC * 
and the Terms are to be ranged according to the Dimenſions 
of y, multiply them by the Denominator 2 c) — Cc, . 
* 


xx — ab. And ſo if you have 
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leaſt; by its Diviſor 2 y — c, that y may vaniſh in the Deno- 
24 
minator, and there will come out . = 29 — 3cy 


4 —abb 


+ cc, and by farther ordering —— — cc + 309 


a 
=21%. After the ſame manner -- — 4 = x, by being 
aas 


multiplied by x, becomes 4@ — 4% = &, and = - 


c 


, by multiplying firſt by æ *, and then by 4 + 6 


4a bb + aal*f —aabbsx 
&, becomes . T * =. 


Rurs IV. If that pariicular Letter, according to whoſe 
Dimenſions the Equation is to be ordered, be involved with an 
irreducible Surd, all the other Terms are to be tranſpoſed to 


Xx * 
a ＋ 1 — & 


rhe other Side, their Signs being changed, and each Part of 


the Equation muſt be once multiplied by itſelf, if the Root be 4 
Square one, cr twice, ¶ it be @ Cubick one, &c. 


Thus, to order the Equation Va- &.x + 4 = x accor- 
ding to the Letter x, tranſpoſe à to the other Side, and you 


have yaa —ar=x—14; and having ſquared the Parts, 
aa — A =xX - 24 E 44, oro =xx - ax, that is, 


* 4. So alſo /aax+:axx—a3x' —a+x =o, by 
tranſpoſing — 4 + x, becomes YA + 24xx — x = 
4 — x, and multiplying the Parts cubically, aa * + 2 ax x — 
xi g —34ax + 34xx — , or xX = 44x — 44. 
And fo y = yay +39 -N ==, having ſquared the 
Parts, becomes % = 49 yy —ayay—yy, and the 
Terms being rightly tranſpoſed, it becomes a y =4a yay—yy, 


— — 


or = - , and the Parts being again ſquared 
Jy =4) =, an laſtly by tranſpoſing 299 =ay, or 2 5 =. 

RULEZ V. The Terms, by help of the preceding Rules, be- 
ing difpoſes according to the Dimenſions of ſome one of the 
Letters, if the higheſt Dimenſion of that Letter be multiplies 
by any known Quantity, the whole Equation muſt be divided 


Tha 


by that Quantity, 


. 
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Thus, 2 y = a, by dividing by 2, becomes y=4 4; And 


bx 55 b aa 
— = 6, by dividing by , becomes æ =. And 
24C 7 4 — 243 Cc 4 i » _ &@& Ys 
„ 1 a*cc = ©, by dividing 
b a® ,—24*c 
* * — Acc 
a ac + gaacc 
2 4c — cc, becomes x? | = 
by 26 g * 2 4c — CC 6, 
a aac a* c 
or x* — XX —AAxX— = 0 
85 2 4c — CC 24 — C 


Rutz VI. Sometimes the Reduction may be performed 
by dividing the Equation by ſome compotmded Quantity. 


For thus y' = Ib 99 + zbcy — bbe, is reduced to 
this, Viz. yy = — 2 cy + c, by transferring all the Terms 
to the ſame Side thus, y* + 3 —3bcy +bbec=o, 


and dividing by y — b, as is ſhewn in the Chapter of Divi- 
ſion, for there will come out yy +2 cy — bc =0. Bur the 
Invention of this ſort of Diviſors is difficult, and we have 
taught it already, 


Rutz VII. Sometimes alſo the Reduction is performed by 
Extraction of the Root out of each Part of the Equation. 

As if you have xx ={ 44 — bb, having extracted the 
Root on both Sides, there comes out x fa bd. 
If you have xx + aa =2ax , tranſpoſe 2 4 x, and 
there will ariſe xx — 24x + aa = bb, E the 
Roots of the Parts x — 4 = or — b, or x 4 + b. 80 
alſo having wx :z=>4w —bb, add on each Side — a ＋ 4, 
and there comes out xx — 4x +444 =444 — bb, and 


extracting the Root on each Side x —1 a , 5aa—bb» 


or x=z4 +y 444 — bb, 

And thus univerſally if you have xx =. pA. 4; x will be 
DS. TY PP. J. Where xz 5 and ꝗ are to be affected 
with the ſame Signs as y and 4 in the former Equation; 
but ; Pp muſt be always made Affirmative. And this Ex- 
ample is a Rule according to which all Quadratick Equa- 
tions may be reduced to the Form of Simple ones. For ex- 

; I 2 __ ample, 


p- 
8 | 
= 
o N 
— 
3 
.- 
. 
- 
4 5 
$ - 
. 
= 
o [ 
F 
14 
: 
* 
7 3 f 
8 = 
, 7 
_ ” 
1 
= 
* 
, 
. 
= 7 
= - 
1 
5 . 
* } 
be f 4 
. : 
+ 
+ 
. 
=” 4 
1 
| 
1; # 
+ 1 
44 N 
15 
4 21 
A. 
Ys : 
: 
: 
1 } 
3 +4. 
7 
I 
1 
8 
} j 
oy . 
: 
N 
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2 * 


FTE" 
- +xx, 


with 5, and x x with 


ample, having propoſed the Equation yy = 


2X * 


to extract the Root y, compare 


f . x* 8. 
7. that is, write -- for , and „ + x u for ; P p. q, and 
— 3 N 


X 
there will ariſe P = -— + y 


FEE 
* + xx. After the ſame way, the Equation y py = 
ay — 269 — 4 4 — cc, by comparing 4 — 2 c with p, and 
aa—cewith q, will give y = i = EY 4,44—ac. 


Moreover, the Biquadratick Equation x* = — 44 x 
a, whoſe odd Terms are wanting, by help of this Rule 


becomes xx = — 4484 + y/ 5, a* 4, and extrafting 


again the Root v =y/ Za + y/ 34*+ av), And ſo 
in others. c | | 

And theſe are the Rules for ordering one only Equation, 
the Uſe whereof, when the Analyſt is ſufficiently acquainted 
with, ſo that he knows how to diſpoſe any propoſed Equa- 
tion according to any of the Letters contained in it, and to 
obtain the Value of that Letter if it be of one Dimenſion, 
or of its greateſt Power if it be of more: The Compariſon ot 
ſeveral Equations among one another will not be difficult to 
him ; which I am now going to ſhew. 


Of the Transformation of two or more EQUATIONS into 


one, in order to exterminate the unknown Qxantitiss. 


HEN, in the Solution of any Problem, there are more 
Equations than one to comprehend the State of the 
ueſtion, in each of which there are ſeveral unknown Quan- 
titles; thoſe Equations (two by two, if there are more than 
two) are to be ſo connected, that one of the unknown Quan- 
tities may be made to vaniſh at each of the Operations, and 
ſo produce a new Equation. Thus, having the Equations 
2x = +5, and æ =y +2, by taking equal Things out 
of equal Things, there will come out x == 3.. And you are 
0 
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to know, that by each Equation one unknown Quantity may 
de taken away, and conſequently, when there are as many 
Equations as unknown Quantities, all may at length be re- 
duc'd into one, in which there ſhall be only one Quantity un- 
known. But if there be more unknown Quantities by one 
than there are Equations, then there will remain in the Equa- 
tion laſt reſulting two unknown Quantities ; and if there are 
more unknown . by two than there are Equations, 
then in the laſt teſulting Equation there will remain three, 
and fo on. | h Het 4 

There may alſo, perhaps, two or more unknown Quanti- 
ties be made to vaniſh, by only two Equations. As it you 
have ax —by =ab — az, and by +by= bb + az: 
Then adding Equals ro Equals, there will come out 4x + 
be =ab +46, both y and s being exterminated. But ſuch 
Caſes either argue ſome Fault to lic hid in the State of the 
Queſtion, or that the Calculation is erroneous, or not artificial 
enough. The Method by which one unknown Quantity may 
be exterminated or taken away by each of the Equations, will 
appear by what follows. | „ 


The Extermination of an unknown Quantity by an 2 gua- 


ty of its Values.” 


W HEN the Quantity to be exterminated is only of one 
Dimenſion in both Equations, both its Values are to be 
ſought by the Rules already delivered, and the one made 
W bat es 580 725 
Thus, putting 4 + x = and 2x = 3b, that 
may be — ey the firſt a oh 2 52 
q, and the ſecond will give 56 —2x = y. There- 
EI is 2 30 — 2x, or by due ordering # = 
4b —a | 


FW 


oa |} 
v3 ew 3 2 


3 | | N ; OP of - n 
And thus, 2 1 and 5 + y give 2x 2 
or * => Jo ras þ3 ; | ro is 
. 5 4 — 46 
And ax —2by=ab and xy = bb give — — 
bb | 8 
(=9) ; or by due ordering the Terms æα I — 


2 0 5 2 7 


— — — - , 
res Os , ; | # 2 


e 
| 
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bby —- 
— A =ab+xy, mibe +2 = 206, 


„ aby+aab  24ac—ayy 
by taking away x, give bb—ay (=x)=z— 7 2, 


bb 
and by Reduction y* —— yy — —y+bbc=0, 
Laſtly, x +35 —2=o and ay = x2 by taking away & 


give x + y (= ) === or x x + xy = 66 
The ſame is alſo performed by ſubtracting either of the 


Values of the unknown Quantities from the other, and maki 
the Remainder equal to nothing, Thus, in the firſt of the 
Examples, take away 3% — 2 x from 8+ x —b, and there 


b—z 
will remain a+ 2x — 46 =o, or = #7, 


The Extermination of an unknown Quantity, by ſubſtituting 
its Value for it. 1 
WHEN, at leaſt, in one of the Equations the Quan- 
tity to be exterminated is only of one Dimenſion, its 
Value is to be ſought in that Equation, and then to be ſubſti- 
tuted in its room in the other Equation, Thus, having pro- 
poſed x yy =b", and wx + yy =by—ax; to extermi- 
. | 


nate x, the firſt will give T9 = wherefore I ſubſtitute in 


þ* 6 
the ſecond — in the room of », and there comes out 57 


| 45 | 
+39 =-. and by Reduction y* — by* + ab" 
de ann * ; 
But having propoſed apy +aay=2*, and yz—ay=4x, 
- . Wherefore 


S —S 


to take away y, the ſecond will give y = 


for y I ſubſtitute 


—.— into the firſt, and there comes out 


4828 41 2 


1 2 . And by Reduction, 
pi — 248 T＋44 n - 24 +a o. In 
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In the like manner, having propoſed 2 =2 and cy + 


2 cc, to take away 2, I ſubſtitute in its room —> in the 


ſecond Equation, and there comes out cy + ce 
But a Perſon uſed to theſe Sorts of Computations, will 
oftentimes find ſhorter Methods than theſe by which the un- 
known Quantity may be exterminated. Thus, having ax = 
bb x —b* 42 
and x = _ 


by Equals, _ will come out equal Quantities, viz. 4 xx= 
abb, or x = Þ, 

But I leave particular Caſes of this kind to be found out by 
the Students as Occaſion ſhall offer. 


The Extermination of an unknown Quantity of ſeveral Di- 
monſions in each Equation. | 


W HEN the Quantity to be taken away is of more than 
one Dimenſion in both the Equations, the Value of its 
greateſt Power muſt be ſought in both ; then if thoſe Powers 
are not the ſame, the Equation that involves the lefler Power 
muſt be multiplied by the Quantity to be taken away, or by 
its Square, or Cube, Cc. that it may become of the ſame 
Power with the other Equation, Then the Values of thoſe 
Powers are to be made Equal, and there will come out a new 


Equation, where the greateſt Power or Dimenſion of the 


uantity to be taken away is diminiſhed. And by repeati 
oh Operation, the Quantity will at length be — — * 

As if you have 7 zy and 2 1% — 3 
to take away, x, the Equation will give xx = — 5 x 


+ 3yy, and the ſecond x x = 752. un. I put therefors 


- . and ſo x is reduced to only one 


Dimenſion, and ſo may be taken away by what I have before 
ſhewn, vis. by a due Reduction of the laſt Equation there 
999 +4 
29 + 15 
I there- 


comes out 9.9.9 15 3 = 2.59 —=4, Or * 


if equal Quantities are multiplied 


- — 
* 


„„ ISL. REARSI RO ETSY 


1 
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I therefore ſubſtitute this. Value for x. in one of the Equa- 
tions firſt propoſed (as in vw + 5x = 359) and there ariſes 
817 ＋ 1259 + 16 4 4599 220 
77 +609 a 27 ＋ 15 
which into order, I multiply by 4 y y + 609 y + 225, and 
there comes out 81 5 + 725 +16 + 90% + 4o y+ 
67539 + 590 =12 J* + 180% + 6753), or 699 — 
90 0 + 1299 ＋ 40% +316 =0, 

- Moreover, if you have y* =xpy + 3x, and yy =xx 
—Xxy—3; to take away y, I multiply the latter Equa- 
tion by y, and you have ) =xxry —xyy— 3y, of as 
many Dimenſions as the former. Now, by mali the Values 
of y* equal to one another, I have xy y+3y=xxy —xyy 


— 3y, where y is us 19 — to two Dimenſions. By this 
theretore, and the moſt Simple one of the Equations firit pro- 
poſed yy =>xx—wxy 75 the Quantity y may be wholly 
taken away by the ſame Method as in the tormer Example. 
There are moreover other Methods by which this may be 
done, and that oftentimes more conciſely. *As if there be 
2 4 11 


given Jy = ——— x, andy =2 xy + +; that q may 
be extirpated, extract the Root y in each, as is ſhewn in the 


E 4 
7th Rule, and there will come out 7.5 = + 15 +xx, 
: | 
and y = - —+ * . Now, by making theſe two 


2 39% To reduce 


Values of y equal you will have = + vV Z + xx=x + 
* = +xx, and by rejecting the equal Quantities 


as 


— x, t ere will remain „ x, or æ Ax, and 


aa 2 
x d. 


Moreover, to take x out of the Equations x + y +z 


4 
= 39, and x 8+ 75 + 14e, take away y from the 
1 | Parts 


ther 


fore, 
tities 


ah — 
1682 


From 


GY new 


CD — 


From 


+h = 


ah - 


agg þ 
X4afþ: 
x efg 
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Parts of the firſt Equation, and there remains x ＋ * 20 


| 77 
ee —y, and ſquaring the Parts, it becomes wx 29 + > 
9 = 400 — 40% + Jy, and taking away yy on both Sides, 
EY there remains x y + py + 9 = 400 — 40 . Where- 
* fore, ſince 400 — 40% and 140 are equal to the ſame Quan- 
la- tities, 400 — 40 y will be equal to 140, ory 67; and fo 

48 you may contract the Matter in moſt other Equations. 
aes But when the Quantity to be exterminated is of ſeveral 
yy Dimenſions, ſometimes there is required a very laborious 
nis Calculus to exterminate it out of the | pant ; but then the 
ro- Labour will be much diminiſhed by the following Examples 
lly made uſe of as Rules, 

e. | 

be RLE I. 

be | | 

From axx + bee o, andf xx +gx+h =o, 
"ay x being exterminated, there comes out 
4 «h—bg—2cfxah:+bh—cgxbf:xagg+cit 
— XC . 
Gs RuLE II. 
two From a + bxx+cxr+4—0,and fx g So, 
| . * being exterminated, there comes out 
bs ch —bg—2cfxahh:+bh—cg —2dfxbfh:+ 
ch — ag x agg +f f:+3agh +bgg & f . 
ities a 
RVULE III. 
and From a + by! + c AY Te = 0, and f ＋ g 


— Oz | a 
x being exterminated, there comes out 


ah —bg = Na +bþ —c>Q -1af xbfhb:+ 
agg +Cff x ebb+-ag beg g—2efh+3agh bg g+4ff 


x4fh:+2abb+3bgh-4fg+eff xeff:—bg—2aÞ 
X ef8g =0. ; 
K - Rves 


— — — 


A” 


; 


0 
15 
; 
7 
1 
1 N 
* = + 
[1 
i835 
© 
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RuLe IV. th 
From a e e-, and fxi+ga* +bx 2 
+ k = o. 4 


x being exterminated, there comes out 
abh—bg —:cf xaihbh—athk:+ak+ÞVb—cg—2af Of 
xbaſh: —ak+bhÞzcg+34f xaakk: 
+ cah—adg—cck+2bikxaegs L cif: | EH 
+ 3agh+bggp+dff—zafkxaddſi—3ak—bh+cghdf 
x FK: + bk —24gxbbjk —bbk — 3a4b — ca / hay 
KEISER Q- 


For Example, to exterminate x ont of the Equations 
xx+5x—399=0o, andgrr—z2xy +4 =o: 1 
reſpectively ſubſtitute in the firſt Rule for 4, 4% Cc; f,g, and / 
theſe Quantities, 1, 5, — 39; 3, — 29 and 4; and duly 
obſerving the Signs + and —, there ariſes 4 + 109 + 183 y 
* 4: + 20 — 7 X 15 + 477 —2739 X— JJ y =0, 
or 16 + 409 + 1239 . 300 — 90 % + 699* =o. 

By the like Reaſon that y may be expunged out of the 
Equations y* — * n —3x — o, and py - —xx +3 
= ©, I ſubſtitute into the ſecond Rule for 4, C, c, 4, 3, g, V 
and x, theſe Quantities 1, — x, o, —3x31y, — xx 
| ++ 3, and y reſpectively, and there comes out 3 — xx + xx 
* 9 —6xx+3x*%: - 3K C] GY - 3 T: 
+ 33X Xxx: Y- zr — 1 — 31 X — 3 =0: 
Then blotting out the ſuperfluous Quantities and multiplying, 
you have 2) — 18 K + z, — 9g xx A“, 12 3 * 
_ 18 * +12 & =o, And ordering v* + 18 * — 45 xx 

67 -= 0. | | 

Hitherto we have diſcourſed of taking away one unknown 
Quantity out of two Equations. Now, if ſeyeral are to be 
taken out of ſeveral, the Buſineſs muſt be done by degrees: 
Out of the Equations a x , Ey =2 and 5x —) 
+ 32; if the — y is to be found, firſt, take out one puttin 
of the Quantities x or 2, ſuppoſe x, by ſubſtituting for it its I fu oh 


Value =— (found by the firſt Equation) in the ſecond and the 8) 
| third 
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third Equations ; and then you will have 5 + y=2, and 


$7 
4 


= + 3%, out of which take away s as above. 


Of the Method of taking away any Number of Surd Quan- 
ſilies out of Equations. 0 


Itherto may be referred the Extermination of Surd Quan- 


tities, by making them equal to any Letters. As it you 


have yay —vaa -63 = 2#--4/ayy, by writing t for 
yay, and v for yau — ay, and » ior JA, you will have 
the Equations ? —v =2 4 + x, IF -4y, VY =44—ay, 
and x? — &y yp; out of which taking away by degrees t, v, 
and x, there will reſult an Equation entirely free from 
Surdity. 


How a Queſiton may be brought to an Equation. 


AFTE R the Learner has been ſome time exerciſed in 

1 managing and transforming Equations, Order e ene. 
that he ſhould try his Skill in bringing Queſtions to an Equa- 
tion- And any Queſtion being propoſed, his Skill is parti- 
cularly required to denote all its Condicions by ſo many Equa- 
tions. To do which he mult firſt conſider whether the Pro- 
poſitions or Sentences in whigh it is expreſſed, be all of them 
tit to be denoted in Algebraick Terms, juſt as we expreſs our 
Conceptions in Latin or Greek Characters. And if ſo, (as 
will happen in Queſtions converſant about Numbers or ab- 
ſtrat Quantities) then let him give Names to both known 
and unknown Quantities, as far as occaſion requires; and 
expreſs the Senſe of the Queſtion in the Analytick Language, 
if * ſo ſpeax. And the Conditions thus tranſlated to Al- 
9 Terms will give as many Equations as are neceſſary 
to ſolve it. | . 

As if there are required three Numbers in continual Pro- 
portion, whoſe Sum is 20, and the Sum of their Squares 140 3 
putting x, y, and 2 for the Names of the three Numbers 
ſought, the Queſtion will be tranſlated out of the Verbal to 
the Symbolical Expreſſion, as follows : 


K 2 | The 
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The Queſtion in Il ords. | The ſame in Symbol. 


There are ſought three Num- 1 
bers on - c eee : 3 1 
That they ſhall be continuall 5 > L 
roportional. Y: yr: 9:2, or æ2 = y Fe 
That the Sum {hall be 20. x+y +2 = 20. 


_ m_ of their Squares xx +99 +2S= 140. 


And fo the Queſtion is brought to theſe Equations, vis. 
* , x I++ $= 20, and xx + yy +233 = 140, 
by the Help whereof x, y, and 2, are to be found by the 
Rules delivered above. | 

But you mult note, That the Solutions of Queſtions are 
(for the molt part) ſo much the more expedite and artificial, 
by how fewer unknown Quantities you have at firſt. Thus, 
in the Queſtion propoſed, putting x for the firſt Number, 


and y for the ſecond, — will be the third Proportional; 


which then being put for the third Number, I bring the 
Queſtion into Equations, as follows: | 


The Queſtion in Words. Symbolically. 


There are ſought three Num- =T 
bers in continual Propor- | x, , © 8 


tion, 5 

Whoſe Sum is 20. XP ＋ + = => 80, 
And the Sum of their Squares | 1 find 
140. e 5 = 
c 1 * TM 
You have therefore the Equations » + y + — = 20 his 
8 : | Y 
and wv + yy + —— = 140, by the Reduction whereof v only 
X X titie 
and y are to be determined. Prob 


Take another Example. A certain Merchant encreaſes his Ton 
Eſtate yearly by a third Part, abating 100 /. which he ſpends MW 1s, | 
yearly in his Family; and after three Years he finds his Eſtate ¶ latio 

doubled. Query, What was he worth ? 5 the! 
g v 


*. 


VIS, 
40, 


the 


are 
cial, 
hus, 
ber, 


nal; 


the 
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To reſolve this, you muſt know there are or lie hid ſeveral 
Propoſitions, which are all thus found out and laid down. 


In Enghſh. | Algebraically, 


A Merchant has an 
Eſtate J. 


Out of which the firſt 
Year he expends 100l. X— 100, 


And augments the| _ * — Io 41 — 400 
reſt by one third. |* r00-F 3 wy "es 


And the ſecond Year . 
expends 1c 433 n „ 


And augments the . 5 16 2800 


reſt by a third - - ; 9 „ 
And ſo the third Lear 16 * — 2800 16 x—3700 
expends 1004, - - —_— oO _ 
9 
— I6 Xx — 3700 
And by the reſt gains — 2 ＋ 7 » or 
likewiſe one third 9 27 


. 
27. 
And he becomes at 64 T — 14800 
length twice as 220 
rich as at firſt - -| 27 


Therefore the Queſtion is brought to this Equation, 
64x — 14800 | 


27 
find æ ; vis. multiply it by 27, and you have 64 x = 14800 
= 54%; ſubtract 54x, and there remains 10 x — 14800 


So, or 10 #= 14800, and 3 by 10, you have 
5 


* =1480. Wherefore, 1480 J. was hi 
his Profit or Gain ſince. 3 
Lou ſee therefore, that to the Solution of Queſtions which 
only regard Numbers, or the abſtracted Relations of Quan- 
tities, there is ſcarce any Thing elſe required, than that the 

Problem be tranſlated out 1 
Tongue it is propoſed in, into the Algebraical Language, that 
is, into Characters fit to denote our Conceptions of the Re- 
lations of Quantities. But it may ſometimes happen, that 
the Language or the Words whercin the State of the Queſtion 
. 18 


ſtate at firſt, as alſo 


| 


=2 x, by the Reduction whereof you are to 


the Engiiſh, or any other 


— — 


— * 2 —— P - 5 ue * r 2232 — 
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is expreſſed, may ſeem unfit to be turned into the an, gummy 
Language; but making Uſe of a few Changes, and attend. 
ing to the Senſe, rather than the Sound of the Words, the 
Verſion will become eaſy. Thus, the Forms of Speech among 
different Nations have their proper Idioms 3 which, where 
they happen, the Tranſlation out of one into another is not to 
be made literally, but to be determined by the Senſe. But 
that I may illuſtrate theſe Sorts of Problems, and make fami- 
liar the Method of reducing them to Equations; and fince 
Arts are more caſily learned by Examples than Precepts, I 
have thought fit to adjoin the Solutions of the following Pro- 
blems. 
| PRO L E M l. 
Having given the Sum of two Numbers, a, and the Difference 
of their Squares b, to ud the Numbers? 5 
Let the leaſt of them be x, the other will be a —x, and 
their Squares w x, and a —2 ax + xx: the Diffe- 
rence whereof 44—24 x is ſuppoſed b, Therefore 4 4 — 


aa—0 
24x=b, and then by Reduction aa—b=z0 x, or * 


1 b | 
3 88 2 4 


For Example, it the Sum of the Numbers or à be 8, and 


* /Y* I 
the Difference of the Squares or © be 163 1 
| 2 


4 =1) will be = 3 , and 4—x=5. Wherefore the 
Numbers are 3 and 5. 
PRORBöLE M II. 
To find three Quant it ies, x, y, and 2, rhe Sum of any tro of 
| hich fhall be given. 

If the Sum of two of them, viz. x and y be a; of x and 
2, b; and of and 2, c; there will be had three Equations 
to determine the three Quantities ſought, x, 5, and 2, vis. 
x +y =4, x +3:=b, andy +z c. Now, that two 
of the unknown Quantities, 9g. „ and 2 may be extermi- 
nated, take away * on both Sides in the firſt and ſecond 
Equation, and you will have y=a— x, and S =b— x, 
which Values ſubſtitute for q and & in the third Equation, and 
there will come out a - +b —wx c, and by Reduction 

a -U c 


8 = 


; and having found x, the Equations above 


J=a—xand a g- will give q and . 
| | EXAMPLE: 


to be 
abov. 


and 


r ( Us 


x + 
Af 
Parts 
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rhe, 
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* — 
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* 2 1 
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FxAMPLE, It the Sum of * and y be 9, of x and 2, 
10, and y and 2, 13; then, in the Values ot x, y, and z, 
write 9 for 4, 10 for b, and 13 for c; and you will have a + 
OY a -c 
s, and conſequently x (= J =3, 9 


2 


[SA - x) =6, and + (=b -&) =. 
PRO LEM III. 
To A vide a given Quantity into as many Parts as you fleaſe, 


fo 7 at e greater Parts inay exceed the leaſt by any given 
Lit G4 ENCES, 8 

Let @ be a Quantity to be divided into four ſuch Parts, 
and its firſt or leaſt Part call x, and the Exceſs of the ſecond 
Part above this call &, and of the third Part c, and ob the 
fourth 4; and x + will be the ſecond Part, » + c the 
third, and A the fourth, the Aggregate of all which 
4x eis equal to the whole Line 3. Take away 
on both Sides e NA, and there remains 4 = 4 — 6 

a—b—c—4 

— 4 4, or x = IE 

ExAMPTLE. Let there be propoſed a Line of 20 Foot, ſo 
to be divided into four Parts, that the Exceſs of the ſecond 
above the firſt ' Part ſhall be 2 Foot, of the third 3 Foot, 
and of the fourth 7 Foot; and the four Parts will be 


a — 0 — C — 4 20—2—z—75 | | | 
x (= — — or — Da, x+b=4, 


4 4 
enz, and y+d=g, | 
After the ſame Manner a Quantity is divided into more 
Parts on the ſame Conditions. 


PrRoBLEM IV. 

A Perſon being willing to diſtribute ſore Money among Beg- 
gars, wanted eight Pence to give three Pence a ffiece to 
them; he therefore gave to each two Pence, and had three 
Pence remaining over and above. To jind the Number of 
the Beggars, | 
Let the Number of the Beggars be v, and there will be 

wanting eight Pence to give all 3 * Pence; he has therefore 


;x— $8 Pence. Out of theſe he gives 2 x Pence, and the 
emaining Pence x — 8 are three, That is, y —8 = 3, or 


II. 


PA o- 


j 
| 
: 
: 
1 


— 
— 


— DI 


OS % 2 a 


vol, 
— 


TL 


Two Poſt-Boys, A and B, at 59 Miles Diſtance from one 
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PROBLEM V. 


another, ſet out in the Morning in order to meet. And A 


rides ) Miles in two Hours, and B 8 Miles in three Hours, 
and B vegins his Journey one Hour later than A; to find 


achat Number of Miles A will ride before he meets B. 
Call that Length x, and you will have 59 , the Length 


of B's Journey, 


And fince A travels 5 Miles in two Hours, 


he will make the Space x in 1 Hours, becauſe ) Miles : 2 


Hours:: x Miles: Hours. And fo, ſince rides 8 Miles 


7 
in 3 Hours, he will deſcribe his Space or ride his Journey 


* 


x7] —3x 
8 


in 


Hours. Now, ſince the Difference of 


theſe Times is one Hour; to the End they may become e- 


qual, add that Difference to the ſhorter Time 


and you will have 1 + = 


$9 ==, 


16 Yr 


— 


1 


1 


— 


8 7 and by Reduction 


For, multiplying by 8 you have 185 — 3 x = 


Then multiplying alſo by 7 you have 2295 — 21 x 


=16 x, or 1295 =37 x. And, laſtly, dividing by 37, there 


ariſes 35 = x. 


Therefore, 35 Miles is the Diſtance that 


A muſt ride before he meets B. 
T he ſame more generally. 


Having given the Velocities of two moveable Boaies, A and B, 
tending to the ſame Place, together *eith the Interval or Di- 
ſtance of the Places an? {mes from, and in which they bo- 
gin to move ; to determine the Place they ſhall meet in. 


Suppoſe, the Velocity of the Body A to be ſuch, that it 


ſhall 8 over the Space 


B to 


© 


and that the Interval o 


ſuch as it ſhall 


eh 


2 the Time f ; and of the Body 


s over the Space 4 in the Time g; 
e Places is e, and / the Interval of 


the Times in which they begin ro move. 


CASE I, Then if both tend to the ſame Place, [or the 
ſame Way] and A be the Body that, at the Beginning of 
the Motion, is fartheſt diſtant from the Place they tend 8 
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call that Diſtance x, and ſubtra& from it the Diſtance e, and 
there will remain x — e for the Diſtance of Y from the Place 


it tends to. And fince A paſſes through the Space c in the 
Time 7, the Time in which it will paſs over the Space æ will 


be . becauſe the Space c is to the Time J, as the Space w 


to the Time 2. And ſo, ance B paſſes the Space 4 in the 


Time g, the Time in which it will paſs the Space -e will 
be = 

4 ; 
ſuppoſed h, 4 they may become equal, add þ to the ſhorter 


Time; vis, to the Time Ls if S begins to move firſt, and 


5 ＋ 5 = $x=ge and by Reduction 


4 
4b 
6-25 br an But if begins to move firſt 
Em: gf 


add þ to the Time e, and you will have — 


—— ; and by Reduction EE =. 


CASE H. If the moveable Bodies proteed towards one 
another, and x, as before, be made the initial Diſtance of the 
moveable Body A, from the Place it is to move to, then e — x 
will be the initial Diſtance of the Body B from the ſame 


Place; and 72 the Time im which A will deſcribe the Di- 


ſtance x, and © 50 . — the Time in which Y will deſcribe its 


Diſtance e x, To the leſſer of which Times, as above, add 
the Difference h, viz. to the Time"= if B begin firſt to move, 


ant fo jou wil ache +h << K and by Reducti- 
* an 


* 
2 


Now fince the Difference of theſe Times i is 


— 
2 SO - 


LY 


bt 
» 
*. 
| 
. 
= 1 
1 


— — 
. — —— — — 


— ** — a 
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* e . Busif Fbegins fili to mare, add Þ to 


e—gx * ge —gx 
the Time Edit will become *- =b+ ——— 


C 
5 cege Nc bs 
and by ReduQtion La = 4. 


Ex AML E I. If the Sun moves every Day one Degree, 
and the Moon thirteen, and at a certain Time the Sun be 
at the Beginning of Cancer, and, in three Days after, the 
Moon in the Beginning of Aries, the Place of their next 
following Conjunction is demanded. Anſwer, in 101 Deg. 
of Cancer: For fince they both are going towards the ſame 
Parts, and the Motion of the Moon, which is farther diſtant 
from the Conjunction, hath a later Epocha, the Moon wil 


45 
de 4, the Sun 2, and 5 — 7 the Length of the Moon's 


Way, which, if you write 13 for c, 1 for f, 4, and g, 90 


for e, and 3 for V, will become I3XIXg90TI3XINX 3 | 
13XI—IXI 


that is, 22, or 100; Degrees; and then add theſe Degrees 


to the Beginning of Aries, and there will come out 101 Deg, 
of Cancer. | 


ExAur Zz Il. If two Poit-Boys, & and B, being in the 
Morning 59 Miles aſunder, ſet out to meet each other, and 4 
7 Miles in 2 Hours, and 2 8 Miles in 3 Hours, and 3 
gins his Journey 1 Hour later than A, it is demanded how 
far A will have gone before he meets B ? Anſwer, 35 Miles, 
For CITY go towards each other, and A ſets out firſt, 
cge+cah | : 
"I will be the Length of his Journey ; and writing 


7 for c, 2 forf, 8 for 4, 3 for g, 59 for e, and 1 for E, this 


IX;3X J TIXSXI , 1295 
will become — TIES TTL that is, 5 * 11 


certain 
nd C 
Time 1 


te BY 


PRO 
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PROBLEM VL. | 

Giving the Power of any Agent, to find how many ſuch Agents 
| will perform a given Effeft a, in a given Time b. 

Let the Power of the Agent be ſuch that it can produce the 
Effect c in the Time 4, and it will be as the Time 4 to the 
Time h, ſo the Effect c, which that Agent can produce in the 
Time 4, to the Effect which he can produce in the Time 6, 


b | 
eee. which therefore will be F Again, as the Effect of one A- 
n 


b = 
, the gent —to the Effect of all 4; ſo that ſingle Agent to all 


the Agents; and thus the Number of the Agents will be 75. 


ſtant BY EXT AER. If a Scribe can in 8 Days write 15 Sheets, 
will N how many ſuch Scribes muſt there be to write 405 Sheets in 
„Days? Anſwer 24. For if 8 be ſubſtituted for 4, 15 for 


oon ada 

2 c, 405 for a, and 9 for b, the Number 5 will become 
x 3 Ness % 3240 : 

— , 9X15? at is, 135 or 24 

grees | PROR L EM VII. 


The Forces of ſeveral Agents being given, to determine x the 
Deg il Time, wherein they will jointly perform a given Effet d. 


Let the Forces of the Agents A, B, C, be ſuppoſed, which 
in the in the Times e, f, g can produce the Effects 4, b, c reſpective- 


nd 5 ; and theſe in the Time æ will produce the Effects 75 


1 how N cx | ax bx cx 

_— fo g 5 wherefore is 9 TE +7" =4, and by Re. 
| 511 

, this 


ExAmMPLe, Three Workmen can do a Piece of Work in 

certain Times, viz, A once in 3 Weeks, & thrice in 8 Weeks, 

nd C five times in 12 Weeks. It is deſired to know in wh 

Time they can finiſh it jointly ? Here then are the Forces © 

the Agents 4, B, C, which in the Times 3, 8, 12 can prod 1+ 

P x o- the 5; fo fo 2 and the Time is ſought w 
2 


iſt, 
. 


- > VO ue... te AO 


by Reduction give 
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in they can do one Effect. Wherefore, for a, b, c; 4; e, ,, g 
write 1, 3, 5, 1, 3, 8, 12, and there will ariſe K = 


FL - T or g of a Week, that is, [allowing 6 working 
FT ri t | 
Days toa Week, and 12 Hours to each Day] 5 Days and 4 


Hours, the Time wherein they will jointly finiſh it. 


PROBLEM VIII. 


So, to campound unhke Mixtures of two or more things, that 
the Things mixed together may have a given Ratio to one 
another. | | 


Let the given Quantity of one Mixture be 4 A + eB + 
FC, the ſame Quantity of another Mixture g A + B+ AKC 
and the ſame of a third An B＋ AC, where A, B, C 
denote the Things mixed, and 4, e, f, g, H, &c. the Propor- 
tions of the ſame in the Mixtures. And let 7 A4+qB+rc 
be the Mixture which muit be compoſed of theſe three Mix- 
tures; and ſuppoſe v, y and 2 to be the Numbers, by which 
if the three given Mixtures be reſpectively multiplied, their 
Sum will become F A-+-@B+rcCc Fr 

3 A+exB+fxC 
ni, S Nn c. 
l+ IzA+mzB-+nzCcC 
And then comparing the Terms by making 4» + g y +12 = 
p, eK HTN, andfx+ky+nz=r, and 
- =I 


by Reduction x = n 7 


— k y — —gy —/ 
. _ . And again, the Equations 2 —— 


oY hy — by my __ ky —n%z 


6 


E 
ep —dq+ame —elgt & 1 
g- 45 (= $3.9 


fq—er ens In 1 Which, if abbreviated by writing 


ſh—ek 
« for e — 44, & for 32 for eg—4h, J for 


* 
fq—er, & foren—fm, and b for fh—ek, will become 


92—7 4 
, and by Reduttion — 


eng ſound 2, pur: =y, and r 


7 32 


K M 
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EX AMI I. If there were three Mixtures of Metals 
melted down together; of the firſt of which a Pound [Aver- 
dupais] contains of Silver 3 12, of Braſs 3 1, and of Tin] 3 
of the ſecond, a Pound contains of Silver 3 1, of Braſs ; 12, 
and of Tin 3 3; and a Pound of the third contains of Braſs 
J 14, of Tin 3 2, and no Silver; and let thefe Mixtures be 
ſo to be compounded, that a Pound of the Compoſition 
may contain of Silver 3 4, of Braſs 3 9, and of Iin 3 3: 
For 4,e, f; g. h,k, hm, u; p, q. r, write 12, f, 35 1, 12, 
35 o, 14, 23 4, 9, 3 refpectively, and « will be (Se 
4q=1X4—12X9) =— 104, and g (=dm —el —= 
12X14 —I o) = 168, and ſo y =— 143, 4 = 24, C 


= — 40, and 9 = 33: And therefore 2 (= Abd 5. = 
— 3432 +392) 0; 9 (Ste 9. 
5720 544 7 — 143 


12 é 


fore, if there be mix'd r Parts of a Pound of the ſecond 
Mixture, er Parts of a Pound of the firſt, and nothing of the 


third, the Aggregate will be a Pound, containing tout Ounces 
of Silver, nine of Braſs, and three of Tin, 


PRoBLEM IX, 


The Prices of ſeveral Mixtures of the ſame Things, and the 


Proportions of the Things mixed together bei 
determine the Price of each of the Things mixe 


Of each of the Things A, B, C, let the Price of the 
Mixture 4 A+gB-+#7C be , of the Mixture e A + B 
NC the Price 4, and of the Mixture FA + k B +: Cthe 
Price r; and of thoſe dg A, B, C let the Prices x, y, 2, 
be demanded. For the Things A, B, C ſubſtitute their 
Prices x, y, 2, and there will ariſe the Equations 4x + gy 
+ Ig =p, ex +hy + ms , and fx +ky+ns=r; 
from which, by proceeding as in the foregoing Problem, 

ee” 942 — 7 0 _ 
there will in like manner be got 7 = 22.5 —— 
and 2 = 


given, to 


ExAMPLE 
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— . ˙ — — 8 
- — — - 


ExamyLtz. One bought 40 Buſhels of Wheat, 24 
Buſhels of Barley, and 20 Buſhels of Oats together, for a5 
Pounds 12 Shillings. Again, he bought of the-ſame Grain 
26 Buſhels of Wheat, 30 Buſhels of Barley, and 50 Buſhels 
of Oats together, for 16 Pounds, And thirdly, he bought of 
the like kind of Grain, 24 Buſhels of Wheat, 120 Buſhels 


of Barley, and 100 Buſhels of Oats together, for 34 Pounds. 


It is demanded at what Rate a Buſhel of each of the Grains 
ought'to be valued. Anſwer, a Buſnhel of Wheat at 5 Shil- 
lings, of Barley at 3 Shillings, and of Oats at 2 Shillings, 
For inſtead of 4,g,/; e, h, m; f,k,n; P, J, r, by writing 
reſpectively 40, 24, 20; 26, 30, 50; 24, 120, 100; 157, 
16, and 34, there ariſes 4 (=ep — 4q= 26K 151 — 40 
* 16) =— 234;z3 and þ (= 4m — el = 40 Xx 50 — 26 
X 20) = 14803 and thus y = — 576, 4 = — 500, 


e = 1400, and b = — 2400. Then 2 ( 


5 = 
562560 — 2880000 27456 1 (= « + 6 
— 806400 + 3552000 2745600 * 


— 2 — D;. Therefore a Buſhel of Wheat coſt 
, or 5 Shillings, a Buſhel of Barley „ 1, or 3 Shilli 
and & Buſhe| of Oats 77; t, or 2 Shillings. © 4 "m 


PROBLEM X. 


Tbere being given the ſpecifick Gravity both of the Mixture 
and the Things mixes, to find the Proportion of the mixed 
Things to one another. | 


Let e be the ſpecifick Gravity of the Mixture A + B, & the 
ſpecifick Gravity of A, and 6 the ſpecifick Gravity of B; 
and fince the abſolute Gravity, or the Weight, is compoſed of 
the Bulk of the Body and the ſpecifick Gravity, 4 A will be 
the Weight of Az B of B; and e A e B the Weight of 
the Mixture A+B; and therefore A + bB —eA+eBz 
_— thence a A —eA =eB—bBare—b;a—e 
2 A: B. | 


ExAMPLE, 


oft 
g8, 


* 
E. 
* 
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Ex AMrL Z. Suppoſe the Gravity or ſpecifick Weight 
of Gold to be as 19, and of Silver as 104, and King Hero's 
Crown as 17; and it will be 10: 3 (e - 4 — e:: A: B) 
:: Bulk of Gold in the Crown: Bulk of Silver, or 190: 31 


(::19XI0:104X3::4Xe—b:bxa — e) :: the 
Weight of Gold in the Crown, to the 2 of Silver, and 
221: 31 :: the Weight of the Crown, to the Weight of the 
Silver, | 


PrRoBLEM XI. 


If the Number of Oxen a eat up the Meatow b in the Time c; 
and the Number of Oxen d eat up as good a Piece of Paß 
ture e in the Time f, and the Graſs grows uniformly ; to 
fn _ many Oxen will eat up the ike Paſture g in the 

me h. 


If the Oxen à in the Time c eat up the Paſture Y; then, 
e 
7 


Oxen TT a in the Time 7, or the Oxen 5 a in the Time þ 
will eat up the Paſture e; ſuppoſing the Graſs did not grow 
at all after the Time c. But ſince, by reaſon of the Growth 
of the Graſs, all the Oxen 4 in the Time f can eat up only 
the Meadow e, therefore that Growth of the Graſs in the 
Meadow e in the Time f — c will be ſo much as alone would 


be ſufficient to feed the Oxen 4 — = the Time I, that is 


bf 
af eca, 
as much as would ſuffice to feed the Oxen 7 77 in the 


Time h. And in the Time hc, by Proportion ſo much would 
be the Growth of the Graſs as would be ſufficient to feed the 

hc, 44% eca bafh—ecah—bacf+aeco 
. n Fre . 
Add this Increment to the Oxen 75 and there will come out 


54h — FO | | 
4fh T. the Number of Oxen 


which the Paſture e will ſuffice to feed in the Time . And 
- 


by Proportion, the Oxen 4 in the ſame Time c, or the 


Lubſtituting in 
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ſo in Proportion the Meadow g will ſuffice to feed the Oxen 
gAfh — ecagh — bacgf 4ecfga 


Ref Barb during the ſame 
Time . | | 


Ex Ar U E. If 12 Oken eat up 31 Acres of Paſture in 
& Weeks, and 21 Oxen eat up ten Acres of like Paſture in 
9 Weeks; to find how many Oxen will eat up 24 Acres in 


18 Weeks? Anſwer 36; for that Number will be found by 


bafgh — ecagh —bacgf+ecfga . 
befh —bceh * 
Numbers 12, 3}, 4, 21, 10, 9, 24, and 18 for the Letters 
4, b, c, 4, e, J, g, and þ reſpectively; but the Solution, per- 
baps, will be no leſs ite, if it be brought out from the 
firi 3 in Form of the precedent literal Solution. 
As if 12 Oxen in 4 Weeks eat up 3 Acres, then by Propor- 
tion 36 Oxen in 4 Weeks, or 16 Oxen in 9 Weeks, or 8 Oxen 


in 18 Weeks, will eat up 10 Acres, on Suppofition that tht 


Graſs did not grow. But fince by reaſon of the Growth of 
the Graſs 21 Oxen in 9 Weeks can eat up only 10 Acres, 
that Growth of the Graſs in 10 Acres for the laſt 5 Weeks 
will be as much as would be ſufficient to feed the Exceſs of 


21 Oxen above 16, that is 5 Oxen for 9 Weeks, or what is 


the ſame Thing, to feed 5 Oxen for 18 Weeks. And in 14 
Weeks (the Exceſs of 18 above the firſt 4) the Increaſe of 
the Graſs, by Analogy, will be ſuch, as to be ſufficient to 


feed / Oxen for 18 Weeks; for it is 5 Weeks: 14 Weeks :: * 


Oxen : 5 Oxen. Wherefore add theſe ) Oxen, which the 
Growth of the Graſs alone would ſuffice to teed, to the 8, 
which the Graſs without Growth after 4 Weeks would feed, 
and the Sum will be 15 Oxen. And, laſtly, if 10 Acres 
ſuffice to feed 15 Oxen for 18 Weeks, then, in Proportion, 
24 Acres would ſuffice 36 Oxen for the ſame Time. 


PROBLEM XII. 


Having given the Magnituaes and Motions of Spherical Bodies 
Ferſectly elaſtick, moving in the ſame right Line, and 
ſtriking againſt ene another, to determine their Motions 
aſter Reflexion. | 


The Reſolution of this Queſtion depends on theſe Condi- 
tions, that cach Body will ſutter as much by Re- action as the 


and E 
tend t. 


and 2 
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Action of each is upon the other, and that they muſt recede 
from each other after Reflexion with the ſame Velocity or 
Swiftneſs as they met before it. Theſe Things being ſuppoſed, 
let the Velocity of the Bodies A and B, be à and 6 reſpective- 
ly ; and their Motions (as being compoſed of theit Bulk and 
Velocity together) will be aA and B. And if the Bodies 
tend the ſame Way, and A moving more ſwiftly, follows B, 
make x the Decrement of the Motion a A, and the Increment 
of the Motion & B arifing by the Percuſſion; and the Moti- 
ons after Reflexion will be a A—x and Bx; and the 


A b 
Celerities + and 8 - i whoſe Difference is = 4a—b 


the Difference of the Celerities before Reflexion. Therefore 
b — | 
there ariſes this Equation * — nn a—b,and 
—2¹ AB 
thence by Reduction æ becomes = — which 
"I aA— bB+x 
being ſubſtituted for x in the Celerities —— and — 


_ b 
there comes out * 1 85 2 for the Celerity of A, 


— b ; 
and 2 * 1 for the Celerity of B after Reflexion. 


But if the Bodies move towards one another, then changing 
every where the Sign of b, the Velocities after Reflexion 


— b A —bB 
will be 2 KE and EEE”, cither 


of which, if they come out, by Chance, Negative, it * 
that Motion, after Reflexion, to tend a contrary Way to that 
which A tended to betore Reflexion. Which is alſo to be 
underſtood of A's Motion in the former Caſe. 


ExAMPLx. If the homogeneous Bodies [or Bodies of 
the ſame Sort} A of 3 Pounds with 8 Degrees of Veloc ty, 
and B a Body of 3 Pounds with 2 Degrees of Velocity, 
tend the ſame Way ; then for A, a, B and , write 3, 8, 9 

al DNN 
ad 25 and (AE) bee, 1, and 


M 
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—b b 
24A * ) becomes 5. Therefore A will re- 


turn back with one Degree of Velocity after Reflexion, and 
B will go on with 5 Degrees. | 


PROBLEM XIII. 


To find three Numbers in continual Proportion, whoſe Sum 
ſhall be 20, and the Sum of their Squares 140? 


Make the firſt of the Numbers = x, and the ſecond = y, 
and the third will be 282, and conſequently x + +92 


4 
=20; and xx + yy + = 140. And by Reduction 


* 0 2 5 =o, and & Tp xx + y* =0, 


Now to exterminate æ, for 4, b, c, 4, e, J, g, h, in the third 
Rule, ſubſtitute reſpectively 1, o, % — 140, o, y* 3 1,9 
— 20,and yy; and there will come out — yy + 280 x y* 
2 +23) —40J +260 x 260 Y* — 40 %% +3 99 XY 
— 25% N — 40): +4c0y9': =0; and by Multipli- 
cation 1600 Y* — 20800 % — 67600 y*' o. And by Re- 
duction 45% — 529 + 169 = ©. Or (the Root being ex- 
trated ) 2y—13 o, or y =65, Which is found more 
ſhort by another Method before, but not ſo obvious as this, 
Moreover, to find x, ſubſtitute 6; for y in the Equation 


+3 


GX 20 FIJE ©, and there will ariſe xx — 135 x 


+ 427 = 0, or #x=13zx ＋ 421, and having extracted the 
Root x =6} + or — y/ 335; vis. 6' + 3,4 is the 

reateſt of the three Numbers ſought, and 6% — 7 37s the 
eaſt, For x denotes ambiguouſly either of the extreme Num- 
bers, and thence there will come out two Values, either of 


which may be x, the other being 2 


x * 


The ſame otherwiſe. Putting the Numbers x, y and 5 


as 
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as before, you will have x +y +2 = 0, or xx = *2? 
— and extracting the Root & = 10— 375 + 
y/ 100—1I0y — 3 yy for the firſt Number: Take away 


this and y from 20, and there remains * =10 — 45 — 


100 — 109% — ; yy the third Number. And the Sum 
of the Squares ariſing from theſe three Numbers is 400 — 40 y, 
and ſo 400 — 40% = 140, or y= 65. And having found 
the mean Number 6z, ſubſtitute it for y in the firſt and 
third Number above found; and the firſt will become 
61 +y/ 3rz, and the third 61 —y/ 355, as before. 


PROBLEM XIV. 


To find four Numbers in continual Proportion, the two Means 
wherecf togerher make 12, and the two Extremes 20. 


Let x be the ſecond Number; and 12 — x will be the 
xx - inn 
third ; -- the firſt ; and — 22. the fourth; 


12 — X 


N | 
— i x — = 20. And 


by Reduction xx =12 x — 303, or #=6+y 55. Which 
being found, the ocher Numbers are given from thoſe above. 


and conſequently : 


PROBLEM XV. 
To find four Numbers continualiy proportional, t herecf the 
Sum a is given, and alſo the Sum of their Squares b. 


Although we ought for the moſt Part to ſeek the Quantities 
required immediately, yet if there are two that are ambigu- 
ous, that is, that involve both the ſame Conditions, (as here 
the two Means and two Extremes of the four Proportionals) the 
beſt Way is to ſeek other Quantities that are not ambiguous, 
by which theſe may be determined, as ſuppoſe their Sum, 
or Difference, or 1 Let us therefore make the Sum 
of the two mean Numbers to be 5, and the Rectangle r; and 
the Sum of the Extremes will be 4 —5, and the Rectangle alſo 
becauſe of the Proportionality. Now that from hence theſe 
four Numbers may be found, make æ the firſt, and y the ſecond ; 

| an 
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and 5 — y will be the third; and 4 -& the fourth; and 
the Rectangle under the Means . — yy =, and thence one 


Mean y=z5+ y 35S—7, the other 5—y=4$ 5 — v4 55—r* 
Alſo, the Rectangle under the Extremes a x —$s x—x x =, 


a—s = 
and thence one Extreme x — 24 * 24 wt 
1 | 2 4 , 


8 


and the other 4a —s — x — —.— — 544 — 
4 
The Sum of the Squares of theſe four Numbers is 2 55 — 
2 45 - — 4&7 which is = b, Therefore r 455 — 5 
45+,44—,0, which being ſubſtituted for r, there come 
out the tour Numbers as follows : 


ts HALLS $S+$45—148 
LY, 2 —Va3b—;j$S+3aas—2 44. 


4 —6 
8 7455 
ln 


Yet there remains the Value of 5 to be found. Wherefore, 
to abbreviate the Terms, for theſe Quantities ſubſtitute 


H$— 


7. 


The two Extremes 


25 ＋ P. „ 
and 

1 a 4 —F$ 

53S — 5. 9 


And make the Rectangle under the ſecond and fourth equal 
to the Square of the third, ſince this Condition of the Queſti- 


AS —FS 
m— $ 
4 245 + 


on is not yet ſatisfied, and you will have 


_— =5 -e. Make alſo the Rectangle 
under the firſt and third equal to the Square of the ſecond, 


AS—SS — 4+ Ps 

4 4 3 EL in 
+P£5+PÞf. Take the firſt of theſe Equations from the 
latter, and there will remain 95 —#@ +fs=2 b,, or qs= 


and you will have 


Arithmetical Queſtions. 85 
fa 5 Reſtore now = 747 — 244 in the 
Place of p, and /i = 55 in the Place of 4, and you will 
have II —355 =a+Sy3b—$55 +345 - 2 44, 


b 
i — — — 42 = — — 
and by ſquaring 35 — 4 5 ＋ 144 — 2b, ors 2 


+ 2 +2 od b; which being found, the four Num- 
bers ſought are given from what has been ſhewn above, 


PrRoBLEM XVI. 


If an annual Penſion of the Number of Potmds a, to be paid 

in the five next following Years, be bought for the ready Mo- 

ney c, to fine what the Compound Intereſt of 1001. per An- 
num rl amcunt 10? 


Make 1 — x the Compound Intereſt of the Money æ for 
a Year, that is, that the Money 1 to be paid after one Year 
is worth x in ready Money: and, by Proportion, the Mo- 
ney 4 to be paid after one Year will be worth ax in ready 
Money, and after two Years it will be worth a * x, and after 
three Years a , and after four Years ar, and after five 
Years a. Add theſe five Terms, and you will have a 4 


ar ax) +axx+ax=c, or - + x + x 
= 2 an Equation of five Dimenſions, by Help of which 


when .x is found by the f Rules to be taught hereafter, put 
1 1 :: 100: ), and y — 100 will be the Compound Inte- 
reſt of 1004. per Aumum. 

It is ſufficient to have given theſe Inſtances in Queſtions 
where only the Proportions of Quantities are to be confidered, 
without the Poſitions of Lines : Let us now procced to the 
Solutions of Geometrical Problems, 


[I 


+ Viz. by finding the firſt Figures of the Root by any mechanical Conſtruttion, and the 
remaining Figures by the Method of Vieta. 


How 


„ * 
* LET 
— - * 


n 
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How Geometrical Dueſtions may be reduced to 
Equations, 


(3 Eomerrical Queſtions may be reduced ſometimes to E- 
quations with as much Eaſe, and by the ſame Laws, 
as thoſe we have propoſed concernin abltracted Quantities. 
As if the right Line [See Fg. G.] AB be to be divided in 
mean and extreme Proportion in C, that is, ſo that B E the 
Square of the greateſt Part ſhall be equal to the Rectangle 
BD contained under the whole and the leaſt Part; havin 
put AB=a, and BC=x, then will AC be a- &, hen, 
xx—4 into a -&; an Equation which by Reduction gives 
x =—a+y i aa. | 5 
But in Geometrical Affairs, which more frequently occur, 
they ſo much depend on the various Poſitions and complex 
Relations of Lines, that they require ſome farther Invention 
and Artifice to bring them into Algebraick Terms. And 
though it is difficult to preſcribe any Thing in theſe Sorts of 
Caſes, and every Perſon's own Genius ought to be his Guide 
in theſe Operations; yet I will endeavour to ſnew the Way 
to Learners, - You are to know therefore, that Queſtions a- 
bout the ſame Lines, related after any definite Manner to one 
another, may be variouſly propoſed, by making different 
Quantities the Pneſira or Things ſought, from different 
Lata or Things given. But of what Data or Ouæſita ſo- 
ever the Queſtion be 8 , Its Solution will follow the 
fame Way by an Anaſytick Series, without any other Varia- 
tion of Circumitance beſides the ſeigned Species of Lines, or 
the Names by which we are uſed to diltinguiſh the given 
Quantitics from thoſe ſought. 

As if the Queſtion be of an Tſoſce/es Triangle C BN [See 
Fig. .] inſcribed in a Circle, whoſe Sides BC, BD, and 
Baſe CD, are to be compared with the Diameter of the Cir- 
cle AB. This may either be propoſed of the Inveſtigation 
of the Diameter from the given Sides and Baſe, or of the In- 
veſtipation of the Baſis from the given Sides and Diameter; 
or laſtly, of the Inveſtigation of the S from the given Baſe 
and Diameter; but however it be propoſed, it will be re- 
duced to an Equation by the ſame Verte of an Analyſis, vis. 
If the Diameter be ſought, I put AB x, CD a, and 
B Cor BD = . Then (having drawn A C) by reaſon of 


the ſimilar Triangles ABC, and CBE, it will be A 2 7 | 


0 — — — — - — 
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BC::BC:BE, ora U BE. Wherefore B E 
2. Moreover CE is =;CDor 4; and by reaſon of 


the right Angle CE B, CEq+ BE q=BC4, that is 444+ 


K * 8 8 1 
* 6 — = b b. Which Equation, by ReeduQtion, will give the 
* Quantity » ſought. „ 
the But if the Baſe be ſought, put A B=c, CD Dx, and 
ple B Cor BD S . Then (A C being drawn) becauſe of the 
ing ſimilar Triangles ABC and CBE, there is AB:BC:: 
IT BC: BE, or c: U:: BE. Whetefore BE = ; and 


alſo CES CD, or 1x. And becauſe the Angle CE B is 
right, CEq+BE q=BC . that is, 772 ＋ 2 3 
an Equation which will give by Reduction the ſought Quan- 


tity æ. 

Bur if the Side BC or BD be ſought, put AB c, CD=4, 
and BC or BD =». And (AC being drawn as before) 
by reaſon of the ſimilar Triangles ABC and CBE, it is 
on” WW AB: BC::BC:BE; orc:v::x:BE. Wherefore BE 


2. Moreover CE is = CD or $4; and by reaſon 


4 
„ Or 144 + 2 SK; and the Equation, by Reduction, will 


give the Quantity ſought, vis, x. 
See You ſee therefore that in every Caſe, the Calculus, by 
and which you come to the Equation, is the ſame every where, 


Cir- and brings out the ſame Equation, excepting only that I 
tion have denoted the Lines by different Letters according as I 


In- made the Data and Ouæſita different. And from different + 
ter; ¶ Vata and Quæſita there ariſes a Diverſity in the Reduction 


Baſe W of the Equation found: For the Reduction of the Equa- 


re⸗ | 7 2 55 
VIZ. ion 788 — = #8, male Irena” (> >= 


n of che Value of AB, is different from the Reduction of the 


the of the right Angle CEB, CEA B Eis BC, chat is, 


Equation 


r 0 
r ˙ oat wen nn — — — 
4 OT — _ — 
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Equation 4 x x + S, in order to obtain 2 


Vcc, the Value of CD; and the Reduction of the 


X x* 2 : 
Equation 444+ — x very different to obtain æ = 


— ls | 
cc TicVcc -a the Value of B Cor BD: (as well 


i b 
as this alſo, 3 44 age SI, to bring out c, a, or b, ought 


to be reduced after different Methods) but there was no Dif— 
ference in the Inveſtigation of theſe Equations. And hence 
it is that Analyſts order us to make no Difference between 
the given and ſought Quantities. For ſince the ſame Com- 
putation agrees to any Caſe of the given and ſought Quanti- 
ries, it is convenient that they ſhould be . . and com- 

red without wy Difference, that we may the more rightly 
judge of the Methods of computing them; or rather it is con- 
venient that you ſhould imagine, that the Queſtion is pro- 

ſed of thoſe Data and Cuſita given and fought Quanti- 
ties, by which you think it is moſt eaſy for you ro make out 
your Equation. 

Having therefore any Problem propoſed, compare the Quan. 
Tities which it involves, and making no Difference between the 
given and ſought ones, conſider how they depend one upon an- 
other, that you may know what Prantines if they are af, 
ſumed, will, by proceeding ſynthetically, give the ref To 
do which, there is no need that you ſhould at firſt of all con- 
fider how they may be deduced from one another Algebrai- 
cally ; but this general Confideration will ſuffice, that they 
may be ſome how or other deduced by a direct Connexion 
with one another. For Example; If the.Queſtion be put 
of the Diameter of the Circle A D, [See Fig. 8.] and' the 
three Lines AB, BC, and CD inſcribed in a Semi-circle, 
and from the reſt given you are to find BC; at firſt Sight it 
is manifeſt, that the Diameter A D determines the Semi-cir- 
cle, and then that the Lines A B and CD by Inſcription de- 
termine the Points B and C, and con ſequently the Quantity 
ſought BC, and that by a direct Connexion; and yet after 
what Manner B C is to be had from theſe Dara or given 
Quantities, is not ſo evident to be found by an Analyſis. The 
ſame Thing is alſo to be underſtood of AB or CD if they 
were to be ſought from the other Data. Now, if AD werte 
to be found from the given Quantities A B, BC, and CD, it 

2 333. 
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is equally evident it could not be done Synthetically ; for the 
Diſtance of the Points A and D depends on the Angles B and 
C, and thoſe Angles on the Circle in which the given Lines 
are to be inſcribed and that Circle is not given without know- 
ing the Diameter AD. The Nature of the Thing therefore 
requires, that A D be ſought, not Synthetically, but by aſ- 
ſuming it as given to make thence a Regreſſion to the Quan- 
tities given, 3 5 

When you ſhall have thoroughly —, the different Or- 
derings of the Proceſs by which the Terms of the Queſtion may 
be explained, make Uje of any of the Synthericat Methods by 
aſſuming Lines as given, from which the Proceſs to others 
ſeems very eaſy, and the Regreſſion to them very aifficutt. For 
the Computation, though it may procced through various Me- 
diums, yet will begin from thoſe Lines; and will be ſooner 
performed by ſuppoſing the Queſtion to be ſuch, as if it was 
propoſed of thoſe Data, and ſome Quantity ſought that 
would eafily come out from them, than by thinking, of the 
Queſtion as it is really propoſed. Thus, in the propoſed Ex- 
ample, if from the reſt of the Quantities 8 were to 
find AD. Since I perceive that it cannot be done Syntheti- 
cally, but yet provided it was given, I could — in my 
Ratiocination in a direct Connexion from that to other I hings, 
I aſſume A D as given, and then I begin to compute as if it 
uas given indeed, and ſome of the other Quantities, viz. ſome 
of the given ones, as A B, BC, or CD, were tought. And 
by this Method, by carrying on the Computation from the - 
Quantities aſſumed after this Way to the others, as the Re- 
lations of the Lines to one another direct, there will always 
be obtained an Equation between two Values of ſome one 
Quantity, whether one of thoſe Values be a Letter ſet down 
as a Repreſentation or Name at the Beginning of the Work 
for that Quantity, and the other a Value of it found out by 
Computation, or whether both be found by a Computation 
made after different Ways. 

But when you have compared the Terms of the Queſtion 
thus generally, there is more Art and Invention required to 
find ont the particular Connexions or Relations of the Lines 
that ſhall accommodate them to Computation. For thoſe 
Things, which to a Perſon that does not ſo thoroughly conſi- 
der them, may ſeem to be immediately, and by a very near 
Relation connected together, when we have a Mind to ex- 
preſs that Relation Algebraically, require a great deal more 
und- about Proceeding, and —_ you to begin your Schemes 

| anew 


os 
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anew, and carry on your Computation Step by Step; as may 
appear by finding BC trom AD, AB, and CD. For you 
are only to procced by ſuch Propoſitions or Enunciations that 
can fitly be repreſented in Algebraick Terms, whereot in par- 
ticular you have ſome from Eucl. Ax. 19. Prop. 4. Book 6, 
and Prop. 47. ot the firſt. | 
Ja the jirſt Place therefore, the Calculus may be aſſiſted 
by the Addition and Subtraction ot Lines, ſo that from the 
Values of the Parts you may find the Values of the Whole, or 
from the Value of the Whole and one of the Parts you may ob- 
tain the Value of the other Part. | 
Ta the ſecond Place, the Calculus is promoted by the Pro- 
rtionality of Lines; for we ſuppoſe (as above) that the 
ectangle of the mean Terms, divided by either of the Ex- 
tremes, gives the Value of the other; or, which is the ſame 
Thing, if the Values of all four of the Proportionals are firlt 
had, we make an Equality between the Rectangles of the 
Extremes and Means. But the Proportionality of Lines is 
beſt found out by the Semilarity of Triangles, which, as it is 
known by the Equality of their Angles, the Analyſt ought in 
particular to be converfant in comparing them, and conſe- 
quently not to be ignorant of uc. Prop. 5, 13, 15, 29, and 
32 of the firit Book, and of Prop. 4, 5, 6, 7, and $ of the 
fixth Book, and of the 20, 21, 22, 27, and 31 of the third 
Book of his Hem. To which alſo may be added the 3d Prop. 
of the ſixth Book, wherein, from the Proportion of the Sides 
is inferred the Equality of the Angles, and & contra. Some- 
times likewiſe the 36 and 39 Prop, of the third Book will 
do the ſame Thing. 
In the third Place, the Calculus is promoted by the Ad- 
dition or Subtraction of Squares, viz. bo right angled Trian- 
gles we add the Squares of the leſſer Sides to obtain the Square 
of the greateſt, or from the Square of the greateſt Side we 
ſubtract the Square of one of the lefler, to obtain the Square 
of the other. 
And on theſe few Foundations (if we add to them Prop. 1. 

of the oh Rem when the Buſineſs relates to Superficies, as 
alſo ſome Propoſitions taken out of the 11th and 12th of Eu- 
clid, when Solids come in Queſtion) the whole Analytick 
Art, as to right-lined Geometry, depends. Moreover, a 
the Difficulties of Problems may be reduced to the ſole 
Compoſition of Lines out of Parts, and the Similarity of Tri- 
angles; ſo that there is no Occaſion to make uſe of s 
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Theorems; becauſe they may all be reſolved into theſe two, 
and conſequently into the Solutions that may be drawn from 
them, And, tor an Inſtance of this, I have ſubjoined a 
Problem about letting fall a Perpendicular upon the Baſe of 
an oblique-angled Triangle, which is ſolved without the Help 
of the 4th Prop. of the firſt Book of Euclid. But although 
it may be of Uſe not to be ignorant of the moſt ſimple 
Principles on which the Solutions of Problems depend, and 
though by only their Help any Problems may be ſolved ; 
yet, for Expedition ſake, it will be convenient not only that 
the 47 Prop. of the firſt Book of Euclid, whoſe Uſe is moſt 
frequent, but alſo that other 7heorems ſhould ſometimes be 
made Uſe of, | 

As if, for Example, a Perpendicular being let fall upon the 
Baſe of an oblique-angled Triangle, the Gueſtion were (for 
the ſake of promoting Algebraick Calculus) to find the Seg- 
ments of the Baſe ; here it would be of Uſe to know, that 
the Difference of the Squares of the Sides is equal to the dou- 
ble Rectangle under the Baſe, and the Diſtance of the Per- 
pendicular from the Middle of the Baſis. 

If the Vertical Angle of any Triangle be bi ſected, it will 
not only be of Uſe to know, that the Baſe is divided 
in Proportion to the Sides, but alſo that the Nifference of 
the Rectangles made by the Sides, and the Segments of the 


Baſe is equal to the Square of the Line that biſects the | 


Angle. / 

If the Problem relate to Figures inſcribed in a Circle, this 
Theorem will frequently be of Ute, via. That in any quadri- 
lateral Figure inſcribed in a Circle, the Rectangle of the Di 
- mg is equal to the Sum of the Rectangles of the oppoſite 
Sides. 

The Analyſt may obſerve ſeveral Theorems of this Na- 
ture in his Practice, and reſerve them for his Uſe; but 
let him uſe them {paringly, if he can, with equal Faci- 
lity, or not much more Difficulty, deduce the Solution 
from more ſimple Principles of Computation. Wherefore 
let him take eſpecial Notice of the three Principles firſt 
propoſed, as' being more known, more fimple, more ge- 
neral, but a few, and yet ſufficient for all Problems, and 
1 him endeavour to reduce all Difficulties to them before 
others. 

But that theſe Theorems may be accommodated to the 
Solution of Problems, the Schemes are oft times to be farther 
conſtrued, and that moſt inoquontly, by producing out > 
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of the Lines till they cut others, or become of an aſſigned 
Length; Gr by drawing from ſome remarkable Point, Lines 
parallel or perpendicular to others, or by conjoining ſome re- 
markable Points; as alſo ſometimes by conſtructing after o- 
ther Methods, according as the State of the Prablem, and 
the Theorems which are made uſe of to ſolve it, ſhall require. 
As for Example, It tuo Lines that do not meet each other, 
make given Angles with a certain third Line, perhaps we 
produce them ſo, that when they concur, or meet, they ſhall 
torm a Triangle, whoſe Angles, and conſequently the Ratio's 
of their Sides, ſhall be given; or, if any Angle is given, or 
be equal to any one, we often complete it into a Triangle 
given in Specic, or fimilar to ſome other, and that by pro- 
ducing ſome of the Lines in the Scheme, or. by drawing a 
Line ſubtending an Angle. It the Triangle be an oblique 
angled one, we often reſolve it into two right angled ones, by 
letting fall a Perpendicular. If the Buſineſs concerns multila- 
teral or many ſided Figures, we reſolve them into Triangles, 
by drawing Diagonal Lines; and ſo in others; always aiming 
at this End, dis. Vt the eme may be reſolved either 
into given, Cr ſiilan, er right angled Triangles, Thus, 
in the Example propoſed, [See Fig. 9. ] I draw the Diagonal 
BD, and the Trapezium A BCD may be reſolved into the 
two Triangles, ABD a right angled one, and BD C an ob- 
lique angled one. Ihen I refolve the oblique angled one in- 
to two right angled Triangles, by letting fall a Perpendicular 


from any of its Angles, B, Cor D, upon the oppoſite Side; 


as from B upon CD produced to E, that BE may meet it 
perpendicularly. But fince the Angles BAD and BCD 
make in the mean while two right ones (by 22 Prop. 3. Elem.) 
as well as BCE and BCD, I perceive the Angles BA 
and BCE to be equal; conſequently the Triangles BCE 
and DAB to be fimilar. And fol ſee that the Computa- 
tion (by aſſuming AN, AB, and BC as if CD were ſought) 


may be thus carried on, ig. AD and AB (by reaſon of 


the right-angled Triangle A BD) give you BD. AD, 
AB, BD, and BC (by reaſon of the ſimilar Triangles 
ABD and CEB) give BE and CE. BD and BE (by 
reaſon of the right angled Triangle BED) give ED; ard 
E D - EC gives CD. Whence there will be obtained an 
Equation between the Value of CD fo found out, and the 
Algebraick Letter that was put for it. We may alſo (and 
for the greateſt Part it is better ſo to do, than to fol- 
low the Work too far in one continued Series) begin the 


Com- 


tive at 
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Computation from different Principles, or at leaft promote 
it by divers Methods to any one and the ſame Conclufion, 
that at length there may be obtained two Values of any 
the ſame . which may be made equal to one ano- 
ther. Thus, AD, AB, and BC, give BD, BE, and CE 
as before; then CD CE gives ED; and laſtly, BD, 
and ED (by reaſon of the right angled Triangle BED) 
give BE. Lou might alſo very well form the Computation 
thus, that the Values of thoſe Quantities ſhould be ſought 
between which any other known Relation interceeds, and t 
that Relation will bring it to an Equation. Thus, ſince the 
Relation between the Lines BD, DC, BC, and CE, is 
manifeſt from the 12th Prop. of the ſecond Book of the 
Elem. viz. that BD q —BCq—CDyqis=2CD x CE: I 
ſeck BD q trom the aſſumed AD and AB; and CE from 
the aſſumed A D, AB, and BC. And, laſtly, aſſuming CD 
I make BDq—BCq4—CDq=—2CDxCE. After ſuch 
Ways, and led by theſe Sorts of Conſultations, you ought 
always to take care of the Series of the Analyfis, and of the 
Scheme to be conſtructed in order to it, at once. | 
Hence, I believe, it will be manifeſt what Geometricians 
mean, when they bid you imagine that to be already done 
which is ſought. For making no Difference between the 
known and unknown Quantities, you may aſſume any of 
them to begin your Computation from, as much as it all 
had indeed been known bs a previous Solution, and you 
were no longer to conſult the Solution of the Problem, but 
only the Proof of that Solution. Thus, in the firſt of the 
three Ways of computing already deſcribed, although per- 
haps AD be really ſought, yet I imagine CD to be the 
— ſought, as if I had a mind to try whether its 
Value derived from AD will coincide with its Quanti 
before known, So alſo in the two laſt Methods, I do 
not propoſe, as my Aim, any Quantity to be ſought, 
but only ſome how or other to bring out an Equation 
from the Relations of the Lines: And, for ſake of that 
Buſineſs, I aſſume all the Lines AD, AB, BC, and CD as 
known, as much as if (the Queſtion being before ſolved) the 
Buſineſs was io enquire whether ſuch and ſuch Lines would 
tisty the Conditions of it, by agreeing with any Equa- 
tions which the Relations of the Lines can exhibit [ 
entered upon the Bufineſs at firſt Sight after this Way, 
and with ſuch Sort of Conſultations ; but when I ar- 
ve at an Equation, I change my Method, and endeavour 


to 
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to find the — ſought by the Reduction and Solution of B. 
that Equation. Thus, laſtly, we aſſume often more Quan- alm 
tities as known, than what are expreſſed in the State ot the IM Lett. 
ueſtion, Of this you may ſee an eminent Example in the I there 
55% of the following Problems, where I have aſſumed a, C, Spec 
and c, in the Equation aa + bx +cx* = yy for determi- I a pr 
ning the Conick Section; as alſo the other Lines 7, 5, t, v, MW come 
of which the Problem, as it is propoſed, hints nothing. For Caſe, 
you may aflume any Quantities by the Help whereof it i BC 
poſſible to come to — only taking this Care, that 
you obtain as — quations from them as you aflume BE, 
Quantities really unknown. | 
After you have conſulted your Method of Computation, BD 
and drawn up your Scheme, give Names to the Quantitics 7 
that enter into the Computation, (that is, from which bein 
aſſumed, the Values of others are to be derived, until at lait MW BE 4 
ou come to an Equation) chufing ſuch as involve all the 
itions of the Problem, and ſeem accommodated before 1 
others to the Buſineſs, and that ſhall render the Concluſion MI = 
(as far as you can gueſs) more ſimple, but yet not more then 
what ſhall be ſufficient for your Purpoſe. Wherefore, do not being 
give proper Names 'to Quantities which may be denomina- | 
ted from Names already given. Thus, from a whole Line * 
and its Parts, from the three Sides of a right angled Triangle, WM | © 
and from three or four Proportionals, ſome one of the leaſt I ther - 
conſiderable we leave without a Name, becauſe its Value Prop. 
may be derived from the Names of the reſt, As in the Ex- ¶ more 
ample already brought, if I make AD=x, and AB=o, WW, - 
I denote BD by no Letter, becauſe ir is the third Side of a 
right angled Triangle A BD, and conſequently its Value is you wi 
vVax—aa Then if I call BC =6, ſince the Triangle 
DAB and BCE are fimilar, and thence the Lines A D: Wl Theſe 
AB:: BC: CE proportional, to three whereof, vis. to BD 4- 
AD, AB, and BC there are already Names given; for 
that reaſon I leave the fourth CE without a Name, and in W £4 —2 
| b Fx | 
its room I make Uſe of _ diſcovered from the foregoing * a 
Proportionality. And ſo if DC be called c, I give no News — 
a ruden 
to DE, becauſe from its Parts, DC and CE, or c and , G ſhew 
955 | drawn 
< ab . lar B E 
— . 17 . | 
its Value c + — Comes out [See Figure 10.] Side D 


But 


tion, 
ities 
ein 

lat 

| the 
fore 
uſion 
than 
3 not 
11na- 
Line 
ngle, 
leaſt 


Geometrical Queſtions, 97 


But while I am talking of theſe Things, the Problem is 
almoſt reduced to an Equation. For, after the aforeſaid 
Letters are ſet down for the Species of the principal Lines, 
mere remains nothing elſe to be done, but that out of thoſe 
Species the Values of other Lines be made out — to 
a preconceived Method, until after ſome foreſeen Way they 
come out to an Equation, And I fee nothing wanting in this 
Caſe, except that by means of the right angled Triangles 
BCE and BDE I can bring out a double Value of 


bb | 
ZE, vie. BCq—CEq (or bb——— ) =BEq; as all 


2abec aabb 


x 


BD4—DE 7 (or x x—44—cc— 


— J= 
bb 
BE 4. And hence (blotting out on both .. ) I ſhall 


* 
2 4 be 


* 


have the Equation bb = - 44 — c 3 which 


Sas Bo 
being reduced, becomes x* = + bb x +2 abc. 

| + ec 

But fince I have reckoned up ſeveral Methods for the So- 
lution of this Problem, and thoſe not much unlike one ano- 
ther in the 75 Paragraphs, of which that taken from 
Prop. 12. of the ſecond Book of the Elem. being ſomething 
more elegant than the reſt, we will here ſubjoin it. Make 
therefore AD = x, AB=a, BC =b, and CD c, and 


you will have BDq =x x —aa, and CE =" as before. 


Theſe Species therefore being ſubſtituted in the Theorem 
BD4—BCq—CDq=z CD x CE, there will ariſe x x— 

by 2a be : 4 4 
4 = ee g ; and after Reduction, b 


＋zabc, as before. ec 
But that it may appear how great a Variety there is in the 
Invention of Solutions, and that it is not very difficult for a 
prudent Geometrician to light upon them; I have thought fir 
to ſhew other Ways of doing the ſame Thing. And having 
drawn the ON BD, if in room of the Perpendicu- 
Jar BE, which before was let fall from the Point B upon the 
vide D C, you now let fall a Perpendicular from the Point D 


upon 


1 


— . ˖ ß ( —U— „ ES — — — . 
1 * 7 —— 
= G 


96 RESOLUTION ff 
upon the Side BC, or from the Point C upon the Side B D, 
by which the oblique angled Triangle BCD may any how 
be reſolved into two right angled Triangles, you may come 
almoſt by the ſame Methods I have already deſcribed to an 
_— And there are other Methods very different from 
tacte, 
As if there are drawn two Diagonals, A C and BD, [Le 
Figure 11.] BD will be given by aſſuming AD and AB; 
as alſo. A C by afluming AD and CD; then, by the 
known Theorem of Quadrilateral Figures inſcribed in a Cir- 
cle, vis. That ADXBC+ ABxCDis=A CxBD, 
you will obtain an Equation. [S Figure 11.) The Names 
therefore of the Lines AD, AB, BC, CD, remaining, vis. 
*, 4, U, c; BD will be—yxx—aa, and AC=yxx—cc, 
by the 47th Prop. of the firſt Eem. and theſe Species of the 
Lines being ſubſtituted in the Theorem we juſt now men- 
tioned, there will come out x bac N - N VX Ed. 


The Parts of which Equation being ſquared and reduced, 


——— pa 
—— = - * 
— — — y— 
- 7 — 
* 
” 
—_— — a * — D — 
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aa 
you will again have x* = + bb » + 2 avc. 
ec 
But, moreover, that it may be manifeſt after what Man- 
ner the Solutions drawn from that Theorem may be thence 
reduced to only the Similarity of Triangles ; erect BH per- 
dicular to BC, and meeting A C in Fa, and there will be 
— the Triangles B CH, BD A fimilar, by reaſon of 
the right Angles at B, and equal Angles at C and D, (by the 
21. 3. Ekem.); as alſo the Triangles BCD, BH A fimilar, 
by reaſon of the equal Angles both at B, (as may appear by 
taking away the common Angle DBH from the two right 
ones) as alſo at D and A (by 21. 3. Elem.) You may ſee there- h 
fore, that from the Proportionality BD : A D:: HC, there is e f 
given the Line HC; as alſo AH from the Proportionality 
D: CD:: AB: AH. Whence, ſince AH+HC=AC, quent! 
you have an Equation. The Names therefore aforeſaid of 
the Lines remaining, vig. x, 4, b, c, as alſo the Values of the IM the ſe: 


| 
| 
| 


— 
_— ; 
_ 


ry 
a 
a — 


p P LL. "ITY 


Lines AC and BD, viz. / x x—cc and ya x — a4, the he Eg 
b | 

firſt Proportionality will give H C= = and the ſo- N 
AC | 

cond will give AH = 7 . Whence, by reaſon of come « 


AH 
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AH+HC=AC, you will have bac 


r 44 


=y/ XX—Cccz 


an Equation which (by multiplying by / xx — a4, and 
ſquaring) will be reduced —— deſcribed in 2 
preceeding Pages. 

But that it may yet farther appear what a Plenty of Solu- 
tions may be found, produce B C and A D [See Figure 12.] 
till they meet in E, and the Triangles A B F and CDF will 
be fimilar, becauſe the Angle at F is common, and the An- 
gles ABF and CDF (while they compleat the Angle CDA 
to two right ones, by 13, 1. and 22, 3 Elem.) are equal. 
Wherefore, if beſides the four Terms which compoſe the 
Queſtion, there was given A E, the Proportion A B: A F:: 
CD: CF would give CF. Alſo AF —AD would give 
DF, and the Proportion CD: DF: : AB: BF would give 
BF; whence (ſince BF - CF is BC) there would ariſe 
an Equation. But ſince there are aſſumed two unknown 
Quantities A D and D F as if they were given, there remains 


another Equation to be found. I let fall therefore B G at right 


Angles upon AF, and the Proportion AD: AB:: AB: 
AG will give AG; which being had, the Theorem borrowed 
from the 13, 2 Eucl. viz. that BFT 2 FAG is = ABq+ 
AFq will give another Equation. a, b, c, x, remaining 
therefore as before, and making A F =y, you will have (by 


inſiſting on the Steps already laid down) = = CF. y — 


a" 
»— XK 4 ae 
DE" BF. And thence A2 —= =, 
C 


he firſt Equation, Alſo — will be = A G, and conſe- 


aayy—247 24 
the ſecond Equation. Which two, by Reduction, will give 
the Equation ſought, vis. The Value of ꝙ found by the tirlt 


abchaax 


Equation is — FN which being ſubſtituted in the ſe- 


cond, will give an Equation, from which rightly ordered will 
| aa | | 
come out x? = + bb x + 2 40 7 as· before. 
1 Tec 
- O 


2 445 
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And ſo, if A Band DC are produced till they meet one ano- 
ther, the Solution will be much the ſame, unleſs perhaps it be 
ſomething eafier. Wherefore I will rather ſubjoyn another Spe- 
cimen of this Problem drawn from a Fountain very unlike the 
former, vis. by ſeeking the Area of the Quadrilateral Figure 

ropoſed, and that doubly. I draw therefore the Diagonal 
BD, and the Quadrilateral Figure may be reſolved into 
two Triangles. Then uſing the Names of the Lines », a, 


b, c, as before, I find BD =y/xx—as, and thence 5 4 


rr 44 (=;ABxBD) the Area of the Triangle 
ABD. Moreover, _— let fall BE perpendicularly u 

BD, 

b 


CD you will have (by reaſon of the ſimilar Triangles A 
BCE) AD: BD:: BC: B E, andconſequently BE = ro 


1 | be 8 
/ xx—44 Wherefore allo —y xy —aa(=+CD X 


RE) will be the Arca of the Triangle BCD. Now, by ad- 


a : : „ &x+bc 
ding theſe Area's, there will ariſe — > rr — at 


the Area of the whole Quadrilateral. After the ſame Way, 
by drawing the Diagonal A C, and ſecking the Area's of the 
Triangles A CD and ACB, and adding them, there will 
again be obtained the Arca of the Quadrilateral Figure 
"3 11 : 
— cc. Wherefore, by making theſe Area's 


2 * 
equal, and multiplying both by 2 x, you will have 4 x Is bc 
XN —aa =ex+bayxx—cc, an Equation which, 
by ſquaring and dividing by 44x — ©c x, will be teduced to 


＋E 42 
the Form already often found out, & +- bb x + 2a bc. 
＋ cc | 


Hence it may appear how great a Plenty of Solutions may 


be had, and that ſome Ways are much more neat than others. 
Wherefore, if the Method you take from your firlt Thoughts, 
for ſolving a Problem, be but ill accommodated to Computa- 
tion, you muſt again confider the Relations of the Lines, 
until you fhall have hit on a Way as fit and elegant as poſſi- 
ble. For thoſe Ways that offer themſelves at firſt Sight, may 
often create ſufficient Trouble if they are made uſe of Thus, 
in the Problem we have been upon, it would not have been 

| DM more 


- © 2 0 err doen EY 
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more difficult to have fallen upon the following Method than 
upon one of the precedent ones. [See Figure 13.] Having 


let fall BR and CS perpendicular to AD, as alſo CI 


to BR, the Figure will be reſolved into right angled 
Triangles. - And it may be feen, that AD and AB give 
AR, AD and CD give 8 D, AD - AR —SD gives 
RS or TC. Alſo AB and AR give BR, CD and 
SD give C8 or T R, and BR -T R gives BT. Laſt- 
ly, BT and T'C give B C, whence an Equation will be 
obtained. But it any one ſhould go to compute after this 
Rate, he would fall into larger and more perplexed Alge- 
braick Terms than are any ot. the former, and more difficult 
ro be brought to a final Equation. | _ 

So much for the Solution of Problems in right lined Geo- 
metry ; unleſs it may perhaps be worth while to note more- 
over, that when Angles, or Poſitions of Lines, exprefled by 
Angles, enter the State of the . Lines, or the Pro- 
portions of Lines, ought to be uſed inſtead of Angles, vis. 
ſuch as may be derived from given Angles by a Trigonome- 
trical Calculation; or from which being found, the Angles 
ſought will come out by the ſame Calculus. Several Inftan- 
ces of which may be ſeen in the following Pages. 

As for what belongs to the Geometry of Cutve Lines, we 
uſe to defiote them, either by defcribing them by the local 
Motion of right Lines, or by uſing Equations indefinitely ex- 
preſſing the Relation of right Lines diſpoſed according to 
fome certain Law, and ending at the Curve Lines. The 
Antients did the ſame by the Sections of Solids, but leſs 
commodiouſly. But the Computations that regard Curves de- 
{cribed after the firſt Way, are no otherwiſe performed than 
in the precedent Pages. | See Figure 14.] As if A K C be a 
Curve Line defcribed by K the Vertical Point of the Square 
A K e, whereof one Leg A K freely ſlides through the Point 
A given by Poſition, while the other Ke of a determinate 
Length is carried along the right Line AD alſo given by 
Pofition, and you are to find the Point C in which any 
right Line CD given alfo by Poſition ſhall cut this Curve : 
| draw the right Lines AC, CF, which may: repreſent 
the Square in the Poſirion ſought, and the Relation of the 
Lines (without any Difference or Regard of what is given 
or ſonght, or any Reſpect had to the Curve) being conſi- 
dered, I perceive the Dependency of the others upon CF and 
any of theſe four, vis. BC, BF, AF, and AC to be Syn- 
thetical ; two whereof I therefore aſſume, as CF — a, and 
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CB=x, and beginning the Computation from thence, I 
2 


preſently obtain BF 72 — x, and AB = JE — 


by reaſon of the right Angle CBF, and that the Lines B E 
B C:: BC: AB are continual Proportionals. Moreover, 


from the given Poſition of CD, AD is given, which 1 


therefore call Y there is alſo given the Ratio of BC to 
ex 


BD, which I make as 4 toe, and you have BDS — » and 


ex ex FF 
— — * Sw — 1 — 
AB= 7 Therefore 7 b= 77 , an 


Equation which (by ſquaring its Parts and multiplying 


by aa — x x, &c.) will be reduced to this Form, “ — 


2b dew CEOS 24 445544 

| dd bee 
Whence, laſtly, from the given Quantities 4, , d, and e, 
there may be found v, by Rules hereafter to be given, and 
at that Interval or Diſtance x or B C, a right Line drawn pa- 
rallel to AD will cut CD in the Point ſought C. 

But if we do not uſe Geometrical Deſcriptions but Equati- 
ons to denote the Curve Lines by, the Computations will 
thereby become as much ſhorter and eaſier, as the gaining of 
thoſe — can make them. [See Fig. 15. ] As if the 
Interſection C of the given Ellipſis A CE with the right Line 
CD given by Poſition, be ſought. To denote the Ellipſis, I 
take ſome known Equation proper to it, as rx — 47 x x 


Sy, where x is indefinitely put for any Part of the Axis 
Abor AB, and y for the Perpendicular bc or BC termi- 
nated at the Curve; and rand 7 are given from the given 
Species of the Ellipſis. Since therefore CD is given by Po- 
ſition, A D will be alſo given, which call a; and BD will 
be a —- ; alſo the Angle ABC will be given, and thence 


** 


the Ratio of BD to BC, which call 1 to e, and BC 


(9) will be Sea —ex, whole Square üb an —2CEAX 


Tee x KA will be equal to 7 x — 7 And thence by Re- 
ö duction 


„„ 7 
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Moreover, although a Curve be denoted by a Geometrical 
Deſcription, or by a Section of a Solid, yet thence an Equa- 
tion may be obtained, which ſhall define the Nature of the 
Curve, and conſequently all the Difficulties of Problems pro- 
poſed about it may be reduced hither. : 

Thus, in the Example, [See Fig. 14.] if A B be 


called x, and BCy, the third Proportional BP will be 2 


duction there will ariſe x x = i 


* 


whoſe Square, together with the Square of BC, is equal to | 
4 


CF , that is, = ＋E Y 4a; or , xx  =44xXx. 


And this is an Equation by which every Point C of the Curve 
AK C, agreeing or correſponding to any Length A B of the 
Baſe (and conſequently the Curve it ſelf) is defined, and 
from whence therefore you may obtain the Solutions of Pro- 
blems propoſed concerning this Curve. 

After the ſame Manner almoſt, when a Curve is not given 
in Specic, but propoſed to be determined, you may feign an 


Equation at Pleaſure, that may generally contain its Na- 


ture; and aſſume this to denote it as if it was given, that 
from its Aſſumption you can any Way come to Equations 
by which the Aſſumptions may at length be determined: 
Examples whereof you have in ſome of the following Pro- 
blems, which I have collected for a more full Illuſtration of 
this Doctrine, and for the Exerciſe of Learners, and which 
I now proceed to deliver. 
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PrRoBLeMmM I. 


Having a finite right Line BC given, from whoſe Ends the 
tuo right Lines BA, CA are drawn in the given Augles 
ABC, ACB; to hn AD rhe Height of their Concourſe 
A, above the given Tine BC. [ See Figure 16. ] 


Make BC Da, and AD—y; and ſince the Angle ABD 
is given, there will be given (from the Table of Sines of 
Tangents) the Ratio between the Lines AD and BD which 
make as 4 to e. Thereſore 4:e:: AD (): BD. Where 

e 


fore BD= £4 . In like manner by reaſon of the given An- 


gle ACD there will be given the Ratio between AD and 


DC, which make as 4 to f, and you will have DC = 75 . 


But BD + D C=BC, that is, — a 19 = 4 Which 


4 
reduced, by multiplying both Parts of the Equation by 4, and 


5% A 
dividing by e becomes y = "Tr 


PROBLEM II. 


The Sides AB, AC of the Triangle A BC being given, and 
Alſo the Baſe BC, which the Perpendicular AT) let fall 
From the Vertical Angle cuts in D, to find the Segments BD 
and PC. [See Figure 17.] PE 


Let AB = a, AC b, BC e, and BD x, and DC 
will =6— x. Now fince ABq4—BDg (aa - ) = 
ADq; and AC J- DC (- ce 2 - Y = 
ADJ; you will have 44a—xx =bb—ec+2ca—xx; 


a—bb 
which by Reduction becomes = Py I” =X. 


But that it may appear that all the Difficulties of all Pro- 
blems may be reſolved by only the Proportionality of Lines, 
without the Help of the 47 of 1 Eucl. although not without 


round-about Methods, I thought fit to ſubjoin the follow- 


ing Solution of this Problem over and above. From the 
| Point 


a i — 1 as 


/ 
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Point D let fall the Perpendicular D E upon the Side AB, 
and the Names of the Lines, already given, remaining, you 
will have AB: BD:: BD: BE. 


X * 


* _ 
a4 h —, And BA—BE (a ——— }=EA. Alſo 


EA: A D:: AD: AB, and conſequently EA x A B (424 

vu) AD 4. And fo, by reaſoning about the Triangle 

ACD, there will be found again ADS UU - cc 2e 
: aa - te 


xx. Whence you will obtain as before x = mm - 


PROBLEM III. 


The Area and Perimeter of the right angled Triangle ABC 
being given, to find the Hypothenuſe BC. [ See Figure 18.] 
Let the Perimeter be called a, the Area bb, make BC 

=x, and AC=y; then will be ABS A- y; whence 

again the Perimeter (BC + AC + AB) isx + po + 

Vr -g, and the Area (: ACX AB) is iy Var—ygy 


Therefore x CY V —yy =4, and 35 Y = 
=b6bb. 


The latter of theſe Equations gives Vxx—yy= = ; 


25 0 
wherefore I write — for Vx y in the former Equa- 


tion, that the Aſymmetry may be taken away; and there 


| 2 bb Np 
comes out y + py + 1 * = &, or multiplying by y, and or- 


dering the Equation y v 4 - — 2 ö b. Moreover 
from the Parts of the former Equation I take away » + 


and there remains V x 7» — Jy = - — y, and ſquaring 
the Parts to take away again the Aſymmetry, there comes 
out æ & - a —24ax—24y LA ZT 5, 
which ordered and divided by 2 becomes y y =&y —& y 
+4x— 144, Laſtly, making an Equality between the two 
Values of y, I have 4% - —abb=ay = 23 A= 


0 TY" 1 2 2 55 
4, which reduced becomes 5 4 — . 


p 
| 
| 
q 

| 
x 


j 
; 
* 
[8 
(88 
q 
2 
Fl . 
= 
i; 
= 
co 
* WW 
) 4 
1 


— 


8 
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The ſame otherwiſe. 


Let: the Perimeter be = 4, the Area = bb, and BC x, 
and it will be AC+AB=24—w, Now ſince vw (BCA) 
is = ACTA B, and4,vdb—2ACXxAB, * +400 


will b=ACq+ABq+2A Cx A B=to the Square of 


AC+AB=to the Square of 24 —x = 444 — 44x 

* *. Thatis, er tick 
bb 

reduced becomes 4 — — = x, | 


rn IV. 


Having given the Perimeter and Perpendicular of a rig l. 
angled Triangle, to find the Triangle. [See Figure 67.] 


Let C be the right Angle of the Triangle ABC and CD 

a Perpendicular let fall thence to the Baſe AB. Let there 
be given AB+BC+AC=a, and CDS. Make the 
Bat: AB De, and the Sum of the Sides will be 4a — x. 
Put y for the Difference of the Legs, and the greater Leg 
AC will be =, the leſs BC = d. Now 


from the Nature of a right angled Triangle you haye AC 


VTV. 


95 


And alſo A B: AC:: BC: DC; therefore A B DC 


derbe be. gy hs 


former Equation yy is S ZA απν = 44. By the latter 

Jy =xx —24x+aa—4bx And conſequently x x + 

24% —Aa=&*xX—24x+a4—4bx. And by Reduc- 
| aa 

tion 4 4 +403 =240, or æ ———, 


. TEST 
Geometrically thus. In every right angled Triangle, as the 
Sum of the Perimeter and Perpendicular is to the Perimeter, 
fo is half the Perimeter to the Baſe. 
ab 


Subtra& 2 x from a, and there will remain yt the Ex- 


ceſs of the Sides above the Baſe. Whence again, as in every 
right angled Triangle, the Sum of the Perimeter and Perpen- 
dicular is to the Perimeter, ſo is the Perpendicular to the Ex- 
ceſs of the Sides above the Baſe. PR o- 


z;z Wwe A 


re 
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PROBLEM V. | 
Having given the Baſe A B of a right angled Triangle, and 
the Sum of the Perpendicular, and the Legs CA +CB 
＋ CD; to find the Triangle. 


Let be CA+CB+CD=ua, A Bb, CD= x, and 
AC+CB will be=a —x. Put AC - CB Y, and 


AC will be= 8 and ch =. But AC 
2 


+CBqie=AB9; that is — 2242242. b b, 


2 


Moreover it is ACX CBS ABN CD, that is 


| ee Which being compared, you 
have 2 bb—ag +2ax —xx=yy=a44—:24x + xx 
4, . And by Reduction, x x = 24x +2bex —aa 


+ bb, and y=a+b—y:2ab+2bb. 

Geometrically thus, In any right-angled Triangle, from 
the Sum of the Legs and Perpendicular ſubtract the mean 
Proportional between the ſaid Sum and the Double of the 
Baſe, and there will remain the Perpendicular. 


The ſame otherwiſe. 

Make CA+CB+CD=4, AB=6, and A C=x, and 

| bb — 
BC will be N CD= 1 ce And x -- 
CB+CD=4, or CB+CD=4 —x. And therefore 

b+ x 
. 
and multiplied by 5h, there will be made —x+ — 2b. 
+265 x + b1=aabb —2abbx+ bbx x. Which E- 
quation being ordered, by Tranſpoſition of Parte, after this 

"6 


FEET =4—x. And the Parts being ſquared 


14 5 ＋ 075 ; £997 and extracting the Roots on 


P both 
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both Sides, there will ariſe xxx +-b » + bb þab=xÞb 
y24b-+26b6b, And the Root being again extracted x = 


—#b+y/Ibb+zab+yby iy Fighb—3bb—328b. 


* The Geometrical Conſtruction. [ See Figure 68.] 


Take therefore AB—+b, BC Za, CD=ZAB, AE 
a mean Proportional between þ and AC, and E F on both 
ſides a mean Proportional between band DE, and BF, BF 
will be the two Legs of the Triangle. 


PROBLEM VI. 


Having given in the right-angled Triangle ABC, the Sum of 
the Sides AC + BC, and the Perpendicular CD, to find 
the Triangle. 


Let be AC BC=4, CD=b, AC x, and BC will 
be =a — xl, AB=yaa—2ax+2xx, Moreover 


CD: AC:: BC: AB. Therefore again A B — — 


| Wherefore a x —x e = 24 ＋T 2 * * and the 
Parts being ſquared and ordered vt - 24 x3 Ry? x x + 
2ablx—aabb =o, Add to both Parts aabb + b4, and 
there will be made x — 2 4x Poe. v +2abba+b+ 
Saab bi, And the Root being extracted on both 
Sides, x & - A - , - bv, and the Root be- 


ing again extracted æ . aa +bb—b vVaa+bb, 


The Geometrical Confiru#ion. [ See Figure 6g.] 


Take AB = BCS 24. At C ereft the Perpendicular 
CD=—b. Produce D C to E, ſo that D E ſhall be =D A. 
And between CD and CE take a mean Proportional CF. 
And let a Circle G H deſcribed from the Center F and the 
Radius B C, cut the right Line BC in G and H, and BG 
and B H will be the two Sides of the Triangle. 


The 
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The ſame otherwiſe. 
Let be AC+BC=4, AC—BC=y, AB=x, and DC 
=b, and wiltbe = AC, BC <= AC9 


66—25 JSCB 


44% 20 
Therefore 2 x x —aa=yy =44—4bx, and æ = aa — 


2 bx, and the Root being extracted vr =— NV + aa. 
Whence in the Conſtruction above C E is the Hypothenuſe of 
the Triangle ſought. But the Baſe and Perpendicular, as 
well in this as the Problem above being given, the Triangle 
is thus expeditiouſly conſtructed. [Se Figure vo.] Make 
a Parallelogram C G, whoſe Side C E ſhall be the Baſis of 
the Triangle, and the other Side CF the Perpendicular. And 
upon CE deſcribe a Semicircle, cutting the oppoſite Side 
FG in H. Draw CH, EH, and CHE will be the Tri- 
angle ſought, 


T BCq=AB T= XX. 


PROE TL E M VII. 


In a right. angled Triangle, having given the Sum of the 
Legs, and tbe Sum of the Perpendicular ana Baſe, to find 
the Triangle. 


Let the Sum of the Legs AC and B C be a, the Sum of 
the Baſe AB and of the Perpendicular CD be , the 
Leg AC= x, the Baſe AB=y, and BC will be = 
a - &, CD=b—y, 4a - 24 + 2xx=ACq 
＋ BCS ABV, ax —-xrx=ACxBC=ABxCD 
=by—yy=by - 44 +24ax—2xx, and by 4 4 
—ax+xx Make its Square 4* — 24) x + 3A — 
zar. + x* equal to yy x bb, that is, equal to 4466 — 
2abbx + 22 And ordering the Equation, there will 

as — 2 4* + a* 


come out . —2 4) 2% TTA Tae. 


— 2 
Add to each Side of the Equation 56+ — 44 ö b, and there will 
| +384 —2 4" 1 

come out * — 2 4 L751 +2 4bb* br'S 
Saab. And the Root being extracted on both Sides 
xx —ax+aa—bb=—by bb — 4a4,and the Root be- 
ing again extracted æ a+y bb —Laa—by bb —as, 

P 2 The 
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Tue Geometrical Conſtruftion. 


Take R a mean Proportional between h ＋ @ and 5 — 4 
and 8 a mean Proportional between R and bþ— R, and T a 
mean Proportional between 14 ＋- 8; and 2 a—8S and 
14 ＋ T and 2 4 — T will be the Sides of the Triangle. 


PROBLEM VIII. 


Having given the Area, Perimeter, and one of the Angles A 
of any Triangle ABC, to determine the reſt, [See Fi- 
gure 19.] 


Let the Perimeter be = &, and the Area — bb, and from 
either of the unknown Angles, as C, let fall the Perpendi— 
cular CD to the oppoſite Side A B; and by reaſon of the 
given Angie A, AC will be to CD in a given Ratio, ſuppoſe 


ex 


as 4 to e. Call therefore A C x, and CD will be = 7 


by which divide the Double of the Area, and there will come 


9 AB. Add AD (viz, y ACq—TDg, or _ 


3 5 2634 * 
Ace) and there will come out BD = Bs + * 


4 44—ee; tothe Square whereof add CDg, and there will 
46 bb 

ariſe —_ xXx ＋ y 44 — ee = BCq, Moreover 
from the Perimeter take away AC and AB, and there will 


| | 26354 
remain a * — —— 


abba 454 5A 
24 T f— —.— 7 make equal to 
the Square before ſound; and neglecting the Equivalents, 
4 abba 


ex 


out 


* 


you will have —— v dd —eem=ana=—:2ax— 
abba 


88+ 


= BC, the Square whereof a4 — 


— And this, by aſſuming 4 4 for the given Terms 


Su * ww ok. a th — 
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554 b b . 
aa + + - — y 44 — ee, and by reducing, becomes 
2534 154 


\ or f + ä 


The ſame Equation would have come out alſo by ſeeking 
the Leg AB; for the Sides AB and A C are indifferently 


1 1 2272 — 


alike to all the Conditions of the Problem. Wherefore if 


275 
po 


14 0g (26 AB will be =f + 


2 _ - =, and reciprocally ; and the Sum of theſe 2 f 
ſubtracted from the Perimeter, leaves the third Side BC = 


4a — 27. 


 PxoBLEM IX. 
Having given the Altitude, Baſe, and Sum of the Sides, to 
find the Triangle. 


Let the Altitude CD be = 4, half the Baſis A B, half 
the Sum of the Sides c, and their Semi- difference ; and 
the greater Side as BC will be c, and the leſſer A C 
0-2. Subtrat CDq from CB , and alſo from A Cq, and 
hence will BD be =/cc+2c2+22—44, and thence AD 
=y CC—202+32—4a8, Subtract alſo A B from BD, 
and AD will again be =/cc + 262 +22 —4a8 — 26. 
Having now ſquared the Values of AD, and ordered the 
Terms, there will ariſe c =by cc + 2023 +22 — ag, 
Again, by iquarjng and reducing into Order, you will obtain 
cer —bbz2>=bbc bbaa—b*) And S x 

/ 44 5 ; 

Vi— — Whence the Sides are given. 


PRAG 


* 


—— — — — 


— — — — 
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PaonLEM X. 


Having given the Baſe A B, and the Sum of the Sides A CA. 
BC, and alſo the Vertical Angle C, to determine the Sides. 


[See Figure 20.] 


Make the Baſe a, half the Sum of the Sides =, and 
balf the Difference =, and the greater Side BC will be 
—b—+-x, and the leſſer AC U- x. From either of the 
unknown Angles A let fall the Perpendicular AD to the op- 

fite Side B C, and by reaſon of the given Angle C there 
will be given the Ratio of AC to CD, ſuppoſe as 4 to e, 


cb—ex 


and then CD will be S — Alſo, by 13. 2 Elem. 
 ACq—ABq+BC 


7 . 26 bTC2 X = 44 
2 BC | Fat is 5 2b Ta 
and ſo you have an Equation between the Values of CD. 
aaa+2ebb—24bb 


24Þ2e ') 


And this reduced, x becomes = y/ 


whence the Sides are given. 

If the Angles at the Baſe were ſought, the Concluſion 
would be more neat, as draw E C biſecting the given Angle 
and meeting the Baſe in E; and it will be AB: AC+BC 
(::AE: AC) :: Sine Angle ACE: Sine Angle AEC. And 
if from the Angle AEC, and alſo from its Complement 
BE C you ſubtract ! the Angle C, there will be left the An- 
gles ABC and BAC, 


| PROBLEM XI, | 
Having the Sides of @ Triangle given, to find the Angles, 
[See Figure 72.] ] | 


| Let the given Sides AB be Sa, AC, BCD, to 
find the Angle A. Having let fall to AB the Perpendicular 


CD, which is oppoſite to that Angle, you will have in the 


firſt Place, bo —cc=ACq—BCg9q =ADq—BDq= 
AD+BDxAD—BD—ABx:zAD—AB=zAD 


Xxa—aa And conſequently a + — — A D. 


Whence comes out this t 7 beorem, 


=CD; 


1. As 
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L As AB to AC+BCf AB—BC to a fourth Pro- 
»ortional N. EE APD. As AC to AD fo Radius 


2 
to the Coſine of the Angle A. 
Moreover DCq=ACq—ADq=z 
24abb+2aaccÞ2bbcc—a* —b* ot 
LO "_ 
a+bÞcxaFb—cxa—b+cx—aFb+c a 


444 


— 


| havi * the Roots of the Numerator and Denomi- 


nator by b, there is made this ſecond Theorem. 
II. As 2 46 to a mean Proportional between a+ b + 
x a bc and a—b + x—8@+b+c, ſo is Radius to 
the Sine of the Angle A. 
- Moreover on AB take AE=AC, and draw CE, and 
the Angle ECD will be equal to half the Angle A. Take 
AD from AE, and there will remain DE=b—! g— 
bh—cc cc—an+2ab—bb _Tt+@—bxc—apb 
TT 75 2 4 2 


2 4 
nd Ja = — — — 
And hence is made the third and fourth Theorem, vis. 


III. As 2 ab to c = C = A (ſo AC to DE) fo 
Rad ius to the verſed Sine of the Angle A. | 
IV. And, as a mean Proportional — a +b +c, and 
a+ b—c to a mean Proportional between c + a— , and 
c—-4+b (fo CD to DE) ſo Radius to the Tangent of half 
the Angle A, or the Co-tangent of half the Angle to Radius. 


| bb +bce— 
Beſides, CE a is=CD9-+DE 9= = + 5 ba- 


þ 2 TP 
S 


V. As a mean Proportional between 2 4 and 2 h to a mean 
Proportional between 6+ -, and c—4# -+ Þ, or as 1 to a 
mean Proportional between . „and — (AC 


| * 
— rage c row 9%. . 2e TY. * 2 . 
4 _ —_ — o 


P — 


— 
——— lr ee” _ 
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to 1 CE or CE to DE) ſo Radius to the Sine of * the 
Angle A. 

VI. And as a mean Proportional between 2 4 and 2 b to a 
mean Proportional between. + b—+ c and a+b—<c (fo CE 
to CD) "3 Radius to the Cofine of half the Angle A. 

But if befides the Angles, the Area of the Triangle be alſo 
ſought, multiply CDi by 5 ABg, and the Root, vis, 


— will be 
the Area ſought. 


Piacntsm XII. 


Having the Sides and Baſe of any right lined Triangle given, 
to find the Segments of the Baſe, the Perpendicular, the A. 
rea, and the Angles. [ See Figure 40.) 


Let there be given the Sides AC, BC, and the Baſe 


| AB of the Triangle ABC. Biſect AB in I, and take 


on it (being produced on both Sides) AF and A E equal to 

AC, and B G and BH equal to BC. Join CE, CF; and 

from C to the Baſe let fall the Perpendicular CD. And 

ACq—BCgqwil b=ADqg+CDg—CDq,—BDg 

—=ADg—BDg=AD+BDxAD—BD=AB*x 
ACg— 

2 DI. Therefore — {=== pl. And 2AB:AC 


+ BC::AC—BC: DI. Which is a Theorem for deter- 
mining the Segments of the Baſe. | 
From I E, that is, from AC - AB, take away DI, and 


BCg9—ACq+2ACx AB—AB4 

2 AB 
BC+AC—ABxBC—=ACFAB 

that is = Z __ + — * 

Take away DE from FE, or 2 A C, and there 


2AB 
3 e i 


| 1 C+AB+BCxAC+AB—BC 


there will remain DE = 


that is = — —— . r= 


2 | FG 


/ 
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FGxFH 
AE And ſince CD is a mean Proportional between 


DE and DF, and CE a mean Proportional between D E 
and EF, and CF a mean Proportional between DF and 
EF, CD will be LH HEXE 


f , er 
2 AB 5 
ACXHRXEG ,ACxFGxFH 
A . Mul- 


„and CF AB 
tiply CD into AB, and you will have the Arca = 4 
V FGXFHXHExXEG. But for determining the Angle 
A, there come out ſeveral Theorems : p 


1. As 2 AB x AC: HE EG (C:: AC: DE): Radius 
: verſed Sine of the Angle A. 


2. 2ABXAC:FGxFH(::AC:FD):: Radius : ver- 
ſed Cofine of A. 


3. 2ABXAC:y FGxFHXHExXEG(:AC:CD) 
:: Radius: Sine of A. 


4 V FGxFH: Y/HExEG (:; CF: CE) :: Radius 
Tangent of ; A. | 

5. /HExXEG: VEG xFH(::CE: FO) :: Radius 
: Cotangent of £ A. 385 


6. 2 VABxAC:VHExXEG(::FE:CE):: Radius 
Sine of: A. 


J. 2 V ABN AC: VFGXFH (:: FE: FC):: Radius 
: Cofine of 5 A. 
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PROBLEM XIII. 


To ſubtend the given Angie CB D wth the given right Line 

D; ſo that if AD be drain from the End of that right 
Line D to the Point A, given on the right Line CB FV. 
auced, the Angle AD C ſhall be equal to the Angle A BD. 
[ See Figure 71.] | | 


: Make CD=#, AB=b, BD = x, and it will be BD 
| b 
:BA::CD:DA= =. Let fall the Perpendicular 


DE, and BE will be = B22 22 BAY = 


By reaſon of the given Triangle DBA, 


make BD: BE : : rc, and you will have again BE . 


aabb | ; 
therefore x x — —— +b53=2ex. And & — 2e x) + 


bb xx —&49vb =o, 


PaoBLEemM XIV. 


To find the Triangle AB C, whe three Sides A B, A C, BC, 
and 11s Perpendicular D C are iu Arithmencal Progreſſion, 
{ See Figure 46.] | | 


Make A Ca, BC=x, and DC will be = 2 x 
— 4, add AB=:24— x. Alſo AD will be (= 
vACqg—DCq) =vyq,garv—4xx, and B (= 
BC SY = DCR au - z 44. And fo again 
ABS. A4 4K ＋VIAAY- zur — 44. Where- 
fore 2 2a —- * AY - 4 vr + vV4ax—;xx—an, 
or 24 - -N ,4X%—4xx=y/ 44x zA - 44. And 
the Parts being ſquared, 44 — 3 — 44 ＋C A2 H 
— 496x —3Xx—44, or 5a 4a — 44 
44 — 2 x 4 — 4 * v. 7 
Iquared, and the Terms rightly diſpoſed, 2 = by go 

| | E * 144 
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＋144 aaxx —104 4 x +25 4*=0. Divide this Equa- 
tion by 2x — 4, and there will ariſe 8 & — 36 a xx + 
5444 x — 25 4) = o, an Equation by the Solution whereof 
x is given from a, being any how afſumed. 4 and x w___ 
had, make a Triangle, whoſe Sides ſhall be 24 — x, 4 a 
x, and a Perpendicular let fall upon the Side 2 4 — & will be 
2x — 4. c RS 

If I had made the Difference of the Sides of the Triangle 
to be 4, and the Perpendicular to be x, the Work would have 


been ſomething neater; this Equation at laſt coming out, 
viv. x) = 24 44x 484. 


| P RA O 1 E m XV. | 
To find a Triangle ABC, whoſe three Sides AB, AC, 


B C, and the Perpendicular C D. hall be in a Geometrical 
Progreſſion. | 


Make AC= x, BC=a; and AB will be = = 


And D . And AD(=y/ACq—CD4)= 


A | het Sl © a* 
r — 1] and BD (= y BCq—DCq)=vaa— — 


and conſequently — (= ABY= 52 + 


* 4* * x x El „ : / 47 l ; 
aa — — 7 Va = =v and 
; 4 5 | . 1 . | x*. 2X XxX 
the Parts of the Equation being ſquared, —— — —— x 
D 2 4 4 * 
SOS BR . .. par oe . 
aa — — + — — x x— —, that is, &“ —aaxx 
V rm | IX bay xx? 3, 


+a*=244xyxXx—4aa, And the Parts being again 
ſquared, — 2 4a - + 34* - 24 xx +4 = 44% x* 
— 4 4* x x.” That is, * - 2 U - aA xx + 
4 : Divide this Equation by x% - 44 xx , and 
there will ariſe = @ away — 4. Wherefore & is '= 
ag x + 4*., Ang extracting the Root vxw=344+y 7 45, 
or & N ys. Take. therefore 4 or BC, of any 
22 Tae, 
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Length, and make BC: AC:: AC: AB:: 1. VITE, 
and the Perpendicular D C of a Triangle ABC made of theſe 
Sides, will — to the Side B C in the ſame Rat io. 


The ſame otherwiſe, [See Figure 47.] 


Since AB: AC:: BC: DC. I ſay the Angle A CB is a 
F right one. For if you deny it, draw CE, making the Angle : 
| ECB a right one. Therefore the Triangles BCE, DBC | 
are ſimiliar by 8. 6 Em. and conſequently EB: EC:: BC 
Wt | :DC, thatis, EB:EC:: AB: AC. _ 2 11 
1 dicular to CE, and by reaſon of the parallel Lines A F, BC, 
| 


a4 ws oO wh GA hd 


| EB will be: EC::AE:FE:: AB: FC. Therefore by 
| if 9. 5 Elem. AC is=FC, that is, the Hypothenuſe of a right- 
= angled Triangle is equal to the Side, contrary to the 19. I. 

1 3 Elem. Therefore the Angle ECB is not a right one; 

i wherefore it is neceſſary ACB ſhould be a right one. There- 

fore ACq+ BCqis=ABq But AC AB x BC, 

therefore AB x BC + BCq= AB, and extracting the 


Root AB=35BC+y;BCg Wherefore take B C 1. 
2 AB 1 5 , and AC a mean Proportional between 15 


2 
BC and AB, and a Triangle being made of theſe Sides, A 
AB, AC, BC, DC will be continually Proportionals, 


PrRoBLEM XVI. z1] 


To make the Triangle A BC upon the given Baſe A B, A 
2e/voſe Vertex C ſhall be in the right Line EC given 
in Poſition, and the Baſe an Arithmetical Mean between ; 
rhe Sides. [See Figure 48.) id 


Let the Baſe AB be biſcRed in E, and produced until it 89 
meet the right Line given in Poſition E C in E, and let fall to the 
it the Perpendicular CD; and making A B a, FE = 6b, 
and BC—AB=x, BC will b=a+x, Ac a-; 


; ow H. 
and by the 13. 2 Elen BDE EABI ,,H 
E34. And conſequently, FD = 2 x, DE =b+2 x, 
and CD (Y CBq—BDgq) = Va- = zx x. But by rea- 
ion of the given Poſitions of the right Lines CE and AB, in! 


the Angle CE D is given; and conſ: quently the Ratio of Ang 
DE to CD, which if it be put as / to e, will give the Pro- Cl 
| portion 


ven 
WEEN 


til it 
all to 
= 8, 


229 


2 K, 


rea- 
A B, 
tio 

Pro- 
rtion 
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portion 4: e:: UTz&: Va- zx. Whence the Means 
and Extremes being multiplied by each other, there a- 
riſes the Equation eb + 2ex=4y/}4aa—3wxx, the Parts 
whereof being ſquared and rightly ordered, you have x — 
A az —eebb—geebsy ; 
6 and the Root being extracted x = 
—2eebdyzcean—zgeebb +93 alan 

46e ＋3 44 5 But be. 
ing given, there is given BC 4 ＋ x, and AC 4 x 


PROBLEM XVII. 


Having given the Sides of any Parallelggram A 
DC, and AC, and one of the Diagonal B Ig 
the other Diagonal AD. [See Figure 21.] 


Let E be the Concourſe of the Diagonals, and t 1. 
zonal B C let fall the Perpendicular AF, ** by _ 


13. 2 Elem. EE NED = C9 a3 
rec Wherefore fince EC is = 
:BC, and AE; AD it will be ACo—ABL4 BOg 
DE nd Ee ASE and having reduced, AD'=> 


/2ACq+2ABq—BCxq. 


Whence, by the by, in any Parallelogram, the Sum of the 


8 f the Sides i to th 
luares of the Sides is equal to the Sum of 
tic Diagonals, 7 E r 


PROBLEM XVIII. 


Having given the Angles of the Trapezinm ABCD. 

* . b 9 | 

its Periaeter and Area, to determine the Sides. ; — 
Figure 22.] ä 


PDroduce any two of the Sides AB and DC till they meet 
E, and let A B be , and BC , and —— 


angles are given, there are given the Ratio's of B C to 


CE and BE, which make 4 to e and f; and CE will 


be 


ns RESOLUTION if 


be = — and B E = £2 and conſequently AE = 24 

72 There are alſo given the Ratio's of AE to AD and 

to DE; which make as g and as Y to 4; and AD will be 
4x 4 : „ 

_ _—_ and E D = RO and conſequently CD 


a4 
* 2 —— and the Sum of all the Sides x + 


4 4 | : | 
9 + — + = — = 3 which, ſince it is 


given, call it a, and the Terms will be abbreviated by 


3 
writing 7 for the given Quantity 1 + 7 +7, and 7 for 


the given 1 722 ＋ — 7. and you will have che Equa- 
4 2. 7 22. 


Moreover, by reaſon of all the Angles being given, ther: 
is given the Ratio of BCq to the 7 B CE, 
which make as zu to u, and the Triangle BCE will be = 


_ 4 J. There is alſo given the Ratio of AE ꝗ to the Tri- 


angle ADE; which make as n to 4; and the Triangle 
ADE will be = ee. Wherefore, ſince 
the Area A C, which is the Difference of theſe Triangles, is 
given, let it be Y, and — ws Ll =3 +1195 . 


will be = 55, And fo you have two Equations, from 
the ReduQtion whereof all is determined, vis. The for- 


mer Equation gives — ow x, and by writing 
14 — 


2 


2 for x in the laſt, there comes out 


* 4 | arras 


14a 
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yr —24qray + dqqyy  24afry—2fq yy 
— Fm + Jun + 


2 Ane bb. And the Terms being abbreviated 


Am , 


4qq_:14, ff 
7 a ST 


by writing 5 for the given Quantity 


4 a fr | 
and $7 for the given + Is * and 57v for the given 
drraa 


m — ws there ariſes yy = 27y + tv, or 4 
Vir. | 


 PRoBnLEM XIX. 


To ſurround the Fiſp-pond AB C D with a Walk ABC 
" DEFGH of a given Area, and of the ſame Breaath 
every <where, [See Figure 23. | 


Let the Breadth of the Walk be x, and its Area aa. And, 
letring fall the Perpendiculars AK, BL, BM, CN, 
CO, DP, DQ, Al, from the Points A, B, C, D, to 
the Lines EF, F G, GH, and HE, to divide the Walk 
into the four Trapezia I K, LM, NO, PQ, and into 
the four Parallelograms A L, BN, CP, DI, of the Lati- 
tude x, and of the ſame Length with the Sides of the 
given Trapezium. Let therefore the Sum of the Sides 
(AB+BC+CD+DA)be= C, and the Sum of the 
Parallelograms will be = b x. 

Moreover, having drawn A E, BF, CG, DH; fince 
AL is = A K, the Angle AEI will be = Angle AE K 
IE K, ors DAB. Therefore the Ange AEIT is given, 
and conſequently the Ratio of Al to LE, which make as 


4 to e, and IE will be = —— Multiply this into 3 A I, 


A. 
; exx 
or + &, and the Area of the Triangle AE I will be = ——- 


But by reaſon of equal Angles and Sides, the Triangles 
AEI and AE K are equal, and conſequently the Trapezi- 


um IK (= 2 Triang. A EI) ==. In like manner, by 
| | x putting 


r res” 05 fare ag ts. "os ARC — — 
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putting BL: LF::4:f, and CN: NG :: 4:8, and DP 
;PH::4:4, (for thoſe Ratio's are alſo given from the gi- 
ven Angles, B, C, and D) you will have the Trapezium LM 


Fx gax 1 D cx 
=> NOS: and PQ = —. Wherefore —- 


fax gax ber xXx v7 
. E, by writing Þ for e + f 
+8 + will be equal to the four Trapeziums IK + LM 
+ NO+PQ; and conſequently 7 + & will be equal 
to the whole Walk a4. Which Equation, by dividing all 


the Terms by 4. and extracting its Root, x will become = 


— And the Breadth of the Walk 
being thus found, it is eaſy to deſcribe it. . 


PROBLEM XX. 


From the given Point C, to draw the right Line CF, 
eohich together with two other right Lines AE and AF 
given 1 Paſiticn, ſhall comprehend or conſtitute the Tri- 
angle AEF of a given Magnitude, [See Figure 24.] 


Draw CD parallel to AF, and CB and E G perpendi- 


cular to AF, and let AD =4, CB=b, and A F x, 


and the Area of the Triangle AE F be cc, and by rea- 
ſon of the proportional Quantities D F: A F (:: DC 
be 


AE) :: CB: EG; that is, ET #3383431 = it 
b x 


will be . = E G. Multiply this into 4 A F, and there 


a rs a 
will come out 4 , the Quantity of the Area A E F, 


which is = cc. And fo the Equation being ordered v will 


ach 4» 2c cee + 2ccab 
be 17 ior 9 2 = EE 0 


After 
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After the ſame manner a right Line may be drawn through 
a given Point, which ſhall divide any Triangle or Trapezi- 
um in a given Ratio, | | 


PROBLEM XXI. 


To determine the Point C in the given right Line D E, from 
which the right Lines AC and BC draaun to two other 
Points A and B given by Poſition, ſhall have à given 
Difference, [See Figure 25.] [Se PRO B. xlv.] 


From the given Points let fall the Perpendiculars AD and 


BF. to the given right Line, and e AD=a, BP 
=b, DF = c, DC=-x, and AC will be=yaa+zxx, 
FC=x c, and BC TRX - 2c c. Now 
let their given Difference be 4, A C being greater than BC 
then YVaa + xx — 4 will be = v bb ax - 2c ec. 
And ſquaring the Parts 44 +x x + 44 —24y aa + xx = 


Xr — 2cx+cc, And reducing, and for Abbrevia- 


tion ſake writing 2 ee inſtead of the given uantities 
ta ＋ 44 — bb —cc, there will come out ee +c x = 
ixyaa+axx And again, having ſquared the Parts 
e + 2ceex c N = AAA +ddxx. And the 


4 2eecx et —aadd 


Equation being reduced x x = 7 , or 
ee LN Faaddce. 
92 

AA - cc. 


The Problem will be reſolved after the ſame Way, if the 
Sum of the Lines AC and BC, or the Sum or the Differ- 
ence of their Squares, or the Proportion or Rectangle, or the 
tags comprehended by them be given: Or alſo, if inſtead 
of the right Line D C, you make uſe of the Circumterence 
of a Circle, or any other Curve Line, ſo the Calculation (in 
this laſt Caſe eſpecially) relates to the Line that joyns the 
Points A and B. 
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PrRoBL E M XXII. 


Having the three right Lines AD, AE, B E, given Ly 
Poſition, to draw @ fourth D E, whoſe Parts DE ant 
E F, intercepred by the former, ſpall be of given Lengths, 


[ See Figure 49.] 
Let fall EG perpendicular to BF, and draw E C paralle! 


to AD, and the three right Lines given by Poſition meeting 
re BH AR 
E D., EF Se, and HE = x. Now, by reaſon of 
the ſimilar Triangles A B H, ECH, it is AH: AB 
a * b 
HE: EC , and AH:HB::HE:CHY = — 


b be - 
Add H B, and there comes CB — <L XIE? Moreover, by 
reaſon of the fimilar Triangles FEC, FDBit is ED 


b b | 
oo CB::BF;CF= ebe Laſtly, by the 12 and 13. 


C 


2 Flw, zou have . | z Þ Cr (es) 
| | 2 

HE4J— EC a 
1 — 3 CH; that is, 
aa & K _ aaxx 

bs -- l a cc ch Or 
2eb 2+ +2ebc ad "NS 2C 

-. - Fo 

aadxx—eedee el ebe cx —aax—bbsr 

ebx+ebc . 
Here, for Abbreviation ſake, for ä _ write 
zu, and you will have 3 —_— and 

ebe ebe 4 : 


all the Terms being multiplied by x +c, there will come out 


aalxx —eedlc eber ebce * 3 Al 


for 


by rea 
is giv, 


you 
Mo 


Triang 


tor, / 


there 1 


and 


e out 
gain, 


ſor 
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for i write 5, and for nc. A write 2 5 J. and for 


ebcc eeacc 
3 


write Pr r, and x x will become = 


21» +11, ad x=q+v7q Frr. Having found x 
or HE, draw E C parallel to A B, and take FC: BC 


% : 4, and having drawn FE P, 


tions of the Queſtion. 


it will ſatisfy the Condi- 


PROBLEM XXIII. 


To determine the Point Z, from which if four right Lines 
Z A, Z B, Z C, and E D are drawn at given Angles o 
four right Lines given by Poſition, viz. F A, E B, F C, 
GD, the Rectangle of te of the given Lines I. A and 
Z B, and the Sum of the other two L C and 7, B may be 


given. [ See Figure 26.] 


From among the Lines chuſe one, as F A, given by Po- 
ſition, as alſo another, Z A, not given by Poſition, and 
which is drawn to it, from the Lengths whereof the Point 
Z may be determined, and produce the other Lines given by 
Poſition until they meet theſe, or be produced farther out 
if there be Occaſion, as you ſee here. And having made 
EA=x, and AZ, , by reaſon of the given Angles of 
the Triangle A E H, there will be given the Ratio of AE 


to AH, which make as to 4, 


4x 


and AH will be = ——» 


5 


Add A Z, and Z H will be=y + 77 And thence, fince-. 


by reaſon of the given Angles of the Triangle H Z B, there 
is given the Ratio of HZ to BZ, 
you will have ZB SLES. 
Moreover, if the given E E be called a, A F will be = 4 
— x, and thence, if by reaſon of the given Angles of the 
Triangle API, AP be made to Al in the ſame Ratio as Þ · 


ra 


——"F Y 


tor, AI will become = 8 
there will remain I Z 2 — 7 
R 2 


if that be made as 2 to 


Take this from A Z and 


F.x 


+ And by reaſon of 
tho 


14 RESOLUTION of 


the given Angles of the Triangle IC Z, if you make IZ to 
Z C in the ſame Ratio as n to f, ZC will become = 
Py —ra+rs | 
. = ey 
After the ſame Way, if you make E Gb. AG: AK 
22 J: 5, and ZK:ZD::p:1, there will be obtained Z D ü 
Sbh—$Sx—l | N * 
8 i 
Now, from the State of the Queſtion, if the Sum of the 
two Lines 2 C and ZD, via K SET wy + . 


1 
be made equal to any given Quantity 7; and the Rectangle 


1 
222 us 3 be mado =gg, you will have 


of the other two 


two Equations for determining æ andy. By the latter there 
288 D Cn | 
comer ont. x , and by writing this Value of x in 
the room of that in the former Equation, there will come out 
nr CHEST 4 127 ene —3 257 
nn my 7 1 
j; and by Reduction yy = . 
apqry—bmqsy+fmpqy+8gmns —88 npr. 1 
l Pb r- np "hut 
3 I; apqr—bmqgs+fmp1 7 
Abbreviation ſake, writing 2 h for 1 Ff A 
Arbe?! 1 
and k K for 7575 mp 30u will have yy = 72 


2 hy TEK, or y=h ty bh +kk. And ſince y is known VT 


by means of this Equation, the Equation 258 * Jy =s ing f 
will givex. Which is ſufficient to determine the Point Z. # ws 
After the ſame Way a Point may be determined from which wa 


other right Lines may be drawn to more or fewer right Lines 
given by Poſition, ſo that the Sum, or Difference, or Rect- may 
angle of ſome of them may be given, or may be made equal 
to the Sum, or Pifference, or Rectangle of the reſt, or that 5 
they may have any other aſſigned Condit ons. , | 

* '- & © ov - . . * * R o- 
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PROBLEM XXIV. 


To ſubtend the right Angle E A F with the right Linę E F 
given in Magnitude, which ſball paſs through the gives 
Point C, equidiſtant from the I ines that comprebend the 
right Angle (ben they are proaucea). [See Figure 27.] 


9 the Square AB C D, and biſect the Line EF 
in G. Then call CB or CD, a; EG or FG, b; and CG, 
x; and CE will be , and CF =» +b. Then 
ſince en SBF, BF will be Vr TZ x-+bb—aga. 
Laſtly, by reaſon of the ſimilar Triangles CDE, FBC, 
CE: CD:; CE: BF, or x—b:a::x +6: 

Vz bx +bb—aa, Whence a x+ ab = w—b x 


V v fz & +bb—aa, Each Part of which Equation 
being ſquared, and the Terms that come out being reduced 


into Order, there comes out a > SOS ge TS CORD 


125 


And extracting the Root as in Quadratick Equations, there 
comes out xw=a4aa+bb+va't+4aabd; and conſe- 


quently x =v/a a +bb+Va' + 4a0bb. And CG be- 
ing thus found, gives CE or CF, which, by determining the 
Point E or F, ſatisfies the Problem. 


The ſame otherwiſe. 
Let CE be S, CD a, and EF ;; and CF will 
be =x B, and BF =Vxx+ÞbÞ:zbsx —aa. And 
then fince CE; CD:: CF:BF, or x: a::x+b: 
Vxx+2bx+bb—ag, ax +ab will be =x x 


Vxx+2bx+bb—aa. The Parts of this Equation be- 
ing ſquared, and the Terms reduced into Order, there will 


bb 
come out x + 2 þ x 85 24, rr 24 r e o, 


a Biquadratick Equation, the Inveſtigation of the Root of 
which is more difficult than in the former Caſe. But it 


may be thus inveſtigated z put & + 2b * 28 


—24 4 
24abu%4-4*=aabb-+ a8, and extracting the Root on 


both Sides x wv +b x —ag= + 4y 88+00, 


Hence 


126 RESOLUTION of 
Hence I have an nity of giving a Rule for the E. 


lection of Terms for the Calculus. 

Viz. When there happens to be ſuch an Afinity or Simili- 
de of the Relation of tue Terms to the other Terms of the 
Oreftion, that yor ſhoulda be obige in making Uje of ether of 
them to bring out Equations exatlly alike ; or that both, if 
they are maae Uſe of together, ſhall bring out the ſame Di. 
wenſions and ine fame Form (only c:cceptivg perhaps the Signs 
＋ and i in the final! Ejuation (which will be eaſily ſeen) 
then it ui be the beſt Ni) to make Uſe of neuher of them, 
bur in their room to che ſome thira, which hal bear a like 
Relation to both, as ſup poje rhe hal, Sum, or ha Difference, 
or perhaps a mean Pro, orti nal, or any cher Quantity rela- 
ted to both indiſſertutiy and without a like. 

Thus, in the prec-dent Problem, when I fee the Line EF 
alike related to both A B and AD, (which will be evident 
if you alſo draw EI in the Angie BAH) and therefore 1 
can by no Reaſon be perſwaded why E D ſhould be rather 
made Uſe of than BF, or A E rather than AF, or CE ra. 
ther than CF for the mk ſought: Wherefore, in the 
room of the Points E and F, from whence this Ambiguity 
comes, (in the former Solution) I made Uſe of the interme- 
diate Point G, which has a like Relation to both the Lines 
AB and AD. Then from this Point G, I did not let fall a 
Perpendicular to A F for finding the Quantity ſought, becauſe 
I might by the ſame Reaſon ns let one fall to AD. And 
therefore I let it fall upon neither CB nor CD, but propoſed 
CG tor the Quantity ſought, which does not admit of a like ; 
—_ ſo I obtained a Biquadratick Equation without the odd 

erms, | 

I might alſo (taking Notice that the Point G lies in the 
Periphery of a Circle deſcribed from the Center A, by the 
Radius EG) have let fall the Perpendicular G K upon the 
Diagonal A C, and have ſought A K or CK, (as which bear 
| alſo a like Relation to both A B and A D) and ſo I ſhould 
have fallen upon a Quadratick Equation, viz. yy =— | ey 
＋ bb, making AK , AC=e, and EG=b. And 
AK bring ſo found, there muſt have been erected the Per- 
pendicular K-G meeting the aforeſaid Circle in G, through 


which CF would pals, 


Taking particular Notice of this Rule in Prob. IX. and X. 
where the like Sides BCand AC of the Triangle were to be 
determined, I rather ſought the Semi- difference than either 
of them. But the Uſefulneſs of this Rule will be more evi- 
dent irom the XX. VIIlth Problem, PR o- 
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PaxoBLEM XXV. 


To à Circle deſcribed from the Center C, and with the Radius 
CD, to draw a Tangent DB, the Part "whereof PB 
placed berween the right Lines given by Poſition, A P. ana 
AB. hall be of a given Length. [See Figure 50.] | 


From the Center C to either of the right Lines given by 
Pofition, as ſuppoſe to AB, let fall the Perpendicular CE, 
and produce it till it meets the Tangent DB in H. To 
the ſame AB let fall alſo the Perpendicular P G, and mak- 
ing EA a, EC=6b, CD=c, BP, and PG=x, 
by reaſon of the ſimilar Triangles PG B, CDH, you will have 

22 


GB (V4J<T7) :PB:: CD ch - Add 


; 44 -* Xx 
EC, and you will have EH=b+ gn: Moreover 


53 4 
PGis:GB:: EH:EB=—vV77=zz+—. Far- 


ther becauſe of the given Angle PA G, there is given the Ra- 
tio of PG to AG, which being made as e to f, A G will be 


= by Add E A and BG, and you will have, laſtly, EB=z 


4 Vad—xx Therefore it is 74 838 
FER AT Vid—xx, and by Tranſpoſition of the Terms, 


e 


14 - „=. And the Parts of the 


ec x 
2afx LDR 


— 


Equation being ſquared, 44 + 


e * 
bee 2% „ 42 


e we * * * 
And by a due Reduction 
aasee 


+ 2aef bbee 
n 
—2cdef 


0p 


2banee cagee 
ach 5 


— 2 0. 


— een 


PR o- 


1 
il 
| 


— 
— — — 


. Pp — 
. — 


— Sr — 1 —— — - . "© 


— — 


OO „„ͤ% 7 ay —_— 
— — 


A — — — — :. 


— 
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PA OR L EM XXVI. 


Do find the Point D, from which three right Lines D A; 
DB, DC, 4er fall perpendicular ro ſo many other right 
Lines AE, BF, CF, given in Poſition, ſhall obtain a 
given Ratio to one another, [See Figure 44.] 


Of the right Lines given in Poſition, let us ſu poſe one as 
BF be produced, as alſo its Perpendicular BD, till they 
meet the reſt AE and CF, vis, BF in E and F, and BD 
in Hand G. Now let EB be=x, and EFS a; and BF 
will be =4— x. But fince, by reaſon of the given Poſi- 
tion of the right Lines EF, EA, and FC, the Angles E 
and F, and conſequently the Proportions of the Sides of the 
Triangles EB H and FBG are given; let EB be to BH 


ex 


as 4 to e; and B H will be =—=, and EH (= 


VEB7TFBH7 V , that is, er 
Let alſo BF be to BG as 4 to ; and BG will be = 
2E, and O (ENT FECT) = 

LS COL IG CEILS PCLEMV CLE ACL 


4 — X 


that is, = —j-— V 44 . Beſides, make BD=y, and 


e 42 — 
HD will be = . —5, and 2 2 9; and ſo, 


ance AD is: HD (::EB:EH)::d:V T7 Fe, and 
DC:GD (:: BF:FG)::4:y/ 44 +77, AD will be 


ex—dy. _ fa—fx—dy 
T_T Coo” Laſtly, by rea- 


ſon of the given Proportions of the Lines BD, AD, D C, let 


BD: AD: : 5 44 152 r 
; Tee * . will be 
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(=AD)= 25D orby men, Lot ab BDiDC' 
V: 4-+ee | 


:: Vdd k- and ——_— will be (SDC) = 

= e 

, oky=f —f x. Therefore „ (=) is 
a —fx h 

1 E and by Reduction = = x. 


ake EB:EP::b: +6, then BD:EB::0:, 
and you will have the Point ſought D. 


Wherefore 


PaoBLEM XXVII. 


To find the Point D, from which three right Lines D A, 
DB, DC, 4raw to the three given Points, A, B, C, ſpall 
have a given Ratio among themſelues. [See I igure 45.] 


Of the given three Points join any two of them, as ſup- 
pole A and C, and let fall the Perpendicular B E from 
the third B, to the Line that conjoins A and C, as alſo the 
Perpendicular D F from the Point ſought D; and making 
AE=4, AC =, EB=c, AF=x, and FD =; and 
ADq will be S . FC=b—x, CDq (=F Cq+ 
FDq)=bb—2bx+xx+yy. EF=x—a, and BDA 
(=EFq+EB+FDgq)=xx—2ax+aabcc+2cy 
+yy. Now, fince AD is to CD in a given Ratio, let it 


| j 
be as 4 to e; and CD will be = TV x2 g. Since alſo 
AD is to BD in a given Ratio, let that be as 4tof, and 


BD will be=L xx + yy And, conſequently it is 


e | | 
II (= CD4) — bh — 2b A 9) and 


22 7 72 (=BD9)=##—2 Kae Cc Cc. 
8 In 


ro RESOLUTION of 
—— 


In which if, for Abbreviation ſake, you write ? for — 
PREY 

and 7 7 71 there will come out b þ — Hh" 

x x + E yy=o,andas Tee- e 

| 2bqx—bbq 
7 
1 4 

= ** + Jy. Wherefore, in the latter, for * x + 


+ - 5 =o. And by the former you have 


2bqx—bb 
4 v , write — 7 7 and there will come out 


2bqx—bbq 
7 


Faa＋ cc - 24 ＋ 2c o. Again, for 
14 bh 
Abbreviation ſake, write n for 4 — <4 and 2c for eh 


7 7 


—44—Cc, and you will have 27x + 2cn=2cy, and the 


Terms being divided by 2c, there ariſes — + =. 
Wherefore, in the Equation 66 — 20 y + £ xx + 777 
== ©, for y y write the Square of COD and you will have 


baba eL 1 7 


b 
Where, laſtly, if, for Abbreviation ſake, you write — — for 7 


nm Sb mn tbb nn 
ee and 5; for b ger and rr for bb + £77, 


you will have xx =25x — b. And ade extracted the 
Root x =$5 + V-. Having found x, the Equation 


—— +1 =y will give y; and from x and y given, that is, 
AF and FD, the given Point D is determined. 


PA o- 
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PROBLEM XXVIII. 


So to inſcribe the right Line DC ef a given Length in 
the given Conick Section D A C, at it may paſs through 
the Point G given by P ſition. | See Figure 28.] 


Let AF be the Axis of the Curve, and from the Points 
D, G, and C, let fall to it the Perpend.culars DH, G E, 
and CB, Now to determine the Pofition of the right Line 
DC, it may be propoſed to find out the Point D or C; but 
fince theſe are 1 and ſo alike, that there would be the 
like Operation in determining either of them, whether I 
were to ſeek CG, CB, or AB; or their likes, DG, D H, or 
AH; therefore I look after a third Point, that regar''s D 
and C alike, and at the ſame time determines them. And [I 
ſee F ro be ſuch a Point. | 

Now let AE be=a, EG =I, DCS c, and EFS A; 
and beſides fince the Relation between A B and BC is had in 
the Equation, I ſuppoſe, given for determining the Conick + 
Section, let AB x, BC=y, and FB will be x — 
8 ＋ 2. And becauſe GE: EF::CB: FB, FB will a- 
gain be = _ Therefore, x —a + 2 = F 2 

Theſe Things being thus laid down, take away x, by the 
Equation that denotes the Curve. As if the Curve be a Pa- 
rabola expreſſed by the Equation rx = y y, write”” for 


and there will ariſe — — ＋ 8 2 5 „and extracting the 


23 rræs | ES 
nnr Whence it is evi- 


dent, that W þqar—gre is the Difference of the 


double Value of 5, that is, of the Lines + BC and — DH, 
and — (having let fall DK 3 upon CB) 
that Difference is equal to CK. But FG: GE :: DC: 


1182 


7 
CK, that is, Ps 13: eV i +407 —4rs, 
S 2 And 


—— — —— — 
—— 1 ꝙ— — 


— —— £0” apo — — . — — 
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And by multiplying the Squares of the Means, and alſo 
the Squares of the Extreams into one another, and ordering 
the Products, there will ariſe 2* = _ 

NETS bbr — 44 b+ py 
4b ¹⁰ © #9,  22+40*r2 
bbrr 2 an Equation 


rr | 
of four Dimenſions, which would have riſen to one of eight 


Dimenſions if 1 had ſought either CG, or CB, or AB. 


PROBLEM XXIX. 


To multiply or divide a given Augle by à given Num. 
ber. [See Figure 29. 


In any Angle FAG inſcribe the Lines A B, BC, CD, 
DE, Cc. of any the ſame Length, and the Triangles A BC, 
BCD, CDE, DEF, &c. will be {ſoſce/es, and conſequent- 
ly by the 32. 1. Eucl. the Angle CBD will be = Angle 
A + ACB = 2 Angle A, and the Angle D CE = Angle 
A+ADC 3 Angle A, and the Angle EDF = A + 
AED 4 Angle A, and the Angle FEG = 5 Angle A, 
and ſo onwards. Now, making A B, BC, CD, c. the Radii 
of equal Circles, the Per 1 BK, CL, D M, Ce. 
let fall upon AC, BD, CE, c. will be the Sines of thoſe 
Angles, and AK, BL, CM, DN, &c. will be their Sines 
Complement to a right one; or making A B the Diameter, 
the Lines AK, BL, CM, c. will be Chords. Let there- 


fore AB = 27, and AK = x, then work thus: 
AB: AK:: AC: AL. 


* Xx 
2739322 Xx : —. 
| r 
AL - AB 
And 2 ec = BL, the Duplication, 


AB:AK::AD(2AL—AB): AM. 


XX r 
497 — ww &. 
rr 


2 
212 * 1: 


And 


And 
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AM - AC 
And 7 32 en. the Triplication. 
AB. AK; AE (AM Ac): AN. 
3 4 2 4 1 
873039 ra LG. 7 7 7 * 
AN - AD | | 
And J 4xx DN, the Quadruplication; 
de 
AB: AK:: AF (z AN - AD): A0. 
x + 6 X 1 x5 z a 5 
2 yr ar: . 7 
| AO—AE | 
And J $5 + 524 E O, the Quintuplication. 
penn pp: 


And ſo onwards. Now if you would divide an Angle into 
any Number of Parts, put q ter BL, CM, DN, c. and 
you will have xx — 277 = 4? for the Biſection; æ x x — 
;rrx=4qr* for the Triſection; xxxx —4rrxx+2rt 
Su for the . — z xxXxXx —5t* x) +5rtx 
= q1* for the Quinquiſection, Oc. 


PROBLEM XXX. 


To determine the Poſition of a Comet's Courſe that moves 
uniformly in a right Line, as B D, from three Obſer- 
vations. [ See Figure 30.] 


Suppoſe A to be the Eye of the Spectator, B the Place of 
the . — in the firſt Obſervation, C in the ſecond, and D 
in the third; the Inclination of the Line BD to the Line 
AB is to be found. From the Obſervations therefore there 
are given the Angles BAC, BAD; and conſequently if 
BH be drawn Perpendicular to A B, and meeting A C and 
AD in. E and E, aſſuming any how A B, there will be 
given BE and BF, viz. the — of the Angles in 
reſpect of the Radius A B. Make therefore A B 4, 
B Eb, and BF c. Moreover, from 26 


£ 
' 


1:4 RESOLUTION of 


of the Obſervations, there will be given the Ratio of BC 
to BD, which, it it be made as „ to e, and DG be dravn 
parallel to AC, ſince BE is to BG in the ſame Ratio, 
and BE was called C, B( will be = e, and conſequent- 
ly GF Se-. Farther, if you let fall D H perpendicu- 
lar to BG, by reaſon of the Triangles AB F and D Hf 
being like, and alike div ded by the Lines AE and DG, 
FE will be: AB::FG:HD, that is, c—b:a::e—s 


ae—ac ; 
11 = HD. Moreover, FE will be: FB:: FG 
: FH, that is, Pee e e = FH; to 


V 
which add BF, or c, and BH will be = —;-. Where 


c ce—cb ae—ac | . 
— pto - — (or ce — — or 
w_ Trey (or c cb to 4e - 4c, 0 


ce — 6 


— 


3 a) as BH to HD; that is, as the Tangent of 
the Angle HDB, or ABK to the Radius. Wherefore fince 


— cb 
2 is ſuppoſed to be the Radius, „ — . will be the Tan- 


gent of the Angle AB K, and therefore by reſolving them 
into an Analogy, it will be as e - c to e — , (or GF to 
G E) fo c (or the Tangent of the Angle BAF) to the 
Tangent of the Angle ABK. 
Say therefore, as the Time between the firſt and ſecond 
Obſervation to the Time between the firſt and third, ſo the 
Tangent of the Angle BAE to a fourth Proportional. 
Then as the Difference between that fourth Proportional and 
the Tangent of the Angle BA F, to the Difference between 
the ſame fourth Proportional and the Tangent of the Angle 
BA E, ſo the Tangent of the Angle BA F to the Tangent 
of the Angle ABK. 


A 
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STEELS MS + © | Þp 


Rays of Light from any ſhining or luci Point diverging to 4 

e Spherical Surface, to find the Concourſe of each 

the refrafted Rays wwith the Axis of the Sphere paſſing 
through that lucid Point, [ See Figure 31.] 


Let A be that lucid Point, and BV the Sphere, the Axis 
whereof is AD, the Center C, and the Vertex V; and let 
AB be the incident Ray, and BD the refracted Ray; and 
having let fall to thoſe Rays the Perpendiculars CE and 
CF, as alſo BG perpendicular to A B, and * drawn 
BC, make AC=4, VC or BC r, CG x, and CD=2, 
and AG will be Sa- *, BG=Vrr—xx, AB 
Vaa—2ax+rr; and by reaſon of the fimilar Triangles 


ayrr—xx 
ABG and 20% r Alſo GD 


=2 Tr, BDS VD +22x+rr; and by reaſon 
of the fimilar Triangles DBG andDCF, CF = 


 SVYrr—xx | : 
FTP ITT Befides fince the Ratio of the Sines 
of Incidence and Refraction, and conſequently of CE to 
CF, is given, ſuppoſe that Ratio to be as 4 to f, and 
favrr—xx azvyTr-—xx 
Far rf will be v22+22x+rr and 
multiplying croſs-ways, and dividing by 4 rr —xxy, it 
will befy 22 +23X+!r =S$y zva r, and 
by ſquaring and reducing the Terms into Order, 2 2 = 
_ 2ffx2+ffrr | 
a—2ax+rr—f ft 


Then for the given Yd nit P, and 


q for the given a + — . and 2S will be = — 2 — of 
and S = EHE EE. Therefore » 


q—2%x 
is found ; that is, the Length of CD, and conſequently the 
Point ſought D, where the refracted Ray BD meets with the 


Axis. Q. E. F. H 
f cre 


13:6 RESOLUTION of 


Here I made the incident Rays to diverge, and fall upon a 
thicker Medium; but changing what is requiſite to be chang- 
ed, the Problem may be as cafily reſolved when the Rays 
converge, or fall from a thicker Medium into a thinner one. 


PROBLEM XXXII. 


Va Cone be cut by any Plane, to find the Figure of the Sefti- 
on. [See Figure 32 and 33.] 


Let ABC be a Cone ſtanding on a circular Baſe BC, 
and IEM its Section ſought; and let KI LM be any 
other Section parallel to the Baſe, and meeting the former 
Section in HI; and ABC a third Section, perpendicularly 
biſecting the two former in EH and K L. and the Cone in 
the Triangle ABC. And producing E H till it meet AK 
in D; and having drawn EF and DG, parallel to K L, 
and meeting AB and AC in F and G, call EF a, 
DGS b, EDS c, EHS x, and HI = y; and by reaſon 
of the ſimilar Triangles EH L, EDG, ED will be 


:DG „EH HL Then by reaſon of the fimilar 


Triangles DEF, DHK, DE will be EF: DH: (c - 
in the thirty ſecond Figure, and c+ x in the thirty third 


Figure) HK . Laſtiy, fince che Section 
KIL is parallel to the Baſe, and conſequently circular, 


HK x H L will be = HI, that is, Ts + r 


an Equation which expreſſes the Relation between E H (x) 
and HI (), that is, — the Axis and the Ordinate of 
the Section EI M; which Equation, ſince it expreſſes an 
Ellipſe in the thirty ſecond Figure, and an Hyperbola in the 
thirty third Figure, it is evident, that that Section will be 
Elliptical or Hyperbolical. 

ow if ED no where meets A K, being parallel to it, then 


HK. will be =E F (a), and thence © x (HK x HL) 
=2 y, an Equation expreſſing a Parabola. 


Pr 6 


— y _—_ — — — 
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PROBLEM XXXIII. 


If the right Line X Y be turned about the Axis A B, at the 
Diſtance CD, with a given Inclination to the Plane DCB, 
and the Sia PAR UTS, generated by that Circumrota- 
tion, be cut by any Plane as IN QL K, to find the Figure 
of the Section. [ See Figure 34.] 


Let BHQ, or GH O be the Inclination of the Axis AB 
to the Plane of the Section; and let L be any Concourſe of 
the right Line X Y with that Plane. Draw DF parallel to 
AB, and let fall the Perpendiculars LG, LF, LM, to 
AB, DF, and HO, and join FG and MG. And having 
called CN=4, CH =b, HM=x, and ML = y, by rea- 
ſon of the given Angle G HO, making MH:HG::4:e, 


— will be = GH, and 6+ F =GCor FD. Moreover, 


by reaſon of the given Angle LDF (vis. the Inclination of 
the right Line XI to the Plane GCDF) putting FD: FL 


þ | 
g: h, it will be = 7 FL, to whoſe Square add 
FGq OD Cq, or à 4) and there will come out GL q4=48 

h  2hhbex hheexx 
Hence ſubtract 


88 * agg * 44 g 


u (HMq—HG49, or Ve) and there will 


„ aagg+bbbb , zhbbe bhee—4ddgg +eegs 
WCW 


xxx (EM Lq) Sy: an Equation that expreſſes the Re- 
lation between x and y, that is, between H M the Axis of 
the Section, and ML its Ordinate. And therefore, ſince in 
this Equation x- and y aſcend only to two Dimenſions, it is 
evident, that the Figure IN QL K is a Conick Section. As 
for Example, if the Angle M H G is greater than the Angle 
LDF, this Figure will be an Ellipſe; but if leſs, an Hyper- 
bola; and if equal, either a — or (the Points C and 
H moreover coinciding) a Parallelogram. 


T PA- 
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PROBLEM XXXIV. 


Tf you ere A D of a given Length perpendicular to A F, 
ani ED, one Leg of a Square DEF, faſs continually 
through the Point D, while tie other Leg EF equal to 
AD ſlide upon A P, to find the Curve HIC, which the 
Leg EF aeſcribes by its middle Point C. [ See Figure 35.] 


Let EC or CF be — a, the Perpendicular C B ., AB 
= x, and on account of the ſimilar Triangles FBC, F EG, 


it will be BF (VA =): BC+CF (y+4):: EF 
(24): EG+GF (AG+GF) or AF, Whereforo 


245 +24. . 3 
Vaa—yy (=AF=AB+BF) =xa+y4a4—3) 


Now by multiplying by 24 yy there is made 24 y + 
204 =84—yy V, =, or 249 +44 +JY=xX 
* aa—yy, and by ſquaring the Parts, divided by 

Va 9, and ordering them, there comes out y' + 3 459 


$848, +8 _ 
Te ar tt 
T he ſame otherwiſe, [See Figure 36.] 


On BC take at each End BI, and CK equal to CF, and 
draw K F, HI, HC, and DF; whereof let HC and DF 
meet AF, and IK in M and N, and upon HC let fall 
the Perpendicular IL; and the Angle K will be =3 BCF 

—+EGF=GFD=AMH=MHI-CIL; and con- 

ſequently the 35 Triangles K BF, FBN, H LI. 
and I L C will be ſimilar. Make therefore FC=4, HI 
x, and [C=y; and BN (24—y) will be: BK ( 
::LC:LH:: CI (): HI (xx), and conſequently 
24x - . From which Equation it is eaſily in- 
ferred, that this Curve is the Ciſſoid of the Antients, belong- 
ing to a Circle, whoſe Center is A, and its Radius AH. 


PR 0- 


/ KR 0* 


y—Zexttbveexz—aaxz+ a 
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2: XXXV. 


Fa right Line ED a given Length ſubtending the given 


Augie EA D, be ſo moved, that its Ends D and E ahvays 
touch the Sides AD and AE of that Angle; let it be pro- 
poſed to determine the Curve F CG, which any given Punt 
Cin that right Line E D aeſcribes. [See Figure 37.] 


From the given Point C draw CB parallel to EA; and 
make AB = x, BC =, CE - a, and CD=b, and b 
rcaſon of the ſimilar Triangles D CB, DEA, it will be E 


b 
AB:: CD: Bop; that is, 4 1 BD Be- 


ſides, having let fall the Perpendicular C H, by reaſon of the 
given Angle DAE, or DB C, and conſequently of the given 
Ratio of the Sides of the right-angled Triangle B C H, you 


vill have @ :e:: BC: BH, and BH will be = . Take 


| 0 bx—e 
away this from BD, and there will remain HD — ent - J. 
Now in the Triangle B CH, becauſe of the right Angle 


ee 
BH C, it is BC A- BHS CH; that is yy — 92 
SCH. In like manner, in the Triangle CD H, becauſe 
of the right Angle CHD, it is wed Met we Areas. 
that is, bb—yy + —22 (=HDgq 2g 


25 „ 
_bbayx—2bexyeeyy 
778 „44 

| bb—bb | 4 Th 
x xy + 2 1 2 Where, ſince the unknown Quan- 
tities riſe but to two Dimenſions, it is evident that the Curve 
is a Conick Section. Then extracting the Root, you will have 


77 Where, in the Ra- 


cical Term, the Coefficient of x x is ee 44. But it was 
aer: BC: BH; and BC is neceſſarily a greater Line 
than BH, vis, the Hypothenuſe of a right-angled Triangle 
is Fun than the Side of it; therefore 4 is greater than e, 
and ee is a negative Quantity, and conſequently the 
Curve will be an Ellipſis. 


26 
z and by Reduction yy = 7 7 


— 


S » 


2 PR o- 
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PROSBT RM XXXVI. 


If the Ruler E BD, forming a right Angle, be ſo moved, 
that one Leg of it, E B, continually ſubtends the right 
A gie E A B, white the End of the other Leg, BD, de. 
ſcribes ſome Curve Line, as FD; to find that Line FD, 
which the Point D deſcribes. [See Figure 38.) 


From the Point D let fall the Perpendicular D C to the 
Side AC; and making A , and DC=y, and EB 
=4, and BD = b. In the Triangle BDC, by reaſon of 
the right Angle at C, B C is BDT - DCU 


— yy. Therefore BC=ybb—yy; and AB = x — 


ybb—yy. Beſides, by reaſon of the fimilar Triangles 
B E A, DB C, it is BD: PC:: EB: AB; thatis,b:y::4 


* —y/bb—yy. Wherefore ba —bybb—yy=uay, 


or bx —ay=b Med or fo And the Parts being ſquared and 
_aabxy+6%* -b 


duly reduced yy = —=————5——. And extraRling 
bx +bb 2 
the Root y = — —— == ==, Whence it is 2. 


gain evident, that the Curve is an Ellipfis, 


This is ſo where the Angles EBD and E AB are right ; W reaſo 
but if thoſe Angles are of any other Magnitude, as long as 
they are equal, you may proceed thus: [Se Figure 39.] Let MW CE 
fall DC perpendicular to AC as before, and draw D H, 
making the Angle DH A equal to the Angle H A E, ſuppoſe 
Obtuſe, and calling EB S, BD =, AH x, and HD= 
y; by reaſon of the ſimilar Triangles EAB, BHD, BDI ;s C 
will be: DH EB. AB, thatis AB . 7 * 


Take this from AH and there will remain BH x — 2. FF 


Befides, in the Triangle DHC, by reaſon of all the Angles T 
given, and conſequently the Ratio of the Sides given, aſſume erm 
DH to HC in any given Ratio, ſuppoſe as b to e; and 


ence DH is y, HC will be —, and HB HC = 


TT, 


— 
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BHD, it is BDq=BHq+DHq+2BHxHC; that 
1 | 2 A* aayy 2 er 2 42e 
ee ere 


K yeeuy—bb bbbb 
tein EENEL 22 . —. 


Where when b is greater than e, that is, when ee - is 2 
_—_— Quantity, it is again evident, that the Curve is an 
lipte. 


PROBLEM XXXVII. 


In the given Angle PAB having any how dratun the right 
Lines, BD, PD, in a given Ratio, on this Condition, that 
BD fail be parallel to AP, and PD terminated at the 
given Point P in the right Line A P; to find the Locus of 
the Point D. [ See Figure 41.] 


Draw CD llel to A B, and DE perpendicular to 
AP; In =& CP 1 S, and let 
BD be to PD in the ſame Ratio as 4 to e, and AC or 


BD will be = 8—x, and PD ===. Moreover, by 


| reaſon of the given Angle DCE, let the Ratio of CD to | 


CE beas4tof, and CE will be, and EP = x— 


4. But by reaſon of the Angles at E being right ones, ic 


is D- CEg(=EDq)=PDq—EP4; that iy 


ffyy eeaa—zceaxteerx 2fxy 
M ea 2 


222, and blotting out on each Side . and the 


Terms being rightly diſpoſed, y 2 +” 


eean—2eeaxbeexa—d4dxy 


— , and extracting the Root 


52 


0 


ö i 
15 
„ 
4 
** 
% 
N 
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* 
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oc 
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38 | ＋ee 
7 eee e, anhy 
* + , 
* 7 3 


Where, fince x and y in the laſt Equation aſcends only to it 
two Dimenſions, the Place of the Point D will be a Conick M' Þ 
Section, and that either oh a Parabola, or Ellipſe, 

as ee - 44 + ff, (the Co efficient of x x in the laſt Equa- Jo 


tion) is greater, equal to, or leſs than nothing. maki 
| | r. 
PROBLEM XXXVIII. | = 


The two right Lines VE and VC being given in Y. Rati 
ion, and cut any how in C and E by another rig/t Ml and 
Line, PE turning about the Pole, P given ago in Po- r. 
ion; if the intercepted Line CE be divided imo tle 5 
Parts C D, DE, that have a given Ratio to one ano- duct: 
rber, it is propoſed to find the Place of the Point D. MI © 
[See Figure 42.] . X 


Draw VP, and parallel to it, DA, and E B meeting VC AD. 
in A and B. Make VP=a, VA = x, and AD =, be P 
and fince the Ratio of CD to D E is given, or converſely take 
of CD to C E, that is, the Ratio of D A to E B, let it EF, 


| | An 
be as 4 to e, and E B will be = 2. Beſides, ſince the _ 
Angle EV B is given, and conſequently the Ratio of EB —＋ 
| 7 = oints 


toV B, let that Ratio be as e to 1 and V B will be = 2. cumfe 


| | | Ratio 
Laſtly, by reaſon of the fimilar Triangles CEB, CD A, 
CPV, t is EB: C B:: DA: CA:: VP: VC, and by 
Compoſition EB VP: CBT VC: DA VP. CA 


R $4. 
+ VC; that is, p* +a: Try +a: s, and multiply- — 


ber the Means and Extremes ey AA ＋ i 

bs / > Where fiice the indefinite 7 re. x and y aſcend wy 
only to two Dimenſions, it follows, that the Curve V, ia Fror 
which the Point ID is always found, is a Conick Section, and I the ret 
that an Hyperbola, becauſe one of the indefinite Quantities, I with i 
vis. x is only. of oh Ninenfion, and in the Term exy is I Perpen 
multiplied by the other indefinite one y. and ma 

PR o- che Ra 
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PROBLEM XXXIX. 


If two right Lines, A C and B C, in any given Ratio, 
are drawn from the teto Points A and B given in Po- 


y to ſition, to a third Point C, to find the Place of C, the 


ick Point of Concourſe. [See Figure 43.] 


11a- Join AB, and let fall to it the Perpendicular CD; and 
making AB = a, AD = , DC=y, AC will be = 


Vr ＋ 5, BD=x—4, and BC (= DJV DC) 
=V/ xXx 24 ＋44 Yi. Now fince there is given the 


Ratio of AC to BC, let that be as 4 to e; and the Means 
and Extremes being multiplied together, you will have 6 


Vr AN = v FAA Y), and by Re- 


4daa — 2448 
duction V 55 — 4 —— x =y. Where ſince xx is 


Negative, and affected only by Unity, and alſo the Angle 
vc ADC a right one, it is evident, that the Curve in which 
— 5 the Point C is placed is a Circle, viz. in the right Line A B 

: take the Points E and F, ſo that 4: :: AE: BE:: AB 
BF, and E F will be the Diameter of this Circle. 
And hence from the Converſe this Theorem comes out, 
the Wl that in the Diameter of any Circle E F produced, having 
given ay how the two Points A and B on this Condition, 
EB WM that AE: AF:: BE: BFE, and having drawn from theſe 
fy Points the two right Lines A C and BC, meeting the Cir- 
—, cumference in any Point C; A C will be to BC in the given 
4 Ratio of AE to BE. | 


| by PROBLEM XL. 
If a Iucid Point, as A, dart forth Rays towards a refracting 


plain Surface, as CD; to find the Ray AC, whoſe re. 


TE | 
P” WW fratted Part C B will ſtrike rhe given Point B. ILK Fi- 
'y 9 gure 51,] „ Lani: i 


„ in From that lucid Point let fall the Perpendicular A D tg 
and Il the refracting Plane, and let the refrated Ray BG, meet 
ities, I with it, being produced out on both. Sides, in R; and 8 
is I Perpendicular let fall from the Point B in E, and draw-B D; 
and making AD = a, DBS, BF c, DC =, make 

R o- che Ratio of the Sines of Incidence and Refraction, that 
- 18, 


. 
2 


n 


rr 


rr 


2 


ARE 


M 
. 5 
by 
* 
" 
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is, of the Sines of the Angles CAD, CE D, to be 4 to e, 
and ſince E C and A C (as is known) are in the ſame Ra- 


1 . 
tio, and ACisyaa+xx, EC will be 2 Vai Fer. 


Beſides E D(=y E Cq—CDq)is=v 7; —Xxx, 
and D FVV ec, and EF = VH + 


Hintad 44 E | 
EY ＋ = = Laſtly, becauſe of the ſimilar Tri- 


angles ECD, EBF, it is ED: DC:: EF: EB, and multi- 
plying the Values of the Means and Extremes into one ano- 


Aida a & © 


ther, c — — IX =&x — C++ „ 
Fs Ad — Jada a ＋ AAA 
„ „n * * 


= N- and the Parts of the Equation being ſqus- 
red and duly diſpoſed. | 


+ a4dcc © 
+ ddaaxx—2444acx +ddaacc 
ax — 2 C 45 ee L 20 
44 —ee ws 


ProBL EM XLI. 


To find the Locus or Place of the Vertew of a Triangle D 
_— Baſe AB is given, and the Angles at the Ba 
DAB, D B A, have à given Difference. [ See Fi 
gure 32.) 


Where the Angle at the Vertex, or (which is the ſam 
Thing) where the Sum of the Angles at the Baſe is give 
Huclia [in 29.3. ] has taught us, that the Locus of the Vertex 

in the Circumference of” a Circle ; but we have ropoſed th 

finding the Place when the Difference of the Angles at thi 
Baſe is given. Let the Angle D BA be greater than th 
wir oy DAB, and let AB F be their given Difference, t 


Line BF meeting AD in F. Moreover, let 2 
c 


s © 
- - 


SSC SOS „„ 


„„ IMLIIETIETETYY * 
*% 
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Perpendicular DE to BF, as alſo D C perpendicular to AB 
meeting BF in G. And making AB a, AC Dx, and 
CD=y, BC will be 2 4 - x. Now ſince in the Triangle 
BCG there are given all the Angles, there will be given 
the Ratio. of the Sides B C and G C, let that be as 4 to 4, 


and CG will be == . take away this from D C or 
, and there will remain D G = f 4 27. Belides 


becauſe of the ſimilar Triangles BGC, and D GE, it is 
BG: BC: : DG: DE. But in the Triangle B GC, it is 
g:: CG: BC. And conſequently 4 4 4%: 
B Cꝗ, and by compounding a4 ＋ A4 A: d A:: BGJ: BCi. 
extracting the Roots yaa +4d4:4 (: BG: BC) : 2 
DG:DE. Therefore DE A, — 232 More - 
| | 4a ＋ 74 | 
over ſince the Angle A BF is the Difference of the An- 
gles BAD and ABD, and conſequently the Angles 
BAD and F BD are equal, the right-angled. Triangles 
CAD and E BD will be fimilar, and theretore the Sides 
proportional or DA: DC:: DB: DE. Pat D C is . 


DA (=/ACq+DCg)=vViz>+37. DB (= 
/BCq+DCqg)=yaa—zaxESxx +97), and above 


4 - 424 ＋ T — 
DE e Wherefore y xx πt : 
ay - A4 ＋ 


Yaa—2ax+xxF+yy: Jad 7 and the Squares 
of the Means and Extremes being multiplied by each other 


44xx 4-44 * 
195 ,,] e. 2 2 


—244a4xxy—:aa4y ,s , ,) +a*%yy 


aa +4d 
zA - za xyy +aaxt+&ay. 5 
—— 44 + 77 A Multiply all 
ER. IS the 
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the Terms by aa + 44, and reduce thoſe Terms that come 
out into due Order, and there will ariſe 


2 4 
＋ 2 9 
wx 244 


8 


Divide this Equation by x.v — 4 x TY 


* 
xXx — 240 =0, 


— * 
„and there will a- 


—YY =o; there come out therefore two 


l 
Equations in the Solution of this Problem: The firſt, ; 


* o is to a Circle, vis. the Place of the Point 
D, where the Angle FBD is taken on the other Side of the 
right Line B F than what is deſcribed in the Figure, the Ar- 
gle ABF being the Sum ot the Angles DAB and DBA 
at the Baſe, and 1o the Angle ADB at the Vertex being 


o, 


6 


X Xx 


a 
given. The laſt, 8. + 2 v — 47 


is an Hyperbola, the Place of the Point D, where the Angle 
F BD obtains the Situation from the right Line B F, which 
we deſcribed in the Figure; that is, ſo that the Angle A Ef 
may be the Difference of the Angles DAB, D BA, at tle 
Baſe. And this is the Determination of the Hyperbola : 
Biſect AB in P; draw PQ, making the Angle BPQ 
\ equal to half the Angle A b F: To this draw the Perpendi- 
car PR, and PQ and PR. will be the Aſymptotes of this 
Hy} -rbula, and B a Point through which the Hyperbola will 
478. | 
Hence ?riſes this Theorem. Any Liameter, as A B, of a 
right· an led Hyperbola, being drawn, and having drawn the 
right I ines AD, B D, AH, BH, trom it's Ends to any 
two Points D and H of the Hyperbola ; theſe right Lines 
will make equal Angles D A H, 4 BH at the Ends of the 


Diameter. | 
The ſame after a ſperter Way. 
At Pros. xxiv. I lad down a Rule about the moſt com- 


modious Election of 'Termis to proceed with in the g 
2 


.O0Mme 
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of Problems, where there happens any Ambiguity in the E- 
lection ot ſuch Terms. Here the Difference of the Angles 
at the Baſe is indifferent in reſpect to both Angles ; and in the 
Conſtruction of the Scheme, it might equally have been ad- 
ded to the leſſer Angle D A B, by drawing from A a right 
Line parallel to BF, or ſubtracted from * greater Angle 
DBA, by drawing the right Line BF. Wheretore I neither 
add nor ſubſtract it, but add half ef it to one of the Angles, 
and ſubſiract half of it from the other. Then {ſince it is alſo 
doubtful whether A C or B C muſt be made Uſe of tor the 
indefinite Term whereon the Ordinate D C ſtands, I uſe nei- 
ther of them; but l biſet A B in P, and I make uſe of PC; 
or rather, having drawn MPQ [See Figure 53. ] making, on 
both Sides, the Angles APQ, BPM equal to halt the 
Difference of the Angles at the Baſe, ſo that it, with the right 
Lives AD, BD, may make the Angles DQP, DMP 
equal; I let fall to MQ the Perpendiculars AR, BN, 
DO, and I uſe DO for the Ordinate, and PO for the 
indefinite Line it ſtands on. I make therefore PO = x, 
DO »y, AR or BN Sb, and PR or PN c. And 
by reaſon of the fimilar Triangles BN M, DOM, BN will 
be: DO:: MN: MO. And by Diviſion DO BN 
(y—b): DOG): : M, O- MN (ON or c— x) 
C — 
MO. Wherefore MO =-7— ,,”. In like Manner on 
the other Side, by reaſon of the ſimilar Triangles ARQ, 
DPOQ, AR will be: DO:: RQ: QO, and by Com- 
poſition DO + AR (9 +45): DO(9)::QO + 
cy 
RQ (OR or c4+x) QO. Wherefore O.. 


Laſtly by reaſon of the equal Angles DMQ, D QM, 

| E 
MO and QO are equal, that is, pany Ls 4 
Divide all by y, and multiply by the Denominators, and 
there will ariſe cy + cb - -A c- c 
— xb, or cb = x y, the molt noted Equation that expreſſes 
inc Hyperbola. 


More- 
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Moreover, the Locus or Place of the Point D might have Di! 
been found without an 3 an Calculus ; for from what 
we have ſaid above, DO—BN:ON::DO:MO 
(QO): DO+AR : OR. That is, DO—BN:DO y* 
+ BN: ON: OR. And mixtly, DO: BN:: 


N+OR OR — ON | 
2 * (NP): 7 — (OP). And conſequent- Di 
con 

ly, DOXOP=BNxNP. | com 
| the 
PRRORH TEM XLII. For 

To find the Locus or Place of the Vertex of a Triangle — 72 4 
Baſe is given, aud one of the Angles at the Baſe differs by this 

a given Angle from being 4ouble of the other. ar 
In the laſt heme of the former Problem, let A BD be 120 


that Triangle, A B its Baſe biſected in P, APQ or BPM 

the third of the given Angle, by which D B A exceeds the hal 
double of the Angle DA B ; and the Angle DM Q will be righ 
double of the Angle DQ M. To PM let fall the Perpen- 
diculars AR, BN, DO, and biſect the Angle DM Q by MW Are 
the right Line MS mecting DOinS; and the Triangles BD 
L}OQ, SOM will be ſimilar; and conſequently O Q 

: OM:: OD: OS, and by dividing OQ—-OM:|M $7 
OM::SD:OS:: (by the z. of the 6th Em.) DM: the 
OM. Wber⸗ fore (by the 9. of the 5th Elem.) OQ—OM * 
— DM. Now making PO = x, OD = y, AR or BN 
=—=b, and PR or PN S c, you will have, as in the former 

, e e nt 
Problem, OM = Sb , and OQ = 9 Fb * and 


bc y + To 4 
ond. 2 * 

conſequently O Q — OM = 75 . Make 

a * Le 

-— now DOT TOMY DM, thatis, yy . 2 Line 

1 3y—20y-+00 I Circl 

TEARS, anc e e tis He. eel £4 igh 

FF == 4*— 2bbyy + b% 9 /, and by due Re- — 

duction there will at length ariſe | F, al 

Tce 51 draw! 

ns a es I age Rs 

* * —2cx „ ＋ 4 3 1 

| — z T 2960 4bbxs 3 

#, 


aVe 


hat 
0 
0 


2nt- 
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Divide all by y — &, and it will become 


— b þ 1 
„ ＋ 5 e „1b So. Wherefore the Point 


— 3e — bxx 


D is in a Curve of three Dimenſions; which however be- 
comes an Hyperbola when the Angle BP M vaniſkes or he- 
comes nothing; or which is the ſame Thing, when one of 
the Angles at the Baſe D B A is double of the other DAB. 
For then BN or 6 vaniſhing, the Equation will become 
== g CY -c. 

And from the Conſtruction of this Equation there comes 
this Theorem. [ See Hgure 54.] It to the Center C, 
and Aſymptotes CS, C T, containing the Angle 8 CT of 
120 Degrees, you deſcribe any Hyperbola, as D V, whoſe 
Semi-Axis's are CV, CA; produce CV to B, fo that VB 
ſhall be = VC, and from A and B you draw any how the 
right Lines AD, BD, meeting at the Hyperbola; the Angle 
BAD will be half the Angle A BD, but a third Part of Is 
Angle ADE, which the right Line A D comprehends with 
BD produced. This is to be underitood of the Hyperbola 
that paſſes through the Point V. But if the two right Lines 
A 4 and Ba, drawn from the ſame Points A and B, meet in 
the oppofite Hyperbola that paſſes through A, then of thoſe 
two external Angles of the Triangle at the Baſe, that at B 
will be double of that at A. 


PROBLEM XLIII. 


To deſcribe a Circle through two given Points that ſpall rouch 
a right Line given in Poſition. | See Figure 55.] 


Let A and B be the two given Points, and E F the right 
Line given in Poſition, and let it be required to deſcribe a 
Circle ABE through thoſe Points which ſhall touch that 
right Line FE. Join A B and biſect it in D. Upon D 
erect the Perpendicular D F meeting the right Line FE in 
F, and the Center of the Circle will fall upon this laſt 
drawn Line D F, as ſuppoſe in C. Join therefore CB; and 
on FE let fall the Perpendicular CE, and E will be the 
Point of Contact, and CB and CE equal, as being Radii 


of the Circle ſought. Now fince the Points A, B, D, and 
F, are given, let DB a, and DF; and ſeck for NC 


to 
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to determine the Center of the Circle, which therefore call 
x. Now in the Triangle CD B, becauſe the Angle at Dis 


a right one, you have V DBq -DC4, that isV aa+xx 
way B. AloDF—DC, or b—x -CF. And ſince in 
the right-ang led Triangle CFE the Angles are given, there 
will be given the Ratio of the Sides C F and CE. Let that 


be as 4 to e; and CE will be = 7 xCF, mat” is, = 


b er | 
. Now put CB and CE (the Radi of the 
Circle ſought ) equal to one another, and you will have 


eb—ex 


the Equation y/a 4-pa x = — . Whoſe Parts being 
ſquared and multiplied by 42, there ariſes aa44 +44x r= 
—cebx—aaddyeebb 

dd—ee | 
And extracting the Root æ — — 2 7 ag — 4das 


Therefore the Length of D C, and conſequently the Center 
C is found, from which a Circle is to be deſcribed through 
the Points A and B that ſhall touch the right Line IE. 


eebb—2zeebx+eexx;orxx= 


PROBLEM XLIV. 


To acſ ribe a Circle through a given Point that ſpall ruuc! 
two right Lines given in Poſition, [ See Figure 56.] 


N. B. This Propoſition is reſolved as Prop. 43. J 
the Point A being given, there is alſo given tht 
cther Point B. 


Suppoſe the given Point to be A; and let EF, FG, be 
the tuo right Lines given by Poſition, and A E G the Circle 
ſought touching the ſame, and paſſing through that Point A. 
Let the Angle E G be biſected by the right Line CF, and 
the Center of the Circle will be found therein. Let that be 
C; and having let fall the Perpendiculars CE, CG to Et 
and FG, E and G wil! be the Points of Contact. Now in 
the ]ri:ngles CEF, CG F, fince the Angles at E and G arc 
right ones, and the Angles at F are halves of the Angle Bo 

| a 
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all the Angles are given, and conſequently the Ratio of the 

Sides C F and CE or CG. Let that be as 4 to e; and if for 

determining the Center of the Circle ſought C, there be aſ- 
ex 


ſumed CF==x, CE or CG will be = w Beſides, let fall 


the Perpendicular A H to FC, and ſince the Point A is given, 
the right Lines AH and FH will be given. Let them be- 
called 4 and h, and taking PC or v trom FH or &, there will 
remain CH =b —x, To whoſe Square bb —2bx--xs» 
add the Square of AH or 49, and the Sum aa +bb —2 by 
r will be AC7 by the 47. 1. Excl. becauſe the Angle 
A HC is, by Suppoſition, a right one. Now make the Ra- 
dii of the Circle AC and CG equal to each other; that is, 
make an equality berween their Values, or between their 
Squares, and you will have the Equation aa +bb—2 by 
ber u ; 


Tr = . Take away wx from both Sides, and 


changing all the Signs, you will have —aa—bb+:bx= 


Ee . 
. Multiply all by 44, and divide by 44—ee, 
—aaid—bbaid+: bad 8 
and it will become - — r Tz 2 The 


Root of which Equation being extracted, is 
544 AN — 
— 4 2 4 44 4 5! Mn ds 
Length F C is found, and conſequently the Point C, which 
is the Center of the Circle ſought. | 
If the found Value x or F C be taken from ö or H E, 


there will remain H C = — we des - —— 


the ſame Equation which came out in the former Problem, 
for determining the Length of DC. | 


PR o- 


— ̃¶ — . — — —F ͤ——ę— — — —— — __— — —U— ů —— 
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; PROBLEM XL. 


To deſcribe a Circle throngh rwo given Points, which ſhall _ 

touch another Circle given in Pcſition, (See Problem 21, 
and Figure 57.] C, t 
or t 


Let A, B be the two Points given, EK the Circle given both 
in Magnitude and Poſition, F its Center, ABE the Circle 
ſought, paſſing through the Points A and B, and touching 
the other Circle in E, and let C be its Center. Let fall the 
Perpendiculars CD and FG to AB being 1 and To 1 
draw CF cutting the Circles in the Point of Contact E, and 2g 
draw alſo F H parallel to DG, and mecting CD in H. Theſe [$ 
being thus conſtructed, make AD or DB=a, DG or HF 
=, GF=c, and E F (the Radius of the Circle given) 1 
D, and DC=x; and CH will be (SCD —FG) =z B a 
—c, and CFq (=CHq+HFgq)=xx—z2cx+cc+bb, night 
and CBq(=CDq +DBq)=xx+aa, and conſequent- the C 


ly CB or CES K AA. To this add EF, and you Point 


— e 

will have CF=4+y x x + aa, whoſe Square 4 4+ 44+ boite 
4 EzA VT Tai, is equal to the Value of the ſame be 
CFq found before, vis. xx - 2c cc. Taken , fre 
way from both Sides x x, and there will remain 4 4 ＋44＋ _—_ 
24Y xx +aa=cco+bb—:cx, Take away moreover K 
44+aa, and there will come out 24v x-x +- aa = c c+ MW quent] 
ee Now, for Abbreviation ſake, for from 
cc . - - 4 4, write 2g 8, and you will have Ml he Sq 
24 xx ＋ 4A 2g g- 2x, ordy xx Ta = gg CK; 
And the Parts of the Equation being ſquared, there will come b 
out 44x x +adaa=gi —2ggcx+ccxx. Take from SCL. 
both Sides 44 aa and cox x, and there will remain 44 x x | 
—CCCxaxzg*t—ddaa—2g8cx. And the Parts of the MY + FN 
Equation being divided by 44 — cc, you will have x x = 

0 | CL, yo 
g* a a - 28 gC U 95 

— + ur" And by Extraction of the affected 
Roo » — 88 +v $*710—PFaaFTdaac | $C, anc 

OE | 44 — 8 
4 -c ad the, 


Having 


Cen mar er er er EOS —— — S - ——— — — 
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Having found therefore x, or the Length of DC, biſect 
AB in D, and at D ere& the Perpendicular DC = 


Sab men from the Center 
44 —ce : 
C, through the Point A or B, deſcribe the Circle ABE; 


tor that will touch the other Circle EK, and paſs through 
both the Points A, B. Q. E. F. 


PROBLEM XLVI. , 


To geſcribe a Circle through a given Point which ſhall touch a 
given Circle, and alſo a right Line, both given in Peſiticn, 
[Ke Figure 58.] | 


Let the Circle to be deſcribed be BD, its-Center C, and 
B a Point through which it is to be deſcribed, and A D the 
right Line which it ſhall touch; the Point ot Contact D, and 
the Circle which it ſhall touch GEM, its Center F, and its 
Point of Contact E. 1 CB, CD, CF, and CD will be 
E to AD, and CF will cut the Circles in the 
oint of Contact E. Produce CD to Q, ſo that DQ ſhall 
be E E, and through Q draw QN parallel to AD. Laſt- 
ly, from Band Fto AD and QN, let fall the Perpendicu- 
lars BA, FN; and fromCto A B and FN let fall the Per- 
ndiculars CK, CL. And ſince BCis = CDor AK, 
K will be (=<AB—AK) = AB—BC, and conſe- 
— BK 4 =ABq—2ABxB-C+BC4. Subtract this 
from B C, and there will remain 2 ABXBC— AB 4 fer 


the Square of C K. Therefore A Ba BC AR is = 


CK); and for the ſame Reaſon it will be FN x 2 FC—-FN 
FO 7. and con equently AB + —2 14 F N 
t the Y+FN=2FC. Wherefore, if for AB, K, FN, K L, and 


CL, you write 4, 3, U, c, and cy, you will have = + 3186= 


ected | 1 
| BC, wd'5 22 rc From F C take away BC, 
- Comm | 
and there will remain E F = © — 2 +30 — —46. 
aving 7 201454 053 639 , | 


X | Now, 
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Now, if the Points where F N being produced cuts the right Ci 
Line AD, and the Circle G E M be marked with the Letters fal 
H, G, and M, and upon HG produced you take HR SAB, tha 
ſince HN (<DQ=EF) is =GF, by adding FH on both PC 
Sides, you will have F N= GH, and conſequently AB—FN Po 
(=HR —GH) GR, and AB—FN+2 F; that is, Let 
.46-b+:EF=RM, and: 2 —- ; b+EF=;RM. and 


| | the 

Wherefore, ſince above EF was = — 222 +306 righ 
— 2 —14 if this be written for E F you will havez RM 

| To 

— I. IF Call therefore R M, 4; and 2 

26 2 4 th 

aill be = **=* 9499 — 22. Mutiply all the Ter, I. 

Mag 


by 4 and I, and there will ariſe 4b4=acc—20cy +ays Wl ind 
—byy. Take away from both Sides acc—24acy, and - | 
there will remain 4b4— acc +24 y=aypy—byy. Di MW DB, 
a bA —acc+2 4acy I Point 


vide by 4 — b, and there will ariſe wr T an, 
, PRA Perpe 

=# y. And extrafting the Root y = 72 + G 
— AD 

—ahb b 1 2 Hes 

* — = 25 — tied Which Concluſions may be thu WM 5 
a ＋ A! 


abbreviated ; make c: b:: 4: e, then a—b:a::c:ft; 


c 7 ——- Wl for 2, 
and fe fe- Y willbe=9y, ory=f+v ff +fe—fc i * 2+ 
Having found y or K C or AD, take AD =f + x AB 


Ve- Je, and at D erect the Perpendicular DC (= 'AD 


BC) = SE AB; and from the Center C, at the Ia: =: A 
terval CB or CD, deſcribe the Circle BD E, for this paſbng 
through the — Point B, will touch the right Line A D in there 8 
D, and the Circle G E M in E. Q. E. K. 

Hence alſo a Circle may be deſcribed which ſhall touch 
two given Circles, and a right Line given in Poſition. [See 
Figure 59.) For let the given Circles be RT, 8 V, their | 
Centers B, F, and the right Line given in Poſition P Of —-—< 
From the Center F, with the Radius FS — BR, deſcribe the 


Circle 


—— —k — il. — — — EE ELIAS 
—— — ES 
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gbt Circle EM. From the Point B to the right Line PQ let 
ters fall the Perpendicular BP, and having produced it to A, ſo 
IB, that PA ſhall be = B R, through A draw A H parallel to 
oth PQ, and deſcribe a Circle which ſhall paſs through the 
EN Point B, and touch the right Line A H and the Circle E M. 
t is, Let its Center be C; join BC, cutting the Circle R T in R 
M. and the Circle RS deſcribed from the ſame Center C, an 

the Radius CR will touch the Circles RT, 8 V, and the 
* þ Wl right Line PQ, as is manifeſt by the Conſtruction. 


PROBLEM XLII. 


CM 
To deſcribe a Circle that ſhall paſs through a given Point, 
WF and touch tuo other Circles given in Poſition ana Magni- 
rude. [ See Figure 60.] | | | 
erms Let the given Point be A, and let the Circles given in 


Magnitude and Poſition be TI V, RH S, their Centers C 

441 Wl 2nd B; the Circle to be deſcribed AI H, its Center D, and 
and Wi the Points of Contact I and H. Join AB, AC, AD, 
Di- DB, and let AB aced cut the Circle RHS in the 
4cy 8 Points R and 8, and A C produced, cut the Circle TI V in 
— WW Tand V. And having from the Points D and C let fall the 
Perpendiculars DE to AB, and DF to AC meeting AB in 
G, and CK to AB; in the Triangle ADB, it will be 
ADq4—DBq+ABq=z= 2AExAB, by the 13 of the 
Hem. But DB=AD+BR, 8 DB = 
ADS +2 ADxBR+BRgq. Take away this from AD; 
+ A Bg, and there will remain ABq—2 ADxBR BR/ 


for 2 AEX AB. Moreover A Bq—BRqis = AB—BR 


xAB+BR=ARxAS. Wherefore ARXAS— 


| _ E 
:ADXxBR=2:AExAB. And 1 


| BR 
=: AD. 
And by a like Reaſoning in the Triangle ADC, 
TAV—2CAF'" 


there will come out again 2 AD e 
RAS — 2 BAE TAV—2CAF TAV 


| — eaoed a IE — 
ene TIC ol r1— And G 
RAS 2 BAE 2 CAFE | 

B& BR r Ad 


X 2 Tv 


CK P will be ſimilar, becauſe their Angles at O and K 
are right ones, and the Sides (K C: PK:: AE, or DO 


2: AQ: AN. Whence fince AQ is 


/ 
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TAV RAS, 2BAE Cr 22 
CT BR BR * 5aG A. Whence finceiris 
AK: AC:: AF: A G, A G will be = | 

TAV  KAS. 25A CT 


+ * "BR Ak Take away this from 


$RAS C©T | 
AE, or 5 * IF and there will remain GE = 


RAS TAV THAT AKTIE cr 


BR CT BR CT ARK. Whence 
ſince it is K C: AK:: GE: DE; DE willbe= 
RAS e e, CT 

BR CTT FBK T cf EKT UN 
take A P, which let be to A B as CT to BR, and r 


e 2 PKXAE 2B 1E 
will be = K. and ſo— CT = I 


2ꝑKAE RAS TAV 2PKxAE 
C 2 and ſo PE R 29852 oY; CT A 


CT = RAS 
KC Upon AB erect the. Perpendicular AQ = BY 


Ty T7 KxAE 
— CT X 2K C and in it take QO — ee , and 


AO will be =DE. 
Join DO, DQ, and CP, and the Triangles DOQ, 


QO) proportional. Therefore the Angles OQD, KPC 

are equal, and conſequently QD is perpendicular to CP. 

Wherefore if AN be drawn parallel to CP, and meeting 

Q in N, the Angle AN Q will be a right one, and the 

Triangles AQN, PCK fimilar; and conſequently PC: KC 

RAS _TAV , 
BR CT 


CT, e 25 
KC AN will be BR 7 Produce AN 


to M. ſo that NM ſhall be = A N, and AD will be =D M, 
and conſequently the Circle will paſs through the Point M. 
| Since 


— 
* 
P_ 
„„ 


* 


— 
929 


Sin 


ſoluric 
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Since therefore the Point M is given, there follows this Re- 
ſolution of the Problem, without any farther Analyſis. 
Upon A B take AP, which mutt be to AB as CT to 
BR; join CP, and draw parallel to ir AM, which ſhall 
RAS TAV-. 
be to BN — CT. 42 CT to PC; and by the Help of 


the 45% Problem, deſcribe through the Points A and M the 
Circle AI HM, which ſhall touch either of the Circles 
TIV, RHS, and the ſame Circle ſhall touch both. 
- ho Bd 
SR hence alſo a Circle may be deſcribed, which ſhall 
touch three Circles given in Magnitude and Poſition. For let 
the Radii of the given Circles be A, B, C, and their Cen- 
ter D, E, F. From the Centers E and F, with the Radii 
B + A and C + A deſcribe two Circles, and let a third Cir- 
cle which touches theſe two be alſo deſcribed, and let it paſs 
through the Point D; let its Radius be G, and its Center H, 
and a Circle deſcribed on the ſame Center H, with the Ra- 


dus G + A, ſhall touch the three former Circles, as was 
required. 1 


P 4 o BLE M XLVIII. 


If at the Enas of the Thread D A E, moving upon the fixed 

Tack A, there are hanged two Weights, D and E, whereof 
che Weight E ſides throvgh the oblique Line BG; to find 
the Place of the Weight E, where theſe Weights are in 
Aquilibrio, | See Figure 63.] 


Suppoſe the Problem done, and parallel to AD draw E E, 
which let be to AE as the Weight E to the Weight D. 
And from the Points A and F to the Line BG let fall the 
Perpendiculars A B, FG. Now fince the Weights are, by 
Suppoſition, as the Lines A E and E F, expreſs thoſe 
Weights by thoſe Lines, the Weight D by the Line E A, 
and the Wei ht E by the Line EF. Therefore the Body 
E, directed by the Force of its own Weight E P, tends to- 
wards F, and by the oblique Force E G tends towards 
G. And the ſame Body E by the direct Force AE of 
the Weight D is drawn towards A, and by the oblique 
Force B E is drawn towards B. Since therefore the Weights 
ſuſtain each other in Aquilibrio, the Force by which the 
Weight E is drawn towards B, ought to be equal to the 
contrary Force by which it tends towards G, that is, BE 
ought to be equal to EG. But now the Ratio of AE to 


E F 
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FE F is given by the Hypotheſis ; and by reaſon of the given 
Angle FE G, there is allo given the Ratio of FE to EG and ] 
to which BE is equal. Therefore there is given the Ratio 


of AE to BE. AB is allo . in Length; and thence GE 
the Triangle A BE, and the Point E will eaſily be given,; W 
Viz, make AB =a, BE=x, and AE will 2 1 
Vas + * x 3 moreover, let AE be to BE in the given. 1 
Ratio of 4 to e, and eVaa+xx will be =4x. And the oo 
the 


Parts of the Equation being ſquared and reduced, eeag = 


ea 
Wy nary Therefore the Lengtꝭ ¶ Redi 
Q w = found, which determines the Place of the Weight E. 
But if both Weights deſcend by oblique Lines, the Compi D 
tation may be made thus [See Figure 64.] Let CD and” 
B E be oblique Lines given in Poſition, through which tho: DD 
Weights D and E deſcend. From the fixed Tack A to theſe B p 
Lines let fall the Perpendiculars A C, A B, and let the Line . Ne 
E G, DH, erected from the Weights perpendicularly to the 1 
Horizon, meet them in the Points G and H; and the Forte WW, h 
by which the Weight E endeavours to deſcend in a perpen- 9 
dicular Line, that is the whole Gravity of E, will be to the in k 
Force by which the ſame Weight endeavours to deſcend in 
the oblique Line BE, as GE to BE; and the Force by dent! 
which it endeavours to deſcend in the oblique Line BE, wil 
be to the Force by which it endeavours to deſcend in the 
Line A E, that is, to the Force by which the Thread AE is 
diſtended or ſtretched as BE to AE. And — 
Gravity of E will be to the Tenſion of the Thread A E a 
GE to AE. And by the ſame reaſon the Gravity of D 
will be to the Tenſion of the Thread AD as HD to AD. V on 
Let therefore the Length of the whole Thread DA ＋ AE A a 
be c, and let its Part AE be = , and its other Part AD F 4 
will be = c — x, And becauſe A ET — AB is = plac 
BE, and AD - AC = CDJ; let, moreover, AB ſitto 
be a, and A C = b, and B E will be = vV xx 44 and Xs 
CD=Vxx—2cx+cc—bb, Farther, ſince the Triangles 
BEG, CDH are given in Specie, let BE:EG::/:E Sinc 
, E - | 
and CD: DH::f:g, and EG will be = + / FF<as, the 
4 . * 


Bax —Cfexx, or 
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and DH= = Vzx—2cx ec. Wherefore ſince 


GE: AE:: Weight E: Tenfion of AE; and HD: AD 
: Weight D: Tenfion of AD; and thoſe Tenſions are 


equal, you will have 


Ts AP r xx—26x+ec—bb; from the 


Reduction of which Equation there comes out g x * 
Vax —2cx Foe = PE =D N24 r 


cc 
84 3 Mu, + 4 | 
-DD* ＋ DDe —DD:. = 2 DDe aan + 


DDccaa=o. 


But if * defire a Caſe wherein this Problem may be 
conſtructed by a Rule and Compaſs, make the Weight D 


torhe Weight E as the Ratio Ee to the Ratio 555. and g 
will become = D; and ſo in the Room of the prece- 


dent Equation you will have this, p33 —240x+annce 


PROBLEM XLIX. 


If on the String DAC BFE, that /lides about the two Tacks 
A and B, there are hung three Weights, D, E, F; D aud 
F at the Ends of the String, and E at its middle Point C, 
Faced betæveen the Tacks : From the given Weights aud Po- 
ſition of the Tacks to find the Situation of the Point C, 
where the middle Weight hangs, and where they are in 


Aquilibrio. | See Figure 65.] 

Since the Tenſion of the Thread AC is equal to the Ten- 
ſion of the Thread A D, and the Tenſion of the Thread EC 
to the Tenſion of the Thread B E, the Tenſions of the Striugs 


ar Threads AC, BC, E C will be as the Weights D, E, r, 
Ihen 
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Then take the Parts of the Thread CG, CH, CI, in the 
ſame Ratio as the Weights. Compleat the Triangle G 
Produce 1 C till it meet GH in K, and GK willbe=K H, 
and CK = + CI, and conſequently C the Center of Gravi- 
ty of the Triangle GH 1. For, draw PQ through C, per- 
8 to CE, and perpendicular to that, from the Points 

and H, draw G P, H Q. And it the Force by which the 
Thread AC by the Force of the Weight D draws the Point 
C towards A, be expreſſed by the Line GC, the Force by 
which that Thread will draw the ſame Point towards P, will 
be exprefled by the Line CP; and the Force by which it 
draws it towards K, will be expreſſed by the Line G P. And 
in like manner, the Forces by which the Thread B C, by 
means of the Weight F, draws the ſame Point C towards 
B, Q, and K, will be expreſſed « the Lines CH, CQ, 
and HQ; and the Force by which the Thread CE, by 
means of the Weight E, draws that Point C-towards E, 
will be 1 by the Line CI. Now ſince the Point C 
is ſuſtained in Aquilibrio by equal Forces, the Sum of the 
Forces by which the Threads A C and B C do together draw 
C towards K, will be equal to the contrary Force by which 
the Thread EC draws that Point towards E ; that is, the 
Sum GP + HQ will be equal to CI; and the Force by 
which the Thread AC draws the Point C towards P, will 
be equal to the contrary Force by which the Thread BC 
draws the ſame Point C towards Q; that is, the Line PC 
is * to the Line CQ. Wherefore, ſince PG, CK, and 
QH are Parallel, GK will bealſo=KH, and CK (= 


GP+H | | 
1 Q =+ CI. Which was to be ſhewn. It remains 


therefore to determine the Triangle G CH, whoſe Sides GC 
and HC are given, together with the Line CK, which i 
drawn from the Vertex C to the middle of the Baſe. Le; 
fall therefore from the Vertex C to the Baſe CH the Per. 


pendicular CL, and 3 will be = KL = 


26 H 
GCq—K Cq—G 
== —_— = For 2 GK write GH, and having 


rejected the common Diviſor G H, and ordered the Terms, 
you will have GCq—2KCa+CHqg==z:GEKy, ov 


vViGCq—-KCq+;cHq=GK. Having found GK, 
or K H, there are given together the Angles GCK, K CH, 


of th 


Geometrical Queſtions. 161 


or DAC, F BC. Wherefore, from the Points A and B in 
theſe given Angles DAC, F BC, draw the Lines A C, BC, 
meeting in the Point C; and C will be the Point ſought. 
But it is not always neceſſary to ſolve Queſtions that are 
of the ſame Kind, particularly by Algebra, but from the So- 
Jution of one of them you may moſt commonly infer the So- 


lution of the other. As if now there ſhould be propoſed this 
Queſtion. 


The Thread A CD B being divided into the given Parts AC, 
CD, DB, and irs Ends being faſtened to the two Tacks 
given in Poſition, A and B; and if at the Points of Di- 
viſion, C and D, there are hanged the taro Weights E aud 
F; from the given Weight P, and the Situation f the 
Points C and D, to know the Weight E. [ See Figure 66.] 


From the Solution of the former Problem the Solution of 
this may be eaſily enough found. Produce the Lines A C, 
BD, till they meet the Lines DF, CE in G and H; and 
the Weight 5 will be to the Weight F, as DG to CH. 

And hence by the by may appear a Method of making a 
Balance of only Threads, by which the Weight of any Body 
E may be known, from only one given Weight F, 


PaoBLszs M L. 


A Stone falling down into a Well, from the Sound of the Stone 
ſtriking the Bottom, to determine the Depth of the Meli. 


Let the Depth of the Well be x, and if the Stone deſcends 
with an uniformly accelerated Motion through any given Space 
in any given Time b, and the Sound paſſes with an —— 
Motion through the ſame given Space 4 in the given Time 
the Stone will deſcend through the Space x in the Time 


by = 3 but the Sound which is cauſed by the Stone ſtriking 
upon the Bottom of the Well, will aſcend through the ſame 


For the Spaces deſcribed by 


deſcending heavy Bodies, are as the Squares of the Times 
of Deſcent; or the Roots of the Spaces, that is, V and 
a are as the Times themſelves. And the Spaces x and a, 
through which the Sound 1 are as the Times of Paſſage. 

And 


Space x, in the Time 5 
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And the Sum of theſe Times 5 . ＋ and 2 is the Time and 


of the Stone's falling to the Return of the Sound. This Tir 
Time may be known by Obſervation. Let it be 7, and you the 


a one 
will have V E =. And U V — And tery 


the Parts being ſquared, 22 1 i - + 25 80 
And by Reduction x v = ade 5 — * —.— And 60 

. of tl 

having extracted the Root x = 847 * — 5K 75 1 _ 4 
vVbb + 4at. G01 
PROBLEM LI. ＋ 


Having given the Globe A, and the Pofition of the Mall DE, 27 
and BD the Diſtance of the Center of the Globe B from 
the Wall; to find the Bulk of the Globe B, on this Conan, 8 
that if the Globe A, (zehoſe Center is in the Line BD, aug 
which is perpendicular to the Il all, and produced cut beyons , 
B) be moved in free abſolute Space, and where Gravity cau. 
not act, with an uniform Motion tomards D, until it oy 
. - againſt the other quieſcent Globe B; and that Globe B, af 
ter it is reflected from ti e Mall, ſhall mect the Glebe A in the 
given Point C. | See Figure 81.] 


Let the Velocity of the Globe A before Reflection be 1, 
and by Problem x11. p. So. the Velocity of the Globe A will 


be after Reflection — 1 5 4 uy the Velocity -— 
Globe B after Reflection will be = = Therefore the 


Velocity of the Globe A to-the Velocity of the Globe B is 
as A B to 2 A. On GD take gD =GH, viz. to the 
Diameter of the Globe B, and thoſe Velocities will be as 
GCtGg+gC. For when the Globe A ſtruck upon the 
Globe B, the Point G, which being on the Surface of the 


Globe B is moved in the Line AD, will go * the 
pace 


his 


you 
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Space G before that Globe B ſhall ſtrike againſt the Wall, 
and through the Space g C after it is reflected from the Wall; 
that is, through the whole Space Gg + g C, in the ſame 
Time wherein the Point F of the Globe A ſhall paſs through 
the Space GC, ſo that both Globes may again meet and ſtrike 
one another in the given Point C. Wherefore, ſince the In- 
tervals BC and CD are given, make BC mn, BD + CD 
=, and BG = , and GC will be S n +x, and Gg + 
$C=GD+DC—:22D=GB+BD+DC—:GH 
=x +n—4x, or =#u—43 Xx. Above you had A—B to 
: A, as the Velocity of the Globe A to the Velocity of the 
Globe B, and the Velocity of the Globe A to the Velocity 
of the Globe B, as GCroGg+gC, and conſequently A 
—BtozA,as GC to Gg C; therefore ſince G C is = 
ia+x, and Gg FC = - zx, A- B will be to 2 A 
a8 E A* to n - 3. Moreover, the Globe A is to the 
Globe B as the Cube of its Radius A F to the Cube of the 
others Radius G B; that is, if you make the Radius A F to 
be s, as g to * ; therefore $f —- 4: 251 (: A — B 
2 A) :: hm -N: ½ - zr. And multiplying the Means 
and Extreams by one another, you will have this Equation, 
„ - U -e z = zz. And by Re- 
Ss i; 0 From the Con- 
{ration of which Equation there will be given x, the Semi- 
Diameter of the Globe B; which being given, that Globe is 
alſo given. Q. E. F. 1 
But note, when the Point C lies on contrary Sides of the 
Globe B, the Sign of the Quantity 2 muſt be changed; 


. 3 
and written 3&7 — 2x) — 58 1 = Os * 


If the Globe B were given, and the Globe A ſought on 
this Condition, that the two Globes, after Reflection, ſhould 
meet in C, the Queſtion would be eaſier; vis. in the laſt - 
Equation found, x would be ſuppoſed to be given, and s to 
be ſought. Whereby, by a due Reduction of that Equati- 
on, the Terms — 555 x + 6 2 —2 5 n being tranſlated to 


f 3 
duction 3 x* — en —enT 


Bis the contrary Side of the Equation, and each Part divided 


> the | 344 — 1 xt 

e as by 5x - +2 un, there would come out | 
n the gx — 7 5 2 
fthe . Where s will be obtained by the bare Extraction of 
| the the Cube Root. 


Y 2 But 
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But if both Globes being given, you were to find the Point 
C, in which both would fall upon one another after Re- 
flection: Since above it was A - to 2 A as GC to Gg + 
g C, therefore by Inverſion and Compoſition 3 A — B will be 
to A — Bas 2 Gꝗ to the ſought Diſtance GC. 


PaoBLEM LIL 


Tf two Globes, A and B, are joined tagether by a ſinall T hread 
PQ, and the Globe B Hanging on the Globe A; if you tet 
fait rhe Globe A, ſo that both Globes may begin to fall tege- 
ther by the ſole Force of Gravity in the ſaine perpendicular 
Line PQ; and then the lower Globe B, after it is refleftes 
npwWwaras from the Bottom or Horizontal Plane F G, it ſball 
wceet the upper Globe A, as falling, in à certain Point D: 
From the given Length of the Tiread PQ, and the Di 
ſtauce DF of that Point D from the No ttom, to find the 
Height P E, from which the upper Globe A onght to be lei 
fall to cauſe this Effect, (See Figure 83.] 


Let 4 be the Length of the Thread PO. In the Perpen- 
dicular PQR F from F upwards take FE equal to QR 
the Diameter of the lower Globe, ſo that when the loweſt 
Point R ot that Globe falls upon the Bottom in E, its upper 
Point Q ſhall poſſeſs the Place E; and let ED be the 
Diſtance through which that Globe, after it is reflected from 

the Bottom, ſhall, by aſcending, paſs, before it meets the 
upper falling Globe in the Point D. Therefore, by reaſon ot 
the given Diſtance D F of the Point D from the Bottom, and 
the Diameter E F of the interior Globe, there will be given 
their Difference DFE. Let that be = 6, and let the Height 
RF, or QF, which that lower Globe deſcribes by falling 
through it betore it touches the Bottom, be = x, by reaſon 
it is unknown. And having found x, if to it you add 
E F and P Q, there will be had the Height P E, from 
which the upper Globe ought to fall to have the deſired 


Effect. | 
Since therefore PQ is S4, and QE =x, PE will be 
SAE. Take away DE orb, and there will remain 


PD :=—=a+x—b. But the Time of the Deſcent of the 
Globe A is as the Root of the Space deſcribed in falling, or 


Va+x—b, and the Time of the Neſcent of the other 
Globe B as the Root of the Space deſcribed by its falling, 
or y x, and the Time of its Aſcent as the Difference of that 
| | 8 Root, 


Diſtane 
will be 
by trat 
Equati 


by 16 x 


fore as 1 
Hith 
ſmall J 


it fall: 
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Root, and of the Root of the Space which it would deſcribe 
by falling only from Q to D. For this Difference is as the 
Time of Deſcent from D to E, which is equal to the Time 


— . 


of Aſcent from E to D. But that Difference is / V. 
Whence the Time of Deſcent and Aſcent together will 


be as 2 j x—V x—b, Wherefore, ſince this Time is e- 
qual to the Time of Deſcent of the upper Globe, it will 
be A TY =D N -e. The Parts of 
which Equation being ſquared, you will have a+ wy — þ = 
= = AVN be, or a A444 x; and 
the Equation being ordered, 4 x —a—4V ; and 
(quaring the Parts of that Equation again, there ariſes 16 x x 
8a +44 =16xx—16bx, or a4 = 804 x — 16 H; 
aa 

84-16 5 
=*. Make therefore as 8 4 — 16 U to 4, ſo à to , and 
zou will have 4 or QE. Q. E. I. 

But if from the given Q E you are to find the Length 


of the Thread PQ or a; the ſame Equation a 2 84 — 
16 H, by extracting the affected Quadratick Root, would 


five 4 =4x— Vi6xx—16Þx; that is, if you take QYa 
mean Proportional between Q D and QE, PQ will be 


=4E Y. For that mean Proportional will be v X- 


r Vr — bx; which ſubſtracted from x, or QE, leaves 


E Y, the Quadruple whereof is 4 x — 4y xx —b x. 


But if from the given Quantities QE, or x, as alſo the 
Length of the Thread PQ, or 4, there were ſought the Point 
D in which the upper Globe falls upon the under one; the 
Diſtance DE, or FA of that Point from the given Point E, 
vill be had from the precedent Equation 24 —8 ax — 16 
by transferring 24 and 16 bx to the contrary Sides of the 
Equation with the Signs changed, and by dividing the whole 


SEX —68 . Make there- 
I6 x 


ſore as 16 x tog - 4, ſoatob, and you will have Y or NE. 
Hitherto I have ſuppoſed the Globes tied together by a 
ſmall Thread to be let fall together. Which, if they are 


— 


and dividing all by 84 — 166, you will have 


dy 16 x. For there will ariſe 


et fall at different Times connected by no Thread, fo that 


the: 
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the upper Globe A, for Example, being let fall firſt, ſha! 
—— the Space PI — th the other Globe begins 

to fall, and from the given Diſtances PT, PQ, and DE, 

you are to find the Height PF, from which the upper Globe /. 
ought to be let fall, ſo that it ſhall fall upon the inferior or 1 
lower one at the Point D. Make PQ =a, DE =, PT g 
=c, and QE r, and PD will be Sa +x —6, as a. 17 
bove. And the Times wherein the upper Globe, by falling, 0 


will deſcribe the Spaces P T and T'D, and the lower Globe 01 
by falling before, and then by re-aſcending, will deſcribe the 

Sum of the Spaces QE +E D will bas y/ PT, y PD - 8 
PT, and 2 QE—yQD; that is, as /c, firlt 
VI =- and z Vr -V =. But the two ff 1 
laſt Times, becauſe the Spaces I D and Q E E are de. — 
ſcribed together, are equal. Therefore V a+ ee 
=2y/ x—V x—Þ. And the Parts being ſquared a +c - vo 
2 cafe = AY -4 rr. Make 4a and 
=e, and 4 —b —f, and by a due Reduction it will be 4 : Ml £9ua 
—ebaVoifÞ+cet=4 Vax—bx, and the Parts being — 
ſquared eem8exr+i6xx-+acf+qacx+16x— 40 tin 
y cf +cxy=16xx—169v, And blotting out on boin Wl And 

Sides 16 * x, and writing n for ee 4c, and alſo writing Ml r + 


n for e — 16% — 4c, you will have by due ReduCtio Wil Sides 


16x—4eXVcf+cx =nxr—m, And the Parts being . 
ſquared you will have 256 cf x x + 256 % 128 cef x— ail 
f 


128 ce x + 16ceef—-- 16cCeexn=nnxx—2Mnunx+ 2 


wm, And having ordered the Equation 256 c x* 

+256cf —128cef | lough 

128 ce +16 Cee of See. o. By the Cor [tance 
| — mm one 8 

— 1 u 2 in u A 


ſtruction of which Equation x or Q E will be given, to which 61h, 
if you add the given Diſtances P Q and EF, you will hai: puttin 
the Height PF, which was to be found. 1112 
that ſ 
Ani 
upper 
are to 
__ Ne. per fa 
Glohe 


1 „ or 


ſhall 
eg Ins 
DE, 
Jlobe 
ior or 


of 1 


as a- 
alling, 
Globe 
De the 
52 
e two 
re de. 


1 both 
vriting 
uction 


P R c- 
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PRoBLEM LIII. 


If tæro quieſcent Globes, the upper one A aud the under one 
B, are let fall at different Times; and the lower Globe be- 
gins to fall in the ſame Moment that the upper one, by fall- 
ing, has deſeribed the Space PT; to find the Places a, , 
mwhich theſe falling Globes ſhall occupy when their Interval 
or Diſtance is given. [See Figure 84. 


Since the Diſtances PT, PQ, and x are given, call the 
firlt a, the ſecond b, the third c, and for P, or the Space 
that the ſuperior Globe deſcribes by falling before it comes 
to the Place ſought æ, put x. Now the Times wherein the 
upper Globe deſcribes the Spaces PT, P, T 7, and the 
lower one the Space Q x, are as V PT, Y Pa, PA 
PT, andy Q x. e latter two of which Times, be- 
cauſe the Globes by falling together deſcribe the Spaces T 7 
and Q y, are equal. Whence allo y ÞP 7 —y PT will be 
equal to Q x. P was=x, and PT = a, and by ad- 
ding 4 X, orc, to P, and ſubtracting PQ , or 6, from the 
Sum, you will have Qx = +c— 6, Wheretore ſubſti. 


rating theſe, you will have V -V = VN. 
And ſquaring both Sides of the Equation, there will ariſe 
rÞHa—2yaax=x+c —b, And blotting out on both 
Sides v, and ordering the Equation, you will have 44+-b - 
—=2y ax, And having ſquared the Parts, the Square of 
c will be =4 ax, and that Square divided by 4 4 
will be = x, or 44 will be to a —casa+b—cis to 
r. But from x found, or P 7, there is given the Place 
ought, ig. « of the ſuperior Globe. And by the Di- 
(tance of the Places, there is alſo given the Place of the lower 
one 8. | 

And hence, if you were to find the Point where the upper 
Globe, by falling, will at length fall upon the lower one; by 
putting the Niſtance 7 o, or by extirpating c, ſay 4 4 is 
waSbasa+bistor, or Pæ, and the Point 7 will be 
that ſought. 

And reciprocally, if that Point , or x, in which the 
upper Globe falls upon the under one, be given, and you 
are to find the Place T which the lower Point P of the up- 
per falling Globe poſſeſſed, or was then in, when the lower 
Globe began to fall; becauſe 40 is to a π as a- is to 


v ; or multiplying the Means and Extremes together, 4 4 x 
= 44 
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=44a4+240+b5, and by due ordering of the Equation IN: 
aa=44X—24b—bb,; extract the Square Root and you Iſh latter 


will have a=2 x—b—2VvV xx— bx. Take therefore V x, 
a mean Proportional between P and Q, and towards VIX G: 


take VT—=V Q, and T will be the Point you ſeek. For Equal 
Ve will be Y PX Gr, that is VX , or = Write 


rr; the double whereot ſubtracted from 2 * — , 

or from 2 P4—PQ, that is, fromPQ 2 Q, leaves Ml quare 

PQ—2VQ, or PV - VQ, that is, PT. 2927 
It, laitly, the lower of the Globes, after the upper has 

fallen upon the lower, and the lower, by their Shock upon 

one another, is accelerated, and the ſuperior one retarded, 

the Places are required where, in talling, they ſhall acquire ef x, 

a Diſtance equal to a given right Line. In the firſt Place 

you mult ſeek the Place where the upper one falls upon the 

lower one; then from the known Magnitudes of the Globes, 

as alſo from their Celcritics where — fall on cach other, ¶ Feber 

you muſt find the Celerities they ſhall have immediately after ing 

Reflection, after the fame Way as in Probl. x11. p. 80. At- = 


terwards you muſt find the higheſt Places to which the Globes ſo pr 
with theſe Celerities, it they were carried upwards, would turn 
aſcend, and thence the Spaces will be known, which the and 
Globes will deſcribe by failing in any given Times after Re- to th 
flection, as alſo the Difference of the Spaces; and recipro- agai 
cally from that Difference aſſumed, you may go back Ana- Gro 
Iytically to the Spaces deſcribed in falling. one 4 
As if the upper Globe falls upon the lower one at the Mag 
Point 7, {See Figure 85.] and after Reflection, the Celerity the 7 
of the upper one downwards be ſo great, as if it were up- Plac 
wards, it would cauſe that Globe to aſcend through the Space [See 
TN ; and the Celerity of the lower one downwards was fo 
great, as that, it it were upwards, it would cauſe the lower Let e 
one io aſcend through the Space + M ; then the Times lobe! 
wherein the upper Globe would reciprocally deſcend through E in its 
the Spaces N , NG, and the inferior one through the Spaces Globe \ 
Mr, MH, would be as y Nan, NG, Mx, „An; the Glo 
and conſequently the Times wherein the upper Globe would Cont 
run the Space 7 G, and the lower one * H, would be as Point of 
VY NG—yYNzT oy MH—y Mz. Make thoſe Times Celerity 


the ſam 
Height 
lerity th 
return t 


equal, and y NG—y N will b=yMH—yYMr. 
And, morcover, ſince there is given the Diſtance G H, put 
GHS r H. And by the Reduction of theſe two 


Equations, the Problem will be ſolved. As if M z is 4 
N 2 
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Na=6b, GH =c, » G=x, you will have, according to the 
latter Equation, x + c= H. Add M, you will have 
MH=4-+c+x Ton Gadd N, and you will have 
NG=b+x, Which being found, according to the former 

uation, TY — „ will be =v a+c+#a—y & 
A and y/f for V4 TL V b, and the Equation 
will become Y VPS V TTV. And the Parts being 
ſquared L- e CTT, ore+f—b= 
:Vef+fx. Fore +f—b urite g, and you will have 


of x, and by Reduction FT mas 
PROBLEM LIV. 


ing from the Height G, ſtrikes another lower one B 
— from the Gaal H wars and theſe Globes 
ſo part from one another by Reflection, that the Globe A re- 
turns by Force of that Reflection to its former Altitude G, 


to the — D DN the Globe A falls again, oy — 
again ˖ B, rebounding. again back from t 
; aud apt 


one another and return to the ſame Place : From the given 
Magnituae of the Globes, the Poſition of the Ground, and 
the Place G from whence the upper Globe falls, to find the 
Place where the Globes ſb 


[See Figure 86. ] 


Let e be the Center of the Globe A, and / the Center of the 
Globe B, 4 the Center of the Place G wherein the upper Globe 
is in its * Height, g the Center of the Place of the lower 
Globe w 
the Globe A, & the Semi-Diameter of the Globe B, c the Point 
Contact of the Globes falling upon one another, and H the 
Point of Contact of the lower Globe and the Ground. And the 
Celerity of the Globe A, where it falls on the Globe B, will be 
the ſame which is generated by the Fall of the Globe from the 
Height 4 e, and conſequently is as / de. With this ſame Ce- 
erity the Globe A 4 


return to its former Place G. And the Globe B ought to be 
Z reflected 


j=2Veſ+fx, and the Parts being ſquared, g g=4ef + 


f there are ro Globes, A, B, whereof the upper one A fall. 


ana that in the ſame Time that the lower Globe B returns 


after this rate the Globes ahways rebound from 


ſtrike upon each other. 


ere it falls on the Ground, 4 the Semi-Diameter of 


t to be reflected u s, that it may 


— 


2 
> 


= a — — 6 ——-— 
1 ———— — — wk — — —— — — — — 
a 42 + * * —— * a — 


. — . 


— — — — — 


U— — oo * 
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reflected with. the ſame Celerity downwards wherewith it are 
aſcended, that it may return in the fame Time to the Ground Gl. 
it took up in mounting from it. And that both theſe may come W mu 
to paſs, the Motion of the Globes in reflefting ought to be by | 
equal. But the Motions are compounded of the Celerities W j 

and Magnitudes together, and conſequently the Product of MW B 

the Bulk and Celerity of one Globe will be equal to the Ak 
Product of the Bulk and Celerity of the other. Whence, 


if the Product of the Bulk and Celerity of one Globe be il <-! 
divided by the Bulk of the-other Globe, you will have the b 
Celerity of the other juſt before and after Reflection, or at 
the End of the Aſcent, and at the Beginning of the Deſcent. Bw 
Ay 4 
| 3 

are as the Cubes of the Radii as —. But as the Square and 
of this Celerity to the Square of the Celerity of the Globe A 

juſt before Reflection, ſo is the Height to which the / 
Globe B would aſcend with this Celerity, if it was not hin- of 


dered by meeting the Globe A falling upon it, to the Height 


e 4 from which the Globe B deſcends, That is, as . 4e into 


to 4e, or as A to Bg, or 45 to b*, fo that firſt Height to WI _ 55; 
x, if you put w for the latter Height c/, Therefore this Pro 
Height, ©/2. to which B would aſcend, if it was not hin. 


6 
dered, is 75 r. Let that be F K. To /f K add fe, or 4H 


— 4 e -e; that is, ? — &, if for the given 4 H—e/ come 
—g you write 7, and æ for the unknown 4e; and you will 
| 6 


| a 
have Rg=577 x - . Whence the Celerity of the 


Globe B, when it falls from K to the Ground, that is when 
it falls through the Space K g, which its Center would de- 


| /7® en 
ſeribe in falling, will be as y 55 » - — x. Hut that 


Globe falls from the Place B cf to the Ground in the ſame 
Time that the upper Globe A aſcends from the Place A ce to 
its greateſt Height 4, or on the other Hand falls from 4 to the 
Place Ace; and therefore ſince the Celerities of falling Bodies 

are 


\ Geometrical Queſtions. 171 


are equally augmented in equal Times, the Celerity of the 
Globe B, by falling to the Ground, will be augmented as 
much as is the whole Celerity which the Globe A aequires 
by falling in the ſame Time from 4 to e, or loſes by aſcend- 
ing from e to 4. Therefore, to the Celerity which the Globe 
B has in the Place Bey, add the Celerity which the Globe 
A has in the Place Ace, and the Sum, which is as / 46 + 
., a n. 

—7— ay £+ Vr, will be the Celerity of the Globe 


B when it falls on the Ground. Therefore /* +55" * 
97 * — 
vill be equal to / rr. rer write — , 


a* —b* xt 3 « 
and for . and that Equation will become 5 


„ + 205) * 
V N αt e. and the Parts being ſquared, 75 8. = 


rt | | 

J £ +. Subtrakt from both sides > x, multiply all 

into 5 5, and divide by r vi, and there will ariſe x = 
1 | 


Which Equation would have come out more 


r. 


ſimple, if I had taken 7 for 22 , for there would have 


come out 72 - = Whence making that Þ — 7 ſhall be 
tos as 5 to , you will have æ, ored; to which if you add 
ec, you will have 4c and the Point c, in which the Globes 
ſnal fall upon one another. Q. E. F. 7 


o 


PA o- 


1 
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* 


 ProBrEM LV. 


Three Staves being erefted, or ſet up an End, in ſome certain 
Part of the Earth cular to the Plane of the Hori. 
aon, in the Points A, B, and C, that which is in 
A is ſix Foot long, that in B eighteen, and that in C eight, 
the Line A B being thirty Foot long; it ha om 4 cer- 

tain Day in the Tear that the End of the & of rhe 
Staff A paſſes through the Points Band C, and of the Staff 
B through A and C, and of the Staff C through the Point 
A. To find the Sun's Declination, and the Elevation of 
the Pole, or the Day ana Place where this ſhall happen. 
[See Figure 61.] 


Becauſe the Shadow of each Staff deſcribes a Conick Sec- 
tion, or the Section of a luminous Cone, whoſe Vertex is 
the Top of the Staff; I will feign BCD E FE to be ſuch 
a Curve, (whether it be an Hyperbola, Parabola, or Ellipſe) 


as the Shadow of the Staff A deſcribes that Day, by = 


ting AD, AE, AF, to have been its Shadows, when 
BA, CA, were reſpectively the Shadows of the Staves B 
and C. And befides I will ſuppoſe PA Q to be the Men 
dional Line, or the Axis of this Curve, to which the Per- 
pendiculars BM, CH, DK, EN, and FL, being let fall 
are Ordinates. And I will denote theſe Ordinates indef- 


nitely by the Letter y, and the intercepted Parts of the 


Axis AM, AH, AK, AN, and AL by the Letter « 


I will ws oP laſtly, the Equation aa L U 1 cxx=95, 
to expreſs the Relation of x and y, (i. e. the Nature of 
the Curve) aſſuming aa, 5 and c, as known Quantities, 
as they will be found to be from the Analyfis, Where | 


made the unknown Quantities of two Dimenſions anly be- 


cauſe the Equation is to expreſs a Conick Section: and 
I omitted the odd Dimenfions of y, becauſe it is an Ordi- 
nate to the Axis. And I denoted the Signs of + and c, as 
being indeterminate by the Note I, which I uſe indiffe- 
rently for + or —, and its oppoſite T for the contrary. 
But I made the Sign of the Square 4 4 Affirmative, becauſe 
the concave Part of the Curve neceſſarily contains the Staff 
A, projecting its Shadows to the oppoſite Parts (C and F, 
D and E); and therefore if at the Point A you erect the Per- 

5 pendicular 
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pendicular Ag, this will ſome where meet the Curve, i 
e in g, that is, the Ordinate y, where x is nothing, wi 
l be real. From thence it follows that its Square, which in 
that Caſe is 4 a, will be Affirmative, 
It is manifeſt therefore, that this fititious Equation a 4 L 
bx L cxw=yy, as it is not filled with ſuperfluous T 
ſo neither is it more reſtrained than what is capablo of ſatis- 
fying all the Conditions of this Problem, and will denote the 
Hype _ or Parabola, according as the Values of 
as, b, c, ſhall be determined, or perhaps found to be no- 
_ But what may be their Values, and with what Signs 
band c are to be affected, and thence what Sort of a Curve 
this may be, will be manifeſt from the following Analyfis. 


The former Part of the Analyſis. 


Since the Shadows are as the Altitudes of the Staves, you 
will have BC:AD::AB:AE(::18:6)::3:1 Al- 
ſo CA: AE (: 826) :: 4: 3. Wherefore naming A M 
r, MB =, AH =, and HC= 1 v. From the 8i- 
militude of the Triangles AMB, AN E, and AH C, 


ALF, AN will b = — . NE AL= 


. and LF = 3” ; whoſe Signs I put contrary 


4 
to the Signs of AM, M B, AH, H C, becauſe they tend 
ays with reſpe& to the Point A from which t 

are drawn, or to the Axis PQ on which they Q 
Now theſe being reſpectively written for x and y in 


the fictitious Equation aa Lbx Lexa =yy. 

7 and s will give aa L br 4,697 20:6 
— > and 4 will ge T err =355 

tand I v will givega Lb? Ll cit =vv. 

zt and TI v will give 44 T 5br 1 1 r=n 

Now, by exterminating 5s from the firſt and ſecond E- 
quations, in order to obtain 7, there comes out B= 
Whence it is manifeſt, that I b is Affirmative. Alſo by ex- 
terminating v v from the third and fourth, to obtain 7, — | 
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comes out 77 — 7. And having writ 75 for v in the firſt, 


| | 42 
and = for 7 in the third, there ariſe 344 L 77 SS, 
3 


3 


Moreover, having let fall B perpendiculat upon CH, 
BC will be: A D (:: 3:1) :: Ba: AK rr: Gar DK. 
Wherefore, fince Ba is (= AM —AH=r—2z) = 


TR ARK will be = 2 or rather 22 Alſo 
300 9 * 9b 
fince Cais (=CH LBM=v Ls) =y/ = 5 
7 x * 
153441 , it will be DK (=: Ca) = 


bb 


th. . 1 8 | 


_ — e 3 | 
SEES ons Ly ras L457 Which being re. 


ſpectively written in the Equation aa + by Lc =, 


an 
— 1 
9 


for A K and DK, or x and y, there comes out 


25 a* c 9 374 c 44 47% 
81 5 © 27 64 4 8$16b 12 * 27 * Sb 8 

; L553: And by Reduction ds Ante 
2V36b Ll 51aabbe 4 gat cc; and the Parts being 
ſquared, and again reduced, there comes out © = 143 6+ 1 
— 14306 


aabbc, or — 
ner 4 196 4 4 


that .L c is Negative, and conſequently the fictitious Equa- 
tionaa | by L cx = yy will be of this Form, 4 4 
+bx—Ccxx=yy. And therefore the Curve, which it de- 
notes, is an Ellipſis; whoſe Center and two Axesare thus found. 
Making y = ©, as happens in the Vertex's of the Figure 

P and Q, you will have 8a +b6x =c x x, and having ex. 


= 1 6 Whence it is manifeſt, 


trated 


Sup 
R P 
minou 
a Plar 
Plane 
Axis e 
will b 
Cone 1 
every \ 
its Ver 


Quantii 


is = — 


pendici 
of the 
the Tri. 


Jy, 
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t {bb 44 A 1 
. Re. = 24 rere = 24 p*$* 
SL ; 
And conſequently, taking A VS, V will be the Center 


C 
2 c L 
of the Ellipſe, and VQ, or VP ( IR : ) the 


greateſt Semi-Axis. If, moreover, the Value of AY, or 


b 
77 be put for & in the Equation a8 + rtr , 


AF | , + == 
there will come out 4 4 - 7e =459. Wherefore a 4 TH 
will de 2 VZ 4, that is, to the Square of the leaſt Semi- 
Axis. Laſtly, in the Values of AV, VQ, 4 VZ already 

aa 


3 9 
found, writing, = fox c, there come out 140. A V. 


112 44 ½ͥ 3 Bay; 
— VO, and = V2. 
d. F, 


The uber Part of the Avolyſis, Les Figure 62.) 


Suppoſe now the Staff A R ſanding on the Point A, and 
R P of wilh be the Meridional Plane, and R PZQ the lu- 
minous Cone whoſe Vertex is R. Let moreover T X Z be 
a Plane cutting the Horizon in VZ, and the Meridional 
Plane in T*-V X, which Section let be perpendieular to the 
Axis of the World, or of the Cone, and the Plane TX 
will be per icular to the ſame Axis, and will cut the 
Cone in Be eriphery of the Circle T Z. X, which will be 
every where at an equal Diſtance, as RX, RZ, R T, from 
its Vertex. Wherefore, if PS be drawn parallel to TX, you 
will have RS RP, by reaſon of the equal Quantities 
RX, RT; and alſo 8 X X Q, by reaſon of the equal 


RS 
Quantities PV, VQ ; whence RX or RZ ( XK 2) 


2 — Laſtly, draw R V, and ſince v2 per- 
pendicularly ſtands on the Plane R PQ , (as being the Section 
of the Planes dicularly ſtanding on the ſame Plane) 
the Triangle RV will be right-angled at V. 5 

2 | ow 
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Now making RA=4, AV =e, VP or VO, and 

V2 = g, you will have AP =f — e, RP = 

V —2ef+ee+44, Alſo AQ Fe, and RQ 

VI T ze Tee 4A; and conſequently R Z (= 

ND I 
8 2 


F ee eee is equal 
(RVq+VZq= RAq+AVq+VZq=)4a4d4+ee 
+ gg. Now having reduced, it is 


Vf —2eefjf+et+24atf+24de84+4* =dd +ee— 
T1 2g f, and the Parts being GT reduced into 


| 4 
G e tighter = fark etc 920 i 
| 9844 n12aay3 Bay; 
44+ee—fſf+88. Laſtly, 6, 57 „977. 


(the Values of AR, AV, vd, and VZ) being reſtored for 


8 196 8 192 44 
4, e, f, and g, there ariſes 36 — 143 bb * 3 


36 XK 14 X 1424 gien 2 £36 X 4949 
143 5 > and thence by Red 48 a8 + 128) 
=I. | | 


In the firſt Scheme AM ai MB? is = ABg, that is, 77 


aa 
+ SS 33 X 35 But r was = g=, and 36 = 3 44 — 
4450 WF 1.14 i: 5.10000 
IT whence 7 = , and (ſubſtituting — op for c) 


444 4a* 442 
— — h . 
SS * erefore 5-5- — 33 X 33, and thence 


49 
_4X 49 4% 
5$3361—446 


by Reduction there again reſults == bb, Put- 


ting therefore an Equality between the two Values of b 6, and 
dividing each Part of the Equation by 49, you will 2. 
| | a 


den, 
recti. 
pern 


It fr 
ſeryed, 
the Ecl 
on whie 
the rig] 
lars in 


Ie 
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4* + 36 44 44 
3841287 =" $3361 — 444 | 
croſs-ways, ordered and divided by 49, there comes out 4 4* = 


6 
981 424 + 39204, whoſe Root 44 is MT r 


; whoſe Parts being multiplied 


= 280, 2254144. 
Above was found 


a* 144 4 
2.5 - 5.208 ==bb, Or = £ == 
53361 — 444 V 53361 —44 4 


=. Whence AV (= is e and VP 
1436 143 


11244y/3NJ, 8 1 | . 
Or val == 7 ) 18 143 y 160083 —12 44. That is, 


by ſubſtituting 280,2254144 for 4 4, and reducing the Terms 

into Decimals, A V = 11,188297, and VP or V Q = 

:2,147085 3 and Terry AP(PYV — AV) as 
be 


10,958788, and AQ (AV+VQ) 33,335 382. 
Laſtly, "if Ko R or 1 made Radius, z AQ or 


„555897 will be the Tangent of the Angle AR Q of 79 
9. 4 48“. and ; AP or 1, 826465 the Tangent of the An- 
de ARP of 61 gr. 17'. 57”. half the Sum of which Angles 
10 gr. 32. 52”. is the Complement of the Sun's Declination; 
and the Semi-difference 9 gr. 14". 56. the Complement of 
the Latitude of the Place. Therefore, the Sun's Declination 
was 19 gr. 27'. 10”, and the Latitude of the Place 80 gr. 
45". 4”. which were to be found. 


PROBLEM LVI. 


From the Obſervation of four Places of a Comet, moving 
with an uniform right-lined Metion through the Hea- 
den, to determine its Diſtance from the Earth, and Di- 
rection and Velocity of its Motion, according to the Co- 
pernican Hypotheſis. [See Figure 73. | 


It from the Center of the Comet in the four Places ob- 
ſerred, you let fall ſo many Perpendiculars to the Plane of 
the Ecliptick ; and A, B, C, D, be the Points in that Plane 
on which the Perpendiculars fall ; through thoſe Points draw 
the right Line AD, and this will be cut by the Perpendicu- 
lars in the ſame Ratio with the Line which the Comet de- 

Aa ſcribes 


fi 
ii 
fl 
; 
| 


178 RESOLUTION of 


ſcribes by its Motion ; that is, ſo that A B ſhall be to AG 
as the Time between the firſt and ſecond Obſervation to the 
Time between the firſt and third; and AB to AD as the 
Time between the firſt and ſecond to the Time between the 
firſt and fourth. From the Oblervations therefore there are 
given the Proportions of the Lines AB, A C, AD, to one 
another. | 

Moreover, let the Sun S be in the ſame Plane of the Eclip- 
tick, and E H an Arch of the Ecliptical Line in which the 
Farth moves; E, F, G, H, four Places of the Earth at the 
Times of the Obſervations, E the firſt Place, F the ſecond, 
G the third, H the fourth. Join AE, BF, CG, DH, and 
let them be produced until the three latter cut the former in 
I, K, and L, vis. B F in l, CG in K, DH in L. And the 
Angles AI B, A K C, ALD will be the Differences of the 
obſerved Longitudes of the Comet; A I B the Difference of 
the Longitudes of the firit and ſecond Place of the Comet; 
AKC = Nifference of the Longitudes of the firſt and third 
Place, and A LD the Difference of the Longitudes of the 
grſt and fourth Place. There are given therefore from the 
Obſervations the Angles AI B, AKC, ALD. 

Join SE, SF, EF; and by reaſon of the given Points 
8, E, FE, and the given Angle E SF, there will be given the 
Angle SEF. There is given alſo the Angle SE A, as be- 
ing the Difference of Longitude of the Comet and Sun in the 
Time of the firit Obſervation. Wherefore, if you add its 
Complement to two right Angles, vis. the Angle SE 1 to the 
Angle SEF, there will be given the Angle IE F. There- 
fore there are given the Angles of the Triangle I E E, toge- 
ther with the Side E F, and conſequently there is given the 
Side IF. And by a like Argument there are given K E 
and LE. There are given therefore in Pofition the four 
Lines Al, BI, CK, DL, and conſequently the Pro- 
blem comes to this, that four Lines being given in Poſition, 


we may find a fifth, which ſhall be cut by theſe four in a 


given Ratio. 
Having let fall to AI the Perpendiculars BM, CN, DO, 
by reaſon of the given Angle Al B there is given the Ratio 
BM to MI. But BM to CN is in the given Ratio of 


BA and CA, and by reaſon of the given Angle CK N 


there is given the Ratio of CN to K N. Wherefore, there 
is alſo given the Ratio of BM to KN; and thence alſo the 
Ratio of BM to MI— RN, that is, to MN + IK. 
Take P to IK a8 is AB to BC, and fince MA is to MN 

6 : m 
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in the, ſame Ratio, P ++ M A will be to l K ＋ MN in the 
ſame Ratio, that is, in a given Ratio. Wherefore, there is 
given the Ratio of BM to P MA. And by a like Ar- 

ument, if Q be taken to I L in the Ratio of A B to BD, 
there will be given the Ratio of B M to Q + MA. 
And therefore the Ratio of B M to the Difference of 
P+MAandQ+MA will be alſo given. But that Differ- 


ence, vis, P- , or Q—P is given, and therefore there 


will be given BM, But BM being | Biven, there are alſo 
civenP+MAand MI, and thence, MA, ME, AE, and 
the Angle E AB. | 


Theſe being found, erect at A a Line perpendicular to the 
Plane of the Ecliptick, which ſhall be to the Line EA as the 
2 of the Comet's Latitude in the firit Obſervation to 
Radius, and the End of that Perpendicular will be the Place 
of the Comet's Center in the firſt Obſervation. Whence the 
Diſtance of the Comet from the Earth is given in the Time 
of that Obſervatim. And after the ſame Manner, if from 
the Point B you erect a Perpendicular which ſhall be to the 
Line BF as the Tangent of the Comet's Latitude in the ſe- 
cond Obſervation to Radius, you will have the Place of the 
Comet's Center in that ſecond: Obſervation. And a Line 
drawn from the firft Place to the ſecond, is that in which 
the Comet moves through the Heaven, | 


PROBLEM LVII. 


If the given Angle CAD move about the amular Point A 
given in Poſitien, and the given Angle CBD about the 
angular Point B given alſo in Poſition, on this Conaition, 
that the Legs AD, BD, Hall always cut one another in 
the right Line E E given likewiſe in Poſition ; to find tie 
Curve, which the Interſection C of the other Legs A C, 
B C, 4eſeribes. [Ste Figure 74.] | 


Produce C A to 4, ſo that A 4 ſhall be = AD, and 
produce C B to 7, ſo that B/ ſhall be = to BD. Make 
the Angle Ae equal to the Angle ADE, and the Angle 
B equal to the Angle BD FE, and produce A B on both 
Sides until it meet 4e and ff in e and f. Produce alſo 
e4 to G, that 4G ſhall e and from the Point ho 

4 3 8 


ob. ST OE os A — — — 


_ 
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the Line AB draw CH parallel toe4, and CK parallel to 

J. And conceiving the Lines G, F to remain immove- 
able while the Angles CAD, CD, move by the aforeſaid 
Law about the Poles A and B, G 4 will always be equal to 
4, and the Triangle CH K will be given in Specie. Make 
therefore Ae =a, eG=b, B = c, AB m, BK =x, 
and CK =y. And BK will be: CK :: Bf: 77. There- 


fore f 4 = = —= G4. Take this from Ge, and there will 


remain £4 = b — =o - Since the Triangle CK H is given 


in Specic, make CK : CH ::4:e, and CH: HK ::0:f, 


and CH will be = =, ERK =. And conſequently 


— But AH: H:: Ae: ed, that is, 


e C 
m— Ly : 74 29 — 2. Therefore, by multiply- 


ing the Means and Extreams together, there will be made 


1c bf cfyy aey | 
Ae ie. at ad, mag 3s ah Py =— Multiply 


all the Terms by 4 x, and reduce them into Order, and there 


+ 4c 
will come out fc yy 2 xy —4cmy —bdaxx+ 


bamx o. Where, ſince the unknown Quantities x and 
aſcend only to two Dimenſions, it is evident, that the 

Curve Line that the Point C deſcribes is a Conick Section. 

| age — Ac 

A 


7 1m b 1 bam. 


7 +79 + 5 9 And the Square Root 


being extracted, y = ＋. __ 27 + 


=2f, and there will come out y y = 


. 


And fo i 


x 
7 


Moreo 
p falls u 
fore in tb 


e; and ye 


== 
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2 ain, Tbim n 
Hie N j 
Whence we infer, that the Curve is an Hyperbola, if 5 


be Affirmative, or Negative and leſe than 1+ ; and 


a Parabola, if be W wu 77 an Ellipſe 


or a Circle, 5 be both Negative and greater than 77 


Q. E. I. 
PROBLEM LVIII. 


To deſcribe a Parabola eohich ſhall paſe 28. 98 four Points 
x given. [See Figure 75,] | 


Let thoſe given Points be A, B, C, D. Join AB, and 
biſect it in E. And through E draw VE, a right Line, 
which conceive to be the Diameter of a Parabola, the Point 
V being its Vertex. Join AC, and draw DG parallel to 
AB, and meeting AC in G. Make AB = a, AC=b, 
AG Sc, GD=4. Upon AC take AP of any Length, 
and from P draw P ee to AB, and conceiving Q 
to be a Point of the Parabola; make AP=x, PQ =g. 
And take any Equation expreflive of a Parabola, which may 
determine the Relation detween AP and PQ. As that yis 


=e+fx+VZ8+4x : 

Now if AP or x be put =o, the Point P falling upon 
A, PQ or y will be o, as alſo =— AB. And by wri-- 
ting in the aſſumed Equation o for x, you will have y=e 
Sg, that is =e+g.. The greater of which Values of 5, 
＋ is So, the leflere—g=—AB, or to — 4. There- 
fore e =—#2g, and e — , that is, —2g=—4, org 2 a. 
And ſo in room of the aſſumed Equation you will have this 
f=—La+bfx+vV43aa-+bx. 

Moreover, if AP or x be made = AC, fo that the Point 


P falls upon C, you will have again P Q =o. For æ there- 
fore in the laſt Equation write AC or b, and for y write 


5; and you will have 0 =— 5 4+ fb +v $4aa-+b06, wh 
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=I; and the Parts being ſquared — a /. 
+ffbb=bb, orffb—fa=h. And fo, tn room wk 
aſſumed Equation, there will be had this, J=—z4+fx 
+? Ta#FffÞs —743. 
Moreover, if AP or x be made= AG or c, PQ ory 
will be =—G Dor —4. Wherefore, for & and y in the 
Kit Equation write c and — 4, and you will have — 4 = — 
34 H- 4 NA = Jac, or ia—d—fc 
VIA -Jac. And the Parts being ſquared, — 4. 
—fac+dd+2dcf+ccff=ffbc—fac, And the E- 
4 44 —41 
quation being ordered and reduced, ff = F=f+ F< 
For 5 —c, that is, for GC write k, and that Equation will 
| 44 — 44 
become ff — 2749 2 - And the Root being ex- 


4 adc+ddk —adk 
wafted, = + y - kt . But F being found, 


the Parabolick Equation, vis, y =— 1 4 +f a + 


— 


V 2zaa+ffbx—f ax will be fully determined; by who: 
Conſtruclen therefore the Parabola will alſo be determined 
The Conſtruftion is thus: Draw CH parallel to BD mes 
ing DG in H. Between DG and DH take a mean Propo 
tional D K, and draw EI parallel to C K, biſecting AB it 
E, and meeting DG in]. Then produce LE to V, fo thit 
EV ſhall be to EI:: EBq:DIq—EB4, and V vil 


be the Vertex, V E the Diameter, and Iz the Latus Re 
nm of the Parabola ſought. 


PrxoBLEmM LIX. _ 


To deſcribe 4 Conick Section through five Points gives 
; | [See Figure 76.] 


Let thoſe Points be A, B, C, D, E. Join AC, BE, cu 
ting one another in H. Draw DI parallel to BE, and meet 
ing AC in I. As alſo E K parallel to A C, and meeting D 
produced in K. Produce I B to E, and EK to G; ſo the 
AH C ſhall be: BHE: : AIC: FID:: EK G.: FK 
and the Points F and G will be in a Conick Section, 2s | 
known. E 


Points 
and in 
of the 
other 
this o 
genc a 


T, an 
the Fig 

It re 
produce 
FEM 7 
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fb But you ought to obſerve this, if the Point H falls be- 
the W tween all the Points A, C, and BE, or without them all, the 
fx WM Joint I muſt either fall between all the Points A, C, and 
F, D, or without them all; and the Point K between all 
the Points D, F, and F, G, or without them all. But if the 
* point H falls between the two Points A, C, and without the 
e other two B, E, or between thoſe two B, E, and without the 
other two A, C, the Point I ought to fall between two of the 
Points A, C and FP, D, and without the other two of them 3 
ad in like Manner, the Point K ought to fall between two 
e E. « the Points D, E, and E, G, and without Side of the two 
other of them; which will be done by taking I E, K G, on 
_— dis or that Side of the Points I, K, according to the Exi- 
* Bi cency of the Problem. Having found the Points F and ; 
ck AC and E G in N and O; alſo BE, E D in L 
M. Join NO, LM, cutting one another in R; and LM 
-d N O will be the Diameters of the Conick Section, R its 
Center, and BL, FM, Ordinates to the Diameter LM. 
Produce L M on both Sides, if there be Occaſion, to P and 
Q, fo that BL 4 ſhall be oFMgq::PLQ: PMQ, and 
Pand Q will be the Vertex's of the Conick Section, and 
PQ the Tatus Tranſverſum. Make PL Q: LBq::PQ 
T, and T will be the Larus Rectum. Which being known, 
the Figure is known. 
It remains only that we may ſhew how LM is to be 
produced each Way to P and ſo that BLq may be 
;:PMq::PLQ: PMQ, vis. PLQ, or PLxLQ, ws 


PR—LRxXPRE+LR; for PLis PR—LR, and LQ 
$RQ+LR, or PR+LR. Moreover, PR—LR x 
PR-+LR, by multiplying, becomes PR q—LR 4. And 


after the ſame Manner, PM Q is PR+RMxPR—RM, 
ooPRq—RMgq Therefore BLq:FMq::PRq— 
LRq:PRqq—RM4; and by dividing, BLq4—FMq 
FM: : RM LRG: PR- RMZ. Wherefore 
ince there are given BLq—FMgq, FM and RM 7 
LR 4, there will be given PR q—R Mgq. Add the given 
Quantity RM, and there will be given the Sum PR 4. 
ind conſequently its Roet P R, to which QR is equal. 


PA 
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PakoBLE mM LX. 


To aeſcribe a Conick Section which ſpall paſs through four i by a 
given Points, and in one of thoſe Points ſhall touch a right GF. 
Line given in Poſition, | See Figure 77.] :D( 


Let the four gion Points be A, B, C, D, and the right . 
Line given in Poſition be A E, which let the Conick Section N DE. 
touch in the Point A. Join any two Points D, C, and let M px: 
DC produced, it there be Occaſion for it, meet the Tangent 4. 
in E. Through the fourth Point B draw BF parallel w FO 
DC, which may meet the ſame Tangent in F. Alſo draw 
DI parallel to the Tangent, and which may meet BF in l. 
Upon FB, DI, produced if there be Occaſion, take FG, taere 
HI, of ſuch Length as that it may be AE: CED: : AF 

BF G:: DPIH: BIG. And the Points G and H will be 
in a Conick Section as is known; provided you take FG, IH, 


on the proper Sides of the Points F and I, according to the tonal 
Rule delivered in the foregoing Problem. Biſect B G, DC, Aft 
DH, in K, L, and M. Join K L, A M, cutting one ano- Proble 
ther in O, and O will be the Center, A the Vertex, and HM be ſol 
an Ordinate to the Semi- Diameter AO; which being known, fut of 
the Figure is known. Let th 
the Co 

- and an 

PROBLEM LXI. r 

To deſcribe a Conick Section which ſhall paſs through thrit MI ©* alſo 
given Points, and touch right Lines given in Poſition in the Cor 
 #3w0 of thoſe Points, [See Figure 78.] N 1 8 
e ſan 

Let thoſe given Points be A, B, C, the Tangents A D, Sæ, a. 
B D, to the Points A and B, and let D be the common Inte-, aſſun 
ſection of thoſe Tangents. Biſect A B in E. Draw DE, MWiick Se. 


and produce it till in F it meets C F drawn parallel to AB;MW+ yy = 
and DF will be the Diameter, and AE and CF the Ordi- MWiiies wi 
nates to that Diameter. Produce DF to O, and on DO Wiities. 
take O Va mean Proportional between DO and EO, on c, 4, 
this Condition, that alſo A Eg: CFS: VE VO+OE I'S 
:VExXVOFOF; and V will be the Vertex, and O the f bre the 
Center of the Figure. Which being known, the Figure Hand K I 
will alſo be known, But VE is = VO—OE, and conſe- Mat the E 


uently VE VU OE =VO—OExVO+OE=F*>=o. \ 
70 g—OEgqg Beſides, Becauſe VO is a mean 1 the other 
| on 
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onal between DO and EO, VOy will b = DOE, and 
conſequently VOg—OE4=DOE—OEq=DEO. And 


by a like Argument you will have VF x VO+ O F=VO q— 
OF9-—=DOUE—OPgq Therefore AEq:CFq::DEO 
DOE —- OF. OFqis = EOq—2FEO+FEg5. 
And conſequently DOE=OFq9=DO E—OEq+2FEO 
—_FEq=DEO-+2FEO—FEq2 AdAEq:CF5:: 
DEO: DEO +2: FEO —FEg::DE:DE+2FE— 


FE FE 
76 Therefore there is given DE 2 FE — C 


Take away from this given Quantity DE 2 F E, and 


FE | FE 4 
tzere will remain E 6 given. Call that N; and 1 


will be = E O, and conſequently EO will be given. But 
E O being given, there is alſo given VO, the mean Propor- 
tional between D O and EO. 

After this Way, by ſome of Apollonius's Theorems, theſe 
Problems are expeditiouſly enough ſolved ; which yet may 
be ſolved by Algebra alone without thoſe Theorems. As if the 
firſt of the laſt — Problems be propoſed : [See Figure 78.] 
Let the five given Points be A, 55 C, D, E, through which 
the Conick Section is to paſs. Join any two of them, A, C, 
and any other two, B, E, by right Lines interſecting one an- 
other in H. Draw DI parallel to BE meeting AC in I; 
is alſo any other right Lins K L meeting ACin K, and 
the Conick Section in L. And imagine the Conick Section 
o be given, ſo that the Point K being known, there will at 
the ſame Time be known the Point L; and making AK 
Se, and K Ly, to expreſs the Relation between * and 
3, aſſume any Equation which generally. expreſſes the Co- 
nck Sections; ſuppoſe this, a + bx +cxr wb dy +exy 
+43 S e. Wherein a, b, c, d, e, denote determinate Quan- 
tities with their Signs, but * and y indeterminate Quan- 
ities. Now if we can find the determinate Quantities 4, 
b, c, 4, e, the Conick Section will be known. Let us there- 
lore feign the Point L to fall ſucceffively upon the Points A, 
CB, E, D, and let us ſee what will follow thence. If there- 
fore the Point L falls upon the Point A, in that Caſe A K 
and K L, that is, æ and y, will be o. Then all the Terms 
o the Equation beſides 4 will vaniſh, and there will remain 
So. Wherefore 4 is to be blotted out in that Equation, and 
ne other Terms b x + 0 exy+ yy will be o. 


Moreover 


136 
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Moreover if L falls upon C, AK, or x, will be =A C, and 
LK or y =o. 
F for x and © for y, the Equation for the Curve b x -4 c x x 
+ diy +Sexy+y3y =o, will become fc = o, orb 
=—c]. 
will become — cf x cx x + 
ther, if the Point L falls upon the Point B, A K or x will 
be—AH, and K Lory BH. Put therefore A Hg, 
and BH = , and then write g for x and & for , and the 
Equation — cf x + 
4dJh+egb+hbh=o. 
E, AK will be = AH, or x g, and K Lor H E. 
For HE therefore write — k, with a Negative Sign, becauſe 
HE lies on the contrary Side of the Line AC, and by ſub- 
ſtituting g for x and — k for y, the Equation —cf x + 
ca x, &c. will become —cfg+cgg—dk—egk+kk 
Do. Take away this from the former Equation — cg 
+cgg +a +egh +bh, and there will remain 4h + 
egh -hh+d4k+egk—kk=o. Divide this by Hk, 
and there will come out eg —k —0. 
this multiplied by V from —cfg+ cgg +4 hb +egh+bb 
=o, and there will remain —cfg+cgg + hk=o, or 


— ” 2 (4. 
. 

Point D, A K or x will be= Al, and KL or y will be 

ID. Wherefore, far AI write , and for I D, u, and 

| likewiſe for x and y ſubſtitute and 2, and the Equation 

—cfx + cx x, & will become — cf m + c + 4n+ 

emn+nnu=0. 


Put therefore A C =, and by ſubſtituting 


And having writ in that Equation — c for b, it 
er- = ©. Far- 


cc, &c. will become —cfg egg 
But it the Point L falls upon 


Take away 


Laſtly, if the Point L falls upon the 


Divide this by u, and there will come out 


c Ten mn 
7 


+4 Ten Ao. Take away 4 + 
—cfm Henn 


eg+h—k =o, and there will remain 


cmm—cfm 


Sem—eg+n—b+k=o0, of — 
+k egen. But now by reaſon of the given Points 
A, B, C, D, E, there are given AC, AH, Al, BH, EH, 
DI, that is, J, g, n, h, k, u. And conſequently by the E- 


c there is given c. But © being given 


quation 7 


CMM — 


by the Equation — 


m 
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there is given eg — em. Divide this given Quantity by 
the given one g — n, and there will come out the given e. 
Which being found, the Equation 4 +eg +h — k =o, or 
1—k-—h—eg, willgive4. And thele being known, there 
will at the ſame Time be determined the Equation expreſſive 
of the Conick Section ſought, vi. cſx=cxx + dy +exy 
+3J- And from that Equation, by the Method of Des Car- 
tes, the Conick Section will be determined. 

Now if the four Points A, B, C, E, and the Poſition of 
the right Line A E, which touches the Conic k Section in one 
of thoſe Points A were given, the Conick Section may be 
thus more eaſily determined. Having found, as above, the 
Equations cf x =cxx - A ey ＋ y, 4=k—b—eg, _ 


6 hb 
and LED conceive the Tangent AF to meet the 


right Line EH in F, and then the Point L to be moved 
along the Perimeter of the Figure CD E till it fall upon the 
Point A; and the ultimate Ratio of LK to AK will be 
the Ratio of FH to AH, as will be evident to any one 
that contemplates the Figure. Make EH =P, and in this 
Caſe where L K, A K, are in a vaniſhing State, you will 


bave p: g:: : x, or 7 Sr. Wherefore for x, in the E- 


quation cfa=cexx+dybSexy +», write == ,andrhere 


c C . 
will ariſe 22 2 ＋ 4 +52 +99: Divide all 


BY . PP 
by y, and there will eome out * = TY + 4+ * 
+ y. Now becauſe the Point I. is ſuppoſed to fall upon 
the Point A, and conſequently K L, or y, to be infinitely 


{mall or nothing, blot out the 1 erms which are multiplied 
by y, and there will remain - A. Wherefore make 
hk —h—4 
FILES then 55 ＋ d. Laſtly, . and 
having found c, 4, and e, the Equation cf xy=cxx +4 y 
Texy - will determine the Conjck Section. | 


B b 2 3 
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If, laſtly, there are only given the three Points A, B, C, 
together with the Poſition of the two right Lines A T, CT, 
which touch the Conick Section in two of thoſe Points, A 
and C, there will be obtained, as above, this Equation ex- 

reſſive of a Conick Section, cf x = cx » + dy pers +39. 

See Figure 80.) Then it yon ſuppoſe the Ordinate K L to 
be parallel to the Tangent A T, and it be conceived to be 

roduced, till it again meets the Conick Section in M, and 
that Line LM to approach to the Tangent A I till it coin- 
cides with itat A; the ultimate Ratio of the Lines K L 
and K M to one another, will be a Ratio of 2 as 
will appear to any one that contemplates the Figure. Where- 
fore in that Caſe K Land K M being equal to each other, 
that is, the two Values of y, (viz. the Affirmative one K L, 
and the Negative one K M) being equal, thoſe Terms of the 
Equation cf x =cxx+dy+exy+yy in which y is of 
an odd Dimenſion, that is, the Terms 4y +exy in — 
of the Term yy, wherein y is of an even Dimenſion, will va 
niſh. For otherwiſe the two Values of y, vis. the Affirma- 
mative and the Negative, cannot be equal; and in that Caſe 
AK is infinitely leſs than L K, that is x than , and conſe- 
quently the Term ex y than the Term yy. And conſequent- 
ly being infinitely leſs, may be reckoned for nothing. But 
the Term 4 y, in reſpect of the Term y y, will not vaniſh as 
it ought to do, but will grow ſo much the greater, unleſs 4 
be ſuppoſed to be nothing. Therefore the Term 4 is to be 
blotted out, and ſo there will remain cf x =c x x +exy + 
9 y, an Equation expreſſive of a Conick Section. Conceive 
now the Tangents AT, CT, to meet one another in T, and 
the Point L to come to approach to the Point C, till it coin. 
cides with it. And the ultimate Ratio of K LtoK C will 
be that of A T to AC. KLwasy; AK, æ; and AC, J, 
and conſequently K C, f — &; make AT==g, and the ul- 
timate Ratio of y to —x, will be the ſame as of g to. 
The Equation cf x=cx x +exy+y y, ſubtracting on both 
Sides c x, becomes cf x — ceax=exy+py y, that is, f—x 
into Cx =y intoex+y, Therefore it is y: F - : :e 
+ 3, and conſequently g:f::cx:ex+y. But the Point L 
falling upon C, y becomes nothing. Therefore g: F:: cx: ex. 
Divide the latter Ratio by x, and it will become g: F: : cc, 

1 

and = De. Wherefore, if in the Equation cf y=c x * 


8 
+ exy 


— t. 
ew th 
cult, th 
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5 Texy +I), you write * for e, it will become of x =cxx 
\ 
4 + xy +yy, an Equation expreſſive of a Conick Secti- 


0 on. Laſtly, draw B H parallel to K L, or AT, from the 
2 given Point B, through which the Conick Section ought to 
d paſs, and which ſhall meet A C in H, and conceiving K L to 
1- come towards BH, until it coincides with it, in that Caſe A H 
L will be Se, and B H=y. Call therefore the given quantity 
as AH=m, and the given BH n, and then for æ and y, 


cf 


” in the Equation Hr + x3 +33, write m and 
" !, and there will ariſe cm = cmm + Aue Lan Take 


away on both Sides em + EL mn and there will come 
cf fn 


out cf 1 — 61m n — 2 =o Put F — n — 5, 
ind cm will be nun. Divide each Part of the Equation 
by S m, and there will ariſe c = 75 . But having found 
„the Equation for the Conick Section is determined c f x 
= 0x w + Ley ＋ y. And then, by the Method of 


"is 

EO the Conick Section is given, and may be de- 
cribed. | 

Hitherto I have been ſolving ſeveral! Problems. For in 
learning the Sciences, Examples are of more Uſe than Pre- 
cepts. Wherefore I have been the larger on this Head. And 
ſome which occurred as I was putting down the reſt, I have 
— their Solutions without uſing Algebra, that I might 

ew that in ſome Problems that at _ _ diffi- 
cult, there is not always Occaſion for Algebra. But now it 
's Time to ſhew the Solution of Equations. For after a Pro- 
blem is brought to an Equation, you muſt extract the Roots 
. — Equation, which are the Quantities that ſatisfy the 
roblem. 


3 | How 
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How EQuATTONsõ are 10 be ſolved. 


A FTER- therefore in the Solution of a Queſtion you are 
come to an Equation, and that Equation is duly reduced 
and ordered ; when the Quantities which are denoted by Spe. 
cies, and which are ſuppoſed given, are really given in Num- 
bers, thoſe Numbers are to be ſubſtituted in their room in the 
Equation, and you will have a Numeral Equation, whoſe 
Root being extracted will ſatisfy the Queſtion. As if in the 
Diviſion ot an Angle into five equal Parts, by putting 7 for 
the Radius of the Circle, 4 for the Chord of the Comple- 
ment of the propoſed Angle to two right ones, and x for the 
Chord of the Complement of the fifth Part of that Angle, | 
had come to this Equation, x —5rrxt +5r* w—rt7 
= o. Where in any particular Cale the Radius is given in 
Numbers, and the Line 4 ſubtending the Complement of the 
iven Angle; as if the Radius were 10, and the Chord 3; 
fubſticute thoſe Numbers in the Equation for 7 and 4, and 
there comes out the Numeral Equation »» — $5o0ort + 
| $0000 — 30000 = ©, Whereof the Root being extracted 
will be æ, or the Line ſubtending the Complement of the 
fifth Part of that given Angle. 


f the Nature of the Roots of an EQuaT1ON. 


Brit the Root is 4 Number which being ſubſtituted in tht 
- Eq':ation for the Letter or Species ſignifying the Ron, 
aii make all the Terms vaniſh. 


Thus Unity is the Root of the Equation æ“ — * — 19 x# 
49 x—30=0, becauſe being writ for æ it produces 1 —1 
—19 +49 zo, that is, nothing. But there may be more Roots 
of the ſame Equation. As if in this ſame Equation K -* 
— for +49 — 30 S, for x you write the Number 2, 
and tor the Powers of x the like Powers of the Number 2, 
there will be produced 16 —8 —76 + 98 — 30, that is no- 
thing. And ſo if for x you write the Number 3, or the Ne. 
gative Number — 5, in both Caſes there will be produced 
nothing, the Affirmative and Negative Terms in theſe four 
Caſes deſtroying one another. Therefore fince any of the 
Numbers written in the Equation fulfils the Condition of x, 
by making all the Terms of the Fquation together equal to 


nothing, any of them will be the Root of the * , 
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And that you may not wonder that the ſame Equa- 
tion may have ſeveral Rocts, you muſt know that there 
may be more Solutions than one of the ſame Problem. 

As if there was ſought the ws > of two given Cir- 
cles; there are ¼õ Interſections, and conſequently he Queſti- 
on admits #200 Anſwers ; and therefore the E uation determi- 
ning the Interſection will have 72ro Roots, whereby it deter- 
mines both the Interſections, provided there be nothing iu the 
Data whereby the Anſter is determined to only one Inter- 
ſection. [See Figure 87.] | 

rs thus, of of * you APB — fifth Part Is — 
to be found, thou rha ps you might apply your Thoughts 
only to the Arch b mage = this Maron, Sect os 
Queſtion will be ſolved, will determine the fifth Part of all 
the Arches which are terminated at the Points A and B; vez. 
the fifth Part of the Arches AS B, AP BSA PB, ASBPASB, 
and A PBS AP BSA PB, as well as the fifth Part of the 
Arch A PB; which fifth Parts, if you divide the whole Cir- 
cumference into five equa) Parts PQ, QR, R 8, 8 T, TP, 
vill de AT, AQ, ATS, AQR. Wherefore, by ſeeking 
the fifth Parts of the Arches which the right Line A B ſub- 
tends, to determine all the Caſes the whole Circumference 
ought to be divided in the five Points P, Q, R, 8, T, there- 
fore the Equation that will determine all the Caſes will have 
fre Roots. For the fifth Parts of all theſe Arches depend 
on the ſame Data, and are found by the ſame kind of Cal- 
culus; ſo that you will always fall upon the ſame Equation, 
whether you ſeek the fifth Part of the Arch A PB, or che 
fiith Part of the Arch A SB, or the fifth Part of any other 
of the Arches. Whence, if the Equation by which the fifth 
Part of the Arch APB is determined, ſhould not have more 
than one Root, while by ſeeking the fifth Part of the Arch 
ASB we fall upon that ſame Equation ; it would follow, 
that this greater Arch would have the ſame fifth Part with 
the former, which is leſs, becauſe irs Subtenſe or Chord is 
expreſſed by the ſame Root of the Equation. In every Pro- 
blem * it is neceſſary, that the Equation which an- 
ſwers ſhould have as many Rocts as there are different ye 
the Quantity ſought _—_— on the ſame Data, and to 
be determined by the ſame Method of Reaſoning. Ho 

But an Equation may bave as many Rcots as it has Di- 
menſiams, and not more. 

Thus the Equation & — & — 19 r + 49 x — 30, 
So, has four Roots, t, 2, 3, —5 ; but not more: For 

5 any 
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any of theſe Numbers writ in the Equation for x will cauſe 
all the Terms to deſtroy one another as we have ſaid ; bur 
beſides theſe, there is no Number by whole Subſtitution this 
will happen. 

But the Number and Nature of the Roots vill be beſt un- 
derſtood from the Generation of the Equation. 

As it we would know how an Equation is generated, whoſe 
Roots are 1, 2, 3, and — ;; we are to ſuppoſe x to ſignify 
am biguouily thoſe Numbers, or x to be =1, a, X=3, 
and x = —35, or which is the ſame Thing, x — 1 =o, x—2 
=0, x — 3 o, andy +5 =0; and multiplying theſe 
together, there will come out by the Multiplication of x —1 
by x — 2 this Equation xx — 3x +2 =o, which is of 
two Dimenſions, and has two Roots 1 and 2. And by the 
Multiplication of this by x — 3, there will come, out & — 
6xx+11x—6 =0o, anEquation of three Dimenſions and 
as many Roots; which again multiplied by x + 5 becomes 
* — „ —19 xx ＋ 49 * —30=0, as above. Since 
therefore this Equation is generated by four Factors, x — 1, 
* — 2, X—3, and r + 5, continually multiplied by one ano- 
ther, where any of the Factors is nothing, that which is 
made by all will be nothing; but where none of them is no- 
thing, that which is contained under them all cannot be no- 
thing. That is, ä — xi — 19 x x + 49 x — zo cannot be 
©, as ought to be, except in theſe four Caſes, where x—1 
is S o, orr—2 =0, orx—3 So, or, laſtly, x + 5 
= ©, therefore only the Numbers 1, 2, 3, and — 5 can ex- 
hibit x, or be the Roots of the Equation. And you are to 
reaſon alike of all Equations. For we may imagine all to be 
generated by ſuch a Multiplication, although it is uſually 
very difficult to ſeparate the Factors from one another, 
and is the ſame Thing as to reſolve the Equation and 
extract its Roots. For the Roots being had, the Factors 
are had alſo, 

But the Roots are of two Sorts, Affirmative, as in tht 
Example brought, 1, 2, aud z, and Negative, as — 5. 
of theſe ſome are often impoſſible. | 

Thus, the two Roots of the Equation x #» — 2 ax + 


bb o, which are a + V aa—band a —V 86a —bb, are 
real when 44 is greater than Y; but when 4 à is leſs than 
bb, they become impoſſible, becauſe then 4 4 — & will be 
a Negative Quantity, and the Square Root of a Negativ® 
Quantity is impoſſible. For every poſſible Root, whether * 


* 
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be Affirmative or Negative, if it be multiplied by it (elf, 
produces an Affirmative Square; therefore that will be an 
impoſſible one which is to produce a Negative Square, By 
the ſame Argument you may conclude, that the Equation 
r — 4 r ＋ /r —6 o, has one real Root, which is 
2, and two impoſſible ones 1 + - 2 and i- — 2. For 
any of theſe, 2, 1 E/ — 2, 1— — 2 being writ in the 
Equation for x, will make all its Terms deſtroy one another; 
but 1 ) —2, and t — yy —2, are impoſſible Numbers, 
becauſe they ſuppoſe the Extraction of the Square Root out 
of the Negative Number — 2. 

But it is juſt, that the Roots of Equations ſhould be of- 
ten impoſſible, kſt they ſhould exhibit the Caſes of Proble ns 
that are often 1mpoſſible as if they vere poſſibte. 

As if you were to determine the Interſection of a right 
Line and a Circle, and you ſhould put two Letters for the 
Radius of the Circle and the Diſtance of the right Line 
from its Center; and when you have the Equation defining 
the Interſection, if for the Letter denoting the Diſtance of the 
right Line from the Center, you put a Number leſs than the 
Radius, the Interſection will be poſſible; but it it be greater, 
impoſſible ; and the two Roots of the Equation, which de- 
termine the two Interſections, ought to be either poſſible or 
impoſſible, that they may truly expreſs the Matter. [See 
Fizure 88.) And thus, if the Girele CDEF, and the El- 
liplis A C B FE, cut one another in the Points C, D, E, E, and 
to any right Line given in Poſition, as A B, you let fall the 
Perpendiculars CG, DH, EI, F K, and by ſeeking the 
Length of any one of the Perpendiculars, you come at 
length to an Equation; that Equation, when the Circte 
cuts the Ellipfis in four Points, will have four real Roots, 
which will be thoſe four Perpendiculars. But if the Ra- 
dius of the Circle, its Center remaining, be diminiſhed un- 
til the Points E and F meeting, the Circle at length touches 
the Ellipſe, thoſe two of the Roots which expreſs the Per- 
pendiculars E I and F K now coinciding, will become equal. 
And if the Circle be yet diminiſhed, ſo that it does not 
touch the Ellipſe in the Point E F, but only cuts it in 
the other two Points C, D, then out of the four Roots thoſe 
two which expreſſed the Perpendiculars EI, FK, which are 
now become impoſſible, will become, together with thoſe 
Perpendiculars, alſo impoſſible. And after this Way in all 
Equations, by augmenting or diminiſhing their P. ms, of 
the unequal Roots, two will become firſt equal and then im- 

| Cc poſlible. 


— — —— — — 


Schemes exhibit them as impuſſible. But this happens by rea- 


out, that AB, AD, and AC are continually proportion: 
l | 
tions of the Scheme, it is not neceſſary that it ſhould be 


that given Point to ſome of the Perpendiculars, as CG, be 
- ought, we ſhall light on an Equa on of four Roots, PG 


_ thoſe that tend from the Point P the ſame 


hos NATURE 2 
e And thence it is, that the Number of the impolli 
Roots is always even. 1 et . 


_ But ſogzetimes the Roots.of Equations are paſſole, ww hen the 


on of ſome Limitation in the Scheme, which does nor belong 
70 the Equation. | See Figure 89. 1 51501 19 
As if in the Semi-Circle A D B, having given the Diame- 
ter AB, and the Chord AD, and having let fall. the Per- 
pendicular DC, I was to find the Segment of che Diameter 
AC, you will have 21 AC. And, by this Equation, 
A C is exhibited a real Quantity, where the inſcribed Line 
A D is greater than the Diameter A B; but by the Scheme, 
AC then becomes impoſſible, vis. in the Scheme the Line 
AD is ſuppoſed to be inſcribed in the Circle, and therefore 
cannot be greater than the Diameter of the Circle; but in the 
Equation there is nothing that depends upon that Condition. 
From this Condition alone of the Lines — Equation comes 
And becauſe the Equation does not contain all the Condi- 


bound to the Limits of all Conditions. Whatever is more 
in the Scheme than in the Equation may conſtrain that to 


Limits, but not this. For which reaſon, when Equations 


are of odd Dimenſions, and conſequently cannot have all 
their Roots impoſſible, the Schemes often ſet Limits to the 


- Quantities on which all the Roots depend, which Limits it 
is impoſſible they can exceed, keeping the ſame Conditions of 
the Schemes, | 


Of thoſe Roots that are real ones, the Affirmative and Ne- 
gative ones lie on contrary Sides, or tend contrary Ways: 


. Thus, in the laſt Scheme but one, by feeking the Perpes- 


dicular CG, you will light upon an Equation that has two 


Afﬀirmative Roots C G and DH, tending from the Points ( 
and D the ſame Way ; and two Negative ones, E I and FK, 
tending from the Points E and F the oppoſite Way. Or if in 
the Line A B to which the Perpendiculars are let fall, there 


be given any Point P, and the Part of it PG extending from 


PH, PI, and P K, whereof the eee G, anc 
Way with PG, (a 
a PR 
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pK) will be Afﬀibinative; but thoſe which tend the contrary 


Way (as BH, PI) Negative 


I here there are none of the Roots of the Equation impoſſi-. 


be, the Number the Affirmative and Negative Roots iu 


le known {hom the Signs of rbe Ferms of the Equation. For” 


therecare: ſo many Afermanve Roats as there are Changes of 


the Stgus-114 4: continual: Series fram ＋ to , aud from — to 


5 


Ti the reſt are Negative. 


sin the Equation * — 1 —19xx + 49x —30 =" 


o, where the Signs of the Terms follow one another in this 
Order, + — — + , the Variations of the ſecond — from 
the firſt +, of the fourth + from the third —, and, of the 
fifth — from the fourth +, ſhew, that there are three Affir- 
mati ve Roots, and conſequently, that the fourth is s ech. 
tive one. But where ſome of the Roots are 1120///61e, the 
Rule is of no Force, unleſs as far as thoſe impoſſible Roots, 
which are neither Negative nor Affirmative, may be taken tor 
ambigtous ones, Thus in the Equation & + paw + 3 fp 
— 4 == 0," the Signs ſhew that there is one Affirmative R oct 
and two Negative ones. Suppoſe x = 2 f, or x — 2 Þ = 0, 
and multiply the former Equation by this, x — 2 Þ = ©, that 
one Affirmative, Root more may be added to the former, and 


you will have this Equation, 11 — x ＋7 xx hs ** * C 


+ 2P q == ©, which 2 to have two Affirmative and two 
Negative Roots; yet it has, if you regard the Change of the 
Signs, four Affirmative ones. There are therefore [wo i 
fo{/ſible ones, which for their Ambiguity in the former 
Caſe ſeem to be Negative ones, in the latter, Affirmative 
ones. | 
But you may know almoſt by this Rule how many Roots 
are impoſſible. _ | 
Make a Series of Fraftions, whoſe Denominators are 
Numbers in this Progreſſion 1, 2, 3, 4, 5, &c. going on to 
the Number which ſpall be the ſame as that of the Dimen- 
ſions of the Equation ; and the Numerators the ſame Series 
of Numbers in a contrary Order, Divide each of the latter 
Fraftions by each of the former. Place the Fraftions that 
come out over the middle Terms of the Equation. Aud um der 
any of the midale Terms, if its Square, multiplied into the 
7 over its Head, is greater than the Rectangle 
of rhe Terms on both Sides, place the Sign ; but if it be 
leſs, the Sign —. Bur under the firſt and laſt Term place rhe 
Sgu +, And ibere will be as many impoſſible Roots as there 
| c 2 are 


. * 


— — — 
—- * 
—̃ů — H— —— 
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are Changes in the Series of the under-written Signs from . 
to —, and — 70 +. r 

As it you have the Equation æ +pxx + 3fpx—q=0; 
I divide the ſecond of — Fractions 07 this Series 4. 2. +, Us, 
5 by rhe firſt v, and the third + by the ſecond 3, and [ place 
the Fractions that come out, vi. + and + over the middle 
Terms of the Equation, as follows; 


„ PA = 
8 £ + 
Then, becauſe the Square of the ſecond Term P x multi. 
3 22 
3 


than 3 y, the Rectangle of the firſt Term x3 and third 
3 % px, I place the Sign — under the Term Þx x. But be. 
cauſe 9Þ* x x (the Square of the third Term 3 7 x) multi- 
plied into the Fraction over its Head ;, is greater than no- 
thing, and therefore much greater than the Negative Rett- 
angle of the ſecond Term px x, and the fourth — 4, I place 
the Sign ＋ under that third Term. 'Then, under the frit 
Term +* and the laſt — 4, I place the Sign +. And the 
two Changes of the underwritten Signs; which are in this 
Series + — + , the one from + into —, and the 
other from — into -+, ſhew that there are two impoſſible 
Roots. And thus the Equation & — 4 xx +4 x — 6=0 


plied into the Fraction over its Head }, vis. 


. is leſs 


has two impoſſible Roots, K — 4 xx + 4 x — 6 == 0. 


——— 


Alſo the Equation &“ — 6 xx — 3 x — 2 o has two, 
„ 1 : | 
2* Xx — ECxXX—ZX—2 = 0. For this Series of Frafti- 


m_ 7 

ors F. 3. J. 2, by dividing the ſecond by the firſt, and the third 
by the ſecond, and the fourth by the third, gives this Se- 
ries 2. #. 3, to be placed over the middle Terms of the Equa- 
tion. Then the Square of the ſecond Term, which is der 
nothing, multiplied into the Fraction over Head, vis. 3, pro- 
duces nothing, which is yet greater than the Negative ReQan|ge 
„ x* contained under the Terms on each fide æ and — Cx. 
Wherefore, under the Term that is wanting I write 

In the reſt I go on as in the former Example ; and there comes 
out this Series of the underwritten Signs + + + — +, 
where two Changes ſhew there are two impoſſible m_ 

| 5 1 


„ * FPVETTONT” © wb 

And after the ſame Way in the Equation & — 4 4 
* —=2XX—5x—4=0, are diſcovered two impoſſible 
oots, as follows; | . 


1 >. 2 5 3 4 N i + 4 131 
* - 4 pay) —2x3—5X—4=0, 


Where two or more Terms are wanting together, under 
the fitſt of the deficient Terms you muſt write the Sign —, 
under the ſecond Sign + , under che third the Sign —, 
and ſo on, always varying the Signs, except that under the 
laſt of ſuch deficient Terms = mult always — „ when 
the Terms next on both Sides the deficient Terms have con- 

| 7 8— 
trary Signs. As in the Equations ＋ me a * 
* bart KXR - 2 h 
nd . + dh 3 the firſt whereof has 
four, and the latter two impoſſible Roots. Thus alſo the 
Equation, | 
EY 1 
* — 2K ＋- ZA —2x*+v) K A —3=0 


E +; v. Þ 
has ſix impoſſible Roots. 


Hence alſo may be known whether the impoſſible Roots 


are among the Affirmative or N __ ones, For the Signs 
of the Terms over Head of the ſubſcribed changing Terms 
ſhew, that there are as many im 
as there are Variations of them, and as many Negative ones 
as there are Succeſſions without Variations. Thus, in the 


K- 4K pax —2xx—5X—-4=0 1p. 
Equation + + wt + os ＋ 5 be 

cauſe by the Signs that are writ underneath that are change- 
able, vis. — +, by which it is ſhewn there are two 
impoſſible Roots, the Terms over Head — 4 * +4 x — 
2 * have the Signs — + —, which by two Variations 
ſhew there are two Affirmative Roots; therefore there will 
be two impoſſible Roots among the Affirmative ones, Since 


therefore the Signs of all the Terms of the Equation 
+ — + — — — by three Variations ſhew that there are 
three Affirmative Roots, and that the other two are Nega- 
tive, and that among the Affirmative ones there are two 
impoſſible ones ; it follows that the Equation has one true 
affirmatiye Root, two negative ones, and two impoſſible 

ones, 


ble Affirmative Roots 


* 
? ——U—Pq—ẽæ ñ — —— — —— = — 
— — — 
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ones: But if the Equation had been + Ned a r 
*, then the Ternis over Head of the ſub. 


— — = 7 


ſcribed former varying Terms +—, vis. — 4* — 4. x*, by 
their Signs that do not change — and , ſhew, that one of 


Moreover all the Affirmative Roots of any, Equation may be 
change into Negative ones, and the Negative into Affir- 


mative ones, and that only by changing the Signs of ihe 
alternate Terms. 1 : 100 


Thus in the Equation * —4 vt + 4x) —2xx—5x 
— 4 o, the three Affirmative Roots will be changed into 
Negative ones, and the two Negative ones into Affirmatives, 
by changing only the Signs of the ſecond, tourth, and fixth 

erms, as is done here, x* + 4 x* ＋ AY EXA 
+ 4—0o. This Equation has the ſame Roots with the for 
mer, unleſs that in this, thofe Roots are Affirmative that 
were there Negative, and Negative here that there were At- 
frmative; and the two impoſſible Roots, which lay hid there 
among the Affir ative ones, lie hid here among the Nega- 
tive ones; ſo that theſe being deducted, there remains only 
one Root truly Negative: | 

There are alſo other Tranſmutations of Equations which 


are of Uſe in divers Caſes. Mr «ve may ſufpuſe rhe Root of 


an Equation to be c mpoſed any how our of a known and un- 
kno: Onantity, and then ſubſtiture what we ſuppoſe equt> 
valent tit. As if we ſuppoſe the Root to be equal to the 


Sum ar Difference of any known and unknown Quantity. 15 
| | after 


gative, 
1 0 
OOt 
be — 
tion x? 
pear in 
the Re 
now 
quation 
By t 


Terms ( 
known « 


poſed, - 


after this Rate we may augment or diminiſh the Roots of the 


Equation by that known Quantity, or ſubtract them from itz 


and thereby cauſe that ſome of them that were before Ne- 
gative ſhal now become Affirmati ve, or ſome of the Affir- 
mati ve ones become Negative, or alſo that all ſhall become 
Affirmative or all Negative. Thus in the Equation * - 
—I9xx ＋ 49 f 30 =o, it I have a mind to augment 


the Roots by Unity, I ſuppoſe x 1=9, or x =p —7; 


and then for x I write y—1 in the Equation, and for the 


uare, Cube, or Biquadrate of x, I write the like Power | 


of y — 1, as follows. 


a * -_ 


AD - pag.” con fide. < a 2 I 
„„ 
Tran 
＋49 * | +49Y— 49 

A R ata ani”: 


"Sam 925% - 10 % 809 —96=0. N 


And the Roots of the Equation that is produced, (viz.) 


* — 5% —1099 + 80% — 96 co, will be 2, 3,4, — 4, 
which before were 1, 2, 3, = 5, 1. e. bigger by Unity. Now, 
if for x L had writ y + 13, there would have come out the 


Equation 5 Es = 1099 —{ 59 + 4 =0,-- whereof 


there be two, ative Roots, ; and 1:, and two Nega- 
tive ones, — 3 and —6:, But by writing y — 6 for x, 
there. would have come out an Equation whole. Roots would 
have. been 7, 8, 9, 1, vis. all Affirmative; and orig for 
the ſame (x] y +4, there would have come out thoſe Roots 
diminiſhed by 4, vis. —3—2 —1—g, all of them Ne- 
ative. | | 
f After this Manner, by augmenting or diminifhing che 
Roots, if any of them are impoſſible, they will ſomerimes 
be more eaſily detected than before. Thus in the Equa- 
tion & — 284% 34 =0, there ate no Roots that ap- 
pear impoſſible by the preceding Rule; but if you augment 
the Roots by the Quantity 3, writing — 4 for x, you may 
now by that Rule diſcover two impoſſible Roots in the E- 
quation reſulting, 1 - 3425 4 =o. ">07 
By the ſame Operation yo may alſo take away the 

Terms of Fqnations; This will be done, if you ſubduR the 
known Quantity of the fecond Term of the Equation 
poſed, divided by the Number of Dimenſions of the higheſt 
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| 
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1 
| 

| 

[ 

: 

| 

| 
| | 
| 


there ought to be writ y 2, or y +1 for x, that the third 
Term of the Equation that reſults may be taken away. An 


Do; but if you write y +1, there will ariſe this * 
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Term of the Equation, from the Quantity which you aſſume 
to ſignify the Root of the new Equation, and ſubſtitute the 
Remainder for the Root ot the Equation propoſed. As if 
there was propoſed the Equation x*— 4 x» x + 4x —6 o, 
J ſubtract the known Quantity of the ſecond Term, which is 
—4, divided by the Number of the Dimenſions of the E- 
quarion, v4. 3, trom the Species or Letter which is aſſumed 
to lignity the new Root, ſuppoſe from y, and the Remainder 
yr ſubſtitute for x, and there comes out 


aer 
A? 
+43 te 
„ „ 


By de ſume Method, the third Term of an Equation 
may be alſo taken azvay. Let there be propoſed the Equation 
at - 3 3xx—5x—2=0, and make x 24 
and ſubſtituting y — e in the room of x, there will ariſe this 
Equation | 


4 
„„ wage, 9: 30 
4 „ gee 
„; „ee II se Tie 
3 — Je 
. 


The third Term of this Equation is Gee + ge + 3 mul. 
tiplied by yy. Where, if 6e 9 e + 3 were nothing, you 
would have what you deſired. Let us ſuppoſe it therefore to 
be nothing, that we may thence find 2 Number ought 


to be ſubſtituted in this Caſe for e, and we ſhall have the 


Quadratick Equation 6ee+-ge+3 =0; which divided 
by 6 will become ee , e: o, oree= —4 e—5 
and extracting the Root e = — 4 +y 1d —- of 2 — T 
v x;, that is, =—} ＋ , and conſequently either = 
— 'Whence y — e will be ei 9 +3, oo bbw 
Wherefore, fince y —e was writ for æ; in the room ot y —* 


that will happen in both Caſes. For if for * you writs 
— I 


9-+2, there will ariſe this Equation, 9 — 5 — 215 


ſoft 
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Moreover, the Roots of Equations may be multiplied or di- 


vided by given Numbers; and after this Rate, rhe Terms of 


Equanons be diminiſbed, and Fractions and Radical Quanti- 
ties ſometimes be talen away. 

As if the Equation were y* —*y — 255 So; in order to 
take away the Fractions, I ſuppoſe ytobe=. 2, and then 
by ſubſtituting | S for , there comes out this new Equation, 


146 


2 27 
Denominator of the Terms, 2* — 12 2 — 146 = ©, the Roots 
ot which Equation are thrice greater than before, And a- 
gain to diminiſh the Terms of this Equation, if you write 2 9 
tor S, there will come out 8 v — 24 — 146 o, and divi- 
ding all by 8, you will havev* — 5 v—18 { = 0; the Roots 
of which Equation are half of the Roots of the former. And 
here, if at laſt you find v make 2v=2z, i2=y, and y ++ 
= x, and you will have x the Root of the Equation x? — 
(xx + 4x — 6 So, as firſt propoſed. : 

And thus, in the Equation x* —2 x + y/ $==0, to take 
away the Radical Quantity / 3; for x» | write / 3, and 
there comes out the Equation 35 3-2 3+y 3=0, 
_—_ dividing all the Terms by / 3, becomes 390 — 
2) IS. | 

Again, the Roots of an Equation-may be changed into tbeir 
Reciprocals, and after this Way the Equation may be ſome- 
runes reduced to a more commodious Form. 

Thus, the laſt Equation 3% — 2 y +1 o, by writing 


I 2 
—for q, becomes * — +1=0o, and all the Terms 
being multiplied by 2, and the Order of the Terms _—_ 
ed, 21 — 22S ==0. The laſt Term but one of an 

E may alſo by this Method be taken away, provided 
the ſecond was taken away before, as you ſee done in the 
preocene Example. Or if you would take away the laſt 
ut two, it may be done, provided you have taken away the 
third before. Moreover, the leaſt Root may be thus con- 
rerted into the greateſt, and the greateſt into the leaſt, which 
may be of ſome Uſe in what follows. Thus, in the Equati- 


on x - — 19 ＋ 49 x — 30 o, whoſe Roots are 


7 2, 1. — 5, if you write 7 for x, there will come out 
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| and 

the Equation — 2 1 — No 30 = , which, Teri 

| y J FX F gene 

multiply ing all the Terms by y*, and dividing them by 30, W ; by 

: 1 | | n quat 

the Signs being changed, becomes 5“ — = T 30 9 tick 
+ = 7 — — = o, the Roots whereof are +, , 1, — 

6 es 


the greateſt of the Affirmative Roots 3 being now changed 
into the leaſt 2, and rhe leaſt 1 being now made greateſt, and 
the Negative Root — 5, which of all was the molt remote 


from o, now coming neareſt to it. 


There are alſo other Tranſmutations of Equations, but her 
which may all be performed after that Way of rranfmuratins Signs 
we have ſhewn, when we took away the third Jerm of the Roots 
Equation. + . is the 


From the Generation of Equations it is evident, that 14: MI *f the 
known Qrantity of rhe ſecond Term of rhe Eqtarion, if it: Wl © 
Sign be change, is equal to tie Aggregate of all rhe Ren chat ot 
tuner their proper Signs; and that of rhe third Zerm equal Ws. 
to the Aegregare of rhe Reftgugles of each tæro of the Rot; WM 101 ves 
that of the fourth, if its Sign be changed, is equal to the A.-. the R. 
gregate of the Contents under each three of the Roors ; that f ny thi 
the fifth is equal to the Aooregate of the Contents 1naer each Wl ot the 


four, and ſo on ad infinitum. Divifo! 
Let us aſſume a, x=b, = -c, x =4, &c. or or Rec 
* - 4 o, - So, X ec, x —4=09, and by the be evid 
continual Multiplication of theſe we may generate Equations, Roots, 
as above. Now, by multiplying » — 4 by x» — & there will — l 
be produced the Equation v x __ , v+4b=0; where the 3 5 
known Quantity of the ſecond Term, if its Signs are changed burth; 
viz. a =, is the Sum of the two Roots à and &, and the Terms 
known Quantity of the third Term is the only Re&angleM 7 © + 4 
contained under both. Again, by multiplying this Equarionfif r 
by x , there will be produced the Cubick Equation(if and ſo « 
—4 —8&ab | ws on. Ar 
* —baxx —acx+abec=0, where the known Quanti Squares 
＋ c be g dum of 
ty of the ſecond Term having its Signs changed, vis. a9 the Su 
—c, is the Sum of the Roots a, and “, and — e; the 82 
known Quantity of the third Term 40 — 4 bo is the Su Quanti 


of the Rectangles under cach two of the Roots 4 and J, Ie four 
* 
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and — c, h and — c; and the known Quantity of the fourth 
Term under its Sign changed, — ac, is the only Content 
generated by the continual Multiplication of all the Roots, 
a by V into — c. Moreover, by multiplying that Cubick E- 
quation by x — 4, there will be produced this Biquadra- 
tick one; | 


„ Ter pcs x—abedzo, 


+acd4 


Where the known Quantity of the ſecond. Term under its 
Signs changed, dr. a —c-+4, is the Sum of all the 
Roots; that of the third, ab —ac—beyad +bd—cad, 
is the Sum of the Rectangles under every two Robots; that 
of the fourth, its Signs being changed, — a be EA = A 
—aca, is the Sum of the Contents under each Ternary ; 
that of the fifth, — 4 0c 4, is the only Content under them 
all. And hence we firſt inter, that of any Equation that in- 
volves neither Surds nor Fractions all the rational Roots, and 
the Rectangles of any two of the Roots, or the Contents of 
any three or more of them, or ſome of the Integral Diviſors 
ot the laſt Term; and therefore when it is evident that no 
Divifor of the laſt Term is either a Root of the Equation, 


or Rectangle, or Content of two or more Roots, it will alſo 


be evident that there is no Root, or Rectangle, or Content of 
Roots, except what is Surd. j N N 
Let us ſuppoſe now, that the known Quantities of the Terms 
of any Equation under their Signs changed, are p, 4, 7, 5, t, v, 
Kc. vis. that of the ſecond 5, that of the third , of the 
fourth 7, of the fifth 5s, and ſo on. And the Signs of the 
Terms being rightly obſerved, make p=a, Þ 8 + 2.4==6b, 
pb+qa+3zrmc, pr +qb+rabgs=4, pd +qc 
+rbþ$a+5tm=e, pe r 
and ſo on in infinitum, obſerving the Series of the Progreſſi- 
on. And à will be the Sum of the Roots, & the Sum of the 
Squares of each of the Roots, c the Sum of the Cubes, A the 
Sum of the Biquadrates, e the Sum of the Quadrato-Cubes, 
the Sum of the Cubo-Cubes, and ſo on. As in the Equa- 
ion & - —19x x +494 — 30 o, where the known 
Quantity of the ſecond Term is — 1, of the third — 19, of 
the fourth ＋ 49, of the _ — 30; you muſt make 
2 + 
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1 =P, 19=4, — 40 r, zo =. And there will thence 
ariſe a= (=) 1, 6=(þa+24=1 +38=) 39, = 
(pb +qa+3r=39+lig — 14) =) — 89, 4= (pet 
b+rabgs=—89 +9741 — 49 + 120 =) 523. 
Wherefore the Sum of the Roots will be x, the Sum of the 
Squares of the Roots 39, the Sum of the Cubes — 89, and 
the Sum of the Biquadrates 725, vis, the Roots of that E- 
quation are 1, 2, 3, and — 5, and the Sum of theſe 1 + 2 
+ 35 ist; the Sum of the Squares, 1 + 4+ 9 + 21, 
is 39; the Sum of the Cubes, 1 +8 +27 — 125, is — 89; 
and the Sum of the Biquadrates, 1 + 16 ＋ 81 + 6235, is 
723. | 


Of the Tits of EqQuaT1ONs. 


ND hence are collected the Limits between which the 
Roots of the Equation ſhall conſiſt, if none of them is 
impoſſible. For when the Squares of all the Roots are Affir. 
mative, the Sum of the Squares will be Affirmative, and 
heretore greater than the Square of the greateſt Root. And 
bh the ſame Argument, the Sum of the Biquadrates of al 
the Roots will be greater than the Biquadrate of the greateſt 
Root, and the Sum of the Cubo-Cubes greater than the Cu- 
bo- Cube of the greateſt Root. 

Wherefore, 7 yon deſire the Limit Which no Roots can 
2h. ſeek the Sum of the Squares of the Roots, and ex- 
ratt its Square Root. Fer this Root will be greater an 
the greateſt Root of the Equation. But you will come near- 
er the greateſt Root if you ſeek rhe Sum of the Biqua- 
arates, and extract its Biquadradick Root; and yet nearer, 
if you ſeek the Sum of the Cubo- Cubes, and extract its Cubs 
Cubical Root; and ſo om in infinitum. 

Thus, in the precedent Equation, the Square Root of the 
Sum of the Squares of the Roots, or / 39, is 64 nearly, 
and 65 is farther diſtant from o than any of the Roots 1, 
2, 3, —5- But the Biquadratick Root of the Sum of the 


Biquadrates of the Roots, viz. / 125, which is 5 nearly, 
comes nearer to. the Root that is moſt remote from nothing, 
VIS, — 5. ; 

If, between the Sum of the Squares and the Sum of the 
1 of the Roots you find a mean Proportional, that 
will be a little greater than the Sum of the Cubes of the 

6 4 IP : 1 1 513% Roo 


me \ Ra 7 60S 
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Roots connected under Affirmative Signs. And hence, the 
half Sum of this mean Proportional, and of the Sum of the 
Cubes collected under their proper Signs, found as before, 
will be greater than the Sum of the Cubes of the Affir- 
mative Roots, and the half Difference greater than the Sum 
of the Cubes of the Negative Roots. 

And conſequently, the greateſt of the Affirmative Rcots will 
be leſs than the Cube Root of that half Sum, and the greateſt 
of tle Negative Roots leſs than the Cube Root of that Semi- 
difference. | | 

Thus, in the precedent Equation, a mean Proportional be- 
tween the Sum of the Squares of the Roots 39, and the Sum 
of the Biquadrates 123, is nearly 168. The Sum of the 
Cubes under their proper Signs was, as above, — 89, the half 
Sum of this and 168 is 392, the Semi- difference 1283. The 
Cube Root of the former, which is about 34, is greater than 
the greateſt of the Affirmative Roots 3. The Cube Root of 
the latter, which is 5 5+ nearly, is greater than the Negative 
Root — 5. By which Example it may be ſeen how near 
you may come this Way to the Root, where there is only one 
Negative Root or one Affirmati ve one. Aud yet you might 
come nearer 25 if you found a mean Proportional between 
the Sum of the Biquadrates of the Roots and the Sum of the 
Cubo- Cubes, and if ſrom the Semi- Sum and Semi- Difference 
of this, and of the Sum of the Quadrato- Cube of the Roots, 
you extracted the Quadrato-Cubical Roots. For the Qua- 
drato-Cubical Root of the Semi-Sum would be greater than 
the greateſt Affirmative Root, and the Quadrato-Cubick Root 
of the Semi-Difference would be greater than the greateſt 
Negative Root, but by a leſs Exceſs than before. Since there- 
fore any Root, by augmenting or diminiſhing all the Roots, 
may be made the leaff, and then the leaſt converted into the 
greateſt, and afterwards all beſides the greateſt be made Ne- 
2 it is manifeſt how any Root deſired may be found 
nearly. 

If all the Roots except two are Negative, thoſe two may be 
both together found this Way. 

The Sum of the Cubesof thoſe two Roots being found accord- 
ing to the precedent Method, as alſo the Sum of the Quadrato- 
Cubes, and the Sum of the Quadrato-Quadrato-Cubes of all 
the Roots: between the two latter Sums ſeek a mean Pro- 
portional, and that will be the Difference between the Sum of 
the Cubo-Cubes of the Affirmative Roots, and the Sum of 
the Cubo-Cubes of the Negative Roots nearly; and conſe- 

quently, 


206 rr 


quently, the half Sum of this mean Proportional, and of the 
Sum ot the Cubo Cubes of all the Roots, will be the Sum of 
the Cubo-Cubes of the Affirmative Roots, and the Semi- 
Difference will be the Sum of the Cubo Cubes of the Nega- 
tive Roots. Having therefore both the Sum of the Cubes, 
and alſo the Sum ot the Cubo Cubes of the two Affirmative 
Roots, from the double ot the latter Sum ſubtract the Square 
of the tormer Sum, and the Square Root of the Remainder 
will be the Difference of the Cubes of the two Roots. And 
having both the Sum and Difference of the Cubes, you will 
have the Cubes themſelves. Extract their Cube Roots, and 
you will why have the two Affirmative Roots of the Equa - 
tion. And it in higher Powers you ſhould do the like, you 
will have the Roots yet more nearly. But theſe Limitati- 
ons, by reaſon of the Difficulty of the Calculus, are of leſs 
Uſe, and extend only to thoſe Equations that have no ima- 
ginary Roots. Wherefore 1 will now ſhew how to find the 
Limits another Way, which is more eaſy, and extends to ai) 
Equations. 

Multiply every Term of the Fration by the Number < 
its Dimenſions, and divide the Product by the Rost of tie 
Equation, Then again multiply every one of the Terms that 
come out by a Number leſs by Unity than before, and divide the 
Preautt ly the Root of the Equation. And ſo go on, by dl. 
crays multiplying by Nnmbers teſs by Unity than before, ant 
dividing the Preduct by the Roor, till at length all the Term 
are deſtroyed, *ehoſe Signs are different from the Sign of th* 
firſt or higheſt Term, except the laſt. And that Number «ill 
be greater than any Afrrmative Root; *chich being rrit in tlic 
Terms that come ont for the Root, makes re Aggregate «f 
thoſe <ehich were each Time produced by Multiplication to have 
. al:cays the ſame Sign with the firſt or higheſt Term of tht 
Equation. 

As if there was propoſed the Equation & 2 - 
+ 30xx + 63x —120==0, I firit multiply this thus; 
5 4 3 2 I O 
x' — 21 — 10 + 30 ＋- 63 — 120 


multiply the Terms that come out divided by x, thus; 


1 0 3 
5 pe e 8 4 — Ns * —— 60 * oo 63% and dividing the 


Terms that come out again by x, there comes out 20 * — 
24 xx — O + 60; which, to leſſen them, I divide 7 
the 


Then I again 
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the greateſt common Diviſor 4, and you have 5 x* — 6 xx 


— 15x +15. Theſe being again multiplied by the Pro- 


greſſion 3, 2, 1, o, and divided by x, become 15 xx — 
12% — 15, and again divided by 3 become 5 xy -q + 


— 5. And theſe multiplied by the Progreſſion 2, 1, o, and 


divided by 2 x become 5x — 2. Now, ſince the higheſt 
Term of the Equation v. is Affirmative, I try what Num- 
ber writ in thefe Products for x will cauſe them all to be 
Affirmative. And by trying 1, you have 5 — 2 3 Af. 
firmative ; but 5x = 4 — 5, you have — 4 Negative. 
Wherefore the Limit will be greater than r. I therefore t 
{une greater Number, as 2. And ſubſtituting 2 in each for. 
x, they become. | | 

Ss 5. WR 

1 5 =7 


5 * —=6xxX—15xX rt 

5 * —8x* — zoxxr+60x +63 =99 

r '—2x* — lo * +;3oxx+63r—120= 45. 

Wherefore, ſince the Numbers that come out 8. 3. x. 79. 
46. are all Affirmative, the Number 2 will be greater than 
the greateſt of the Affirmative Roots. In like manner, if I 
would find the Limit of the Negative Roots, I try Negative 
Numbers. Or that which is all one, I change the Signs of 
every other Term, and try Affirmative ones. But having 
changed the Signs of every other Term, the Quantities in 


which the Numbers are to be ſubſtituted, will become 


5 * T - 
i | a FI 

Ir + 6xx—15x, —15 

5 +8x* —gzoxw—60x +63 | 
Af, z —10%) — 3oxx +63 x + 120. 

Out of theſe I chuſe ſome Quantity wherein the Negative 
Terms ſeem molt prevalent; ſuppoſe 5 * + $4) — 20 x 
— 60x + 63, and here ſubſtituting for æ the Numbers x 
and 2, there come out the Negative Numbers — 14 and 
— 33. Whence the Limit will be greater than — 2. But 
ſubſtituting the Number 3, there comes out the Affirmati vo 
Number 234. And in like manner in the other Quantities, 
by ſubſtituting the Number 3 for x, there comes out always 
an Affirmative Number, which may be ſcen by bare [nſpe&i+ 
on. Wheretore the Number — 3 is greater than all the Ne- 
gative Roots, And ſo you have the Limits 2 and — 3, be- 
tween which are all the Roots. | : 
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But the Invention of theſe Limits is of Uſe both in the Re- 
duction of Equations by Rational Roots, and in the Ex- 
traction of Surd Roots out of them; leſt we might ſome- 
times go about to look for the Root beyond theſe Limits. 
Thus, in the laſt Equation, if I would find the Rational 
Roots, if perhaps it has any; from what we have ſaid, it 
is certain they can be no other than the Diviſors of the laſt 
Term of the Equation, which here is 120. Then trying all 
its Diviſors, if none of them writ in the Equation for x 
would make all the Terms vaniſh, it is certain that the Equa- 
tion will admit of no Root but what is Surd. But there 
are many Diviſors of the Jalt Term 120, vis. 1. — 1, 
2. — 2. 3. — 3. 4. — 4. 5. — 5.6. — 6.8. — 8, 10.— 19, 
12. — 12.15, — 15. 20. — 20. 24. — 24. 30. — 30. 40. — 
40. 60. — 60. 120. and — 120. To try all theſe Diviſors 
would be tedious, But it being known that the Roots are 
between 2 and — z, we are freed from that Labour. For 
now there will be no need to try the Diviſors, unleſs thoſe 
only that are within theſe Limits, vi. the Diviſors 1, and — 
1.and — 2. For if none of theſe are the Root, it is certain 


that the Equation has no Root but what is Surd. 


The Reduftion of Equations by Surd Diviſors, 
H !therto I have treated of the Reduction of Equati- 


ons which admit of Rational Diviſors. But before we 
can conclude, that an Equation of four, fix, or more Di- 


menſions is irreducible, we muſt firſt try whether or not it 


may be reduced by any Sutd Diviſor; or, which is the ſame 
Thing, you muit try whether the Equation can be ſo divided 
into two equal Parts, that you can extract the Root out of 
both. But that may be done by the following Method. 


Diſpeſe the Ejuation according to the Dimenſions of ſome 


certain Letter, ſo that all its Terms jointly under their 


| Signs, may be equal to nothing, ana tet the higheſt Term 
adſected with an Affirmative Sign. Then, if the Equa- 


tion be a Quadratick, ( for ve may add this Caſe for the Ana- 


togy of the Matter) take from both Si des the loweſt Term, ant 
add one fourth Part of the Square of the known Quantity 0 
the midale Term. 


As if the Equation be x xy —a x» —b =o, ſubtract from 


both Sides — b, and add 24a, and there will come out 


3 
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M xx —ax+3aa=b++aa, and extrafting on both 


Lies the Root, you will have x —#a=+yb+3aa, of 
= * 2 2 + VEF3aa. 


But if the Equation be of four Dimenſions, ſuppoſe x + 

t fx) TATA ＋TTY＋ S o, where P, 4, r, 4245 denote 

11 rhe known ntities of rhe Terms of the Equation adfefted 
by their proper Signs, make 


7 — 3 PD. r—iafp=Þ 


T hen put for n ſome common Integral Diviſor of the Terms 
g and 2 C, that is not a Square, and which ought to be odd, 
and divided by 4 to keave Unity, if either of the Terms 5 
and r be odd. Put alſo for k ſome Diviſor of the Quantity 


— if le even; or half of the o Diviſor, if p be 


014-3 or nothing, if the Dividuat 6 be nothing. Take the 
Quotient from + pl, and call the half of the Remain- 
1 KKK 

ger J. Then for Q put <=, and try if n divides 
2 and the Root of the Quotient be rational and 
equal ro I; which ¶ it happen, add ro each Part of the 
Equation n K- KA + 2nkla + n11, and extract we 
Robot on both Sides, there coming out x x +3 px + & = 


/n into k x +. | 

For Example, let there be propoſed the Equation x. 12 w 
—17 =o, and becauſe g and are both here wanting, and r is 
12, and Sis — 17, having ſubſtituted theſe Numbers, you will 
have &=0, £=12, and (= - 1), and the only common Divi- 
ſor of Þ and 2 C, or 12 and — 34, vis. 2, will be 2. More- 


over, * is 6, and its Diviſors 1, 2, 3, and 6, are ſuc- 


mr cellively to be tried for k, and — 3, — 4, — 1, — , for; 
k k 
yo teſpectively. But —.—, that is, & K is equal to Q. 
— $ 
from Moreover, AS ——, that is, . SET — is = L 
: out | 


v Ee Where 
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Where the even Numbers 2 and 6 are writ for k, Q be- 


comes 4 and 36, and QQ — will be an odd Number, and 


conſequently cannot be divided by 7 or 2. Wherefore thoſe 
Numbers 2 and 6 are to be rejected. But when 1 and 3 are 


writ for k, Q becomes 1 and 9, and QQ— 5s is 18 and 98, 
which Numbers may be divided by 2, and the Roots of the 


Quotients extracted. For they are + 3 and +7 ; whereof 
however only — 3 agrees with J. I put therefore k = 1, 1 — 
— z, and Q=1, and I add the Quantity EEX + 
21nkl x + nll, that is, 2 xx 12 x + 18 to each Part of 
the Equation, and there comes out x ＋E 2x x + 1=2 xx 
—12 #18, and extracting on both Sides the Root x x +1 
=xy/2—3y 2, But it you had rather avoid the Ex- 


traction of the Root, make t D TQ V x 
k x +1, and you will find, as before, xx + 1=+y 2 * 
x — 3. And if again you ex tract the Root of this Equati- 


on, there will come out & = +3 ya TV — +3yv 2, 
that is, according to the Variations of the Signs, x = — 
:/2+V3vVzi—Landa=—Ly/a—V;y 2: 


Alſo x=Y 2 +vV —;y 2 — 7, and x = 192— 
V —3y 2 — +} Which are four Roots of the Equation at 


firſt propoſed, * + 12 x — 1) So. But the two laſt of 


them are impoſſible. 


Let us now propoſe the Equation * — 6 x) — 58 X 
114 * — 11S co, and by writing — 6, — 58, — 114, and 
— 11, for P, 4, r, and 5 reſpectively, there will ariſe — 6) 
Da, — 315 =, and — 1133 „ f. The only common 
Diviſor of the Numbers þ and 27, or of — 315 and — 


— is 3, and conſequently will be here u, and the Diviſors 


B 
of „ Or — 105, are 3, 5, 7, 15, 21, 35, and 105, which 


are therefore to be tried for k. Wherefore, I try firſt 3, and 


the Quotient — 35, which comes out by dividing —by k, 


or — 105 by z, I ſubtract from 4 pk, or — 3 * 3,907 


Þut 


there remains 26; the half whereof, 13 ought to 


tried f. 


comes « 


2 — 
and 
— 6) 
mon 


id — 


yiſors 
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a> oth — 6 27 : 
But ek Gat = „that is, — 20, will be Q, 


and QQ — 5 will be 411, which may be divided by , or 3, 


but the Root of the Quotient 137 cannot be extracted. Where- 
fore I reject z, and try 5 for k. The Quotient that now 


comes out by dividing = by k, or — 105 by 5, is—2r, and 
ſubtracting this from I pk, or — 3 * 5, there remains 6 , the 


half whereof 3 will be J. Alſo Q or 


—6 ö | 
DI is the Number 4. And QQ — 5, or 16 + 11 


may be divided by ; and the Root of the Quotient, which 
is 9, being extracted, i. e. 3 agrees with J. Wherefore I 
conclude, that J is = 5, k = 5, 


nkkeux +2nkl x» + nll, that is, 5 * +90 x + 27 
be added to each Part of the Equation, the Root may be 
extracted on both Sides, and there will come out x x + 
br +Q=ynxks +1 orxx—3x+4=+v 3 x 
(TCP 
3 


5x + 33 and the Root being again extracted, æ = 


＋ 571 + 2IXV3 


2 


Thus, if there was propoſed this Equation * — 9 + 
15 xx —27 t 9 , by writing — 9, + 15, — 27, and 
+ 9 for p, 4, r, and s reſpectively, there will come out — 
5 Da, — 50 i =B, and 233 . The common Divi- 
ſors of Þ and 2 C, or — 44+ and % Are 3, 5, 9, 15, 27, 45, 
and 135 ; but 9 is a Square Number, and 3, 15, 27, 135, 
divided by the Number 4, do not leave Unity, as, by reaſon 
of the odd Term p, they ought to do. Theſe therefore be- 
ing rejected, there remain only 5 and 45 to be tried for 77. 
Let us put therefore, firſt 2 = 5, and the odd Diviſors of 
3 
— or — 2! being halved, viz. 2, 4, 3, 2, 2, are to be 


tried for k. If & be made 2, the Quotient — 24, which 
comes out by dividing = by k, ſubtraſted from + 5 k, or 


Ee 2 * 


=4, and = z; and if 


n — 


* * 
3 ů ͤ 2 „„ =_ 
4+ 
1 
* 32 3 4 IN e — 
- 7 "= 0008 ppt — 


— . — 


23, leaves 18 for 2 and Au a3 is Q. and 


theſe Things thus agree in 
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QQ -,, or — 5 may be divided indeed by ꝝ or 5, but the 
Root of the Negative Quotient — 1 is impoſlible, which yet 
ought to be 9. Wherefore I conclude k not to be 4, and then 
I try if it be 3. The Quotient which ariſes by dividing 


- by k, or — z by 3, viz, the Quotient — £7 I ſubtra& 
from * #k or — 27, and there remains o. Whence now / 
will be nothing. But «Tot or 3 is equa] to Q, and 


QQ —s is nothing; whence again , which is the Root of 
QQ — 5, divided by 7, is found to be nothing. Wherefore 
. I conclude #2 to be = 5, k= 
3, (So, and Q = 3, and therefore by adding to each Part 
of the Equation propoſed the Terms «kk xx 2 11K N 
＋ I, that is, Ha, and by extracting on both Sides the 
Square Root, there comes out xx + 3px +Q=y nx 
ky +1, that is, xx — 43 x +3 = 5x3x 
By the ſame Method Literal Equations are alſo reduced. 


: | : aa 
As if there was * — 24 x 1d xx — 24) x +048 


= 0, by . 2 4, 2 aa cc, — 24, and Ta“ for = 
P. 4, r, and s reſpectively, you will obtain 24 — cc a, — 


acc—4a' =þ, and 1 i -=- e = g. The com- I th 
mon Diviſor of the Quantities & and 2 7 is aa + CC, which 1 
| ion t 

therefore will be u; and 5 or — 4, has the Diviſors 1 and 9. = I2 

ides; 

But becauſe u is of two Dimenſions, and k n ought to be , ; 
of no more than one, therefore & will be of none, and conſe- 2 

guently cannot be 4. Let therefore æ be 1, and = being di- : pA, 

Biquad 

vided by k, take the Quotient — a from £ #k or à and there Diviſor 

will remain nothing for J. Moreover, <a at or 44 is Q, _ e 


and QQ or 4. — 44 is o; and thence again there comes 
out nothing for J. Which ſhews the Quantities u, k, 4, and = ſot 
found ; and adding to each Part of the : 


| 2 to be right! ä l 
quation propoſed, the Terms R KY +2 nklx + nt, Numbe! 


that 
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that is, aa +ccxr, the Root may be extracted on 
both Sides; and by that Extraction there will come out x x + 


ipx+Q=ynxkes TL, that is, xx —ax +aa= 


+xV aa+cc. And the Root being again extract 
A wenrts ++ goers ed, you 


Acc -A +iav aa . 


Hitherto I have applied the Rule to the Extraction of ſurd 


Roots ; the ſame may alſo be applied to the Extraction of 


Rational Roots, if for the Quantity a you make Uſe of Uni- 
ty; and after that Manner we may examine, whether an 
Equation that wants Fracted or Surd Terms can admit of any 


Diviſor, either Rational or Surd, of two Dimenſions. As if 


the Equation &“ — yi — 5 xx ＋ Iz — 6 o was 
poſed by ſubſtituting — x, — 5, + 12, and — 6 for p, 4 
r, and s reſpectively, you will find — 5: S a, 9j=B, a 


putting u == 1. The Diviſors of the Quantity = or Ag, are 


I, 3, 5, 15, 25, 75 3 the Halves whereof (if F be odd) aro 
to be tried for k. And if for & we try , you will havez KR 
oo = = 3, and its half — . Alfo e; 


=0Q, and 22 6 2, the Root whereof agrees with I 


I therefore conclude, that the Quantities », k, J Q, are 


rightly found ; and having added to each Part of the Equa- 
tion the Terms 2 kk xx +2nklx + nll, that is, 65 xx 
— 124 x + 6 {, the Root may be extracted on both 
Sides; and by that Extraction there will come out x x 


+1 fx + Q= TVN KAI, that is, xx —- 24 


1 TIXZzT 21, orxx—3x+3=0, and xx + 
z —2 = 0, and ſo by theſe two Quadratick Equations the 
Biquadratick one propoſed may be divided. But Rational 
Diviſors of this Sort may more expeditiouſly be found by ano- 
ther Method delivered above. 


If at any Time there are many Diviſors of the Quantity 
=, ſo that it may be too difficult to try all of them for k, their 
Number may be ſoon diminiſhed, by ſeeking all the _ 

2 


| 2 2 be nothing. And for R the Quan- 


214 Nedudt ion of EavATIONS 


of the Quantity, es —*r7, For the Quantity Q ought to 
be «qual to ſome of theſe, or to the half of = odd one., VL 
Thus, in the laſt Example, aS— Zr r is — 2, ſome one of 
whoſe Diviſors, 1, 3, 9, or of them halved J, 3, 3, ought to all 1 
be Q. Wheretore, 5 try ing ſingly the halved Diviſors of the ¶ qua 


Quantity —, viz. 4, . J. 45, 24, and 25 for l, I te 


ject all that do not make 4 e - I k, or — 2}, + 3 kk; 
thai is, Q to be one of the Numbers rx, 3, 9, 1, , 
But by writing 3, 4, , 25, &c. for k, there come out re- 
ſpectively — 3, — 2, + 4, + , &c. for Q; out of which 
only — ; and + are found among the aforeſaid Numbers 1, 
3, 9, 2» + 25 and conſequently the reſt being rejected, either 
* will be = and Qn — , ork = and * „ Which 
two Caſes let be examined. And ſo much of Equations of 
four Dimenſions. 

If an Equation of fix Dimenſions is to be reduced, let it 
be 2 ＋ D +qxt + rat + Sax +iw+ U c. 
and make | 

7 — 1D. — parc. $—Þ$p 
oy — 34 a =<. t — 124262. Y—; f 
CO- N. 


Then for u take of the Terms 27, „, 26, ſome common 
Integer Diviſor, that is not a Square, and that likewiſe is 
not diviſible by a ſquare Number, and which alſo divided by 
the Number 4, ſhall leave Unity ; provided any one of thc 
Terms 2, r, . be odd. Fork take ſome Integer Diviſor of the 


Quantity _ if 5 be even, or the half of an odd Divi- 
for if þ be odd, or o if a be o. For Q take the Quantity 


24 +* nk k. For / ſome Diviſor of the Quantity 1415 


<< ALS it Q be an Integer ; or the half of menſic 


an odd Diviſor if Q be a Fraction that has for its Deno- 
minator the Number 2; or o, if that Dividual 


tity ?r —2Qf+#kJ. Then try if RR—v can be iN tbiog; 
divided by 7, and the Root of the Quotient extracted; and 8 "_ 
beſides, if that Root be equal as" well. ro the Quantity ted by 


QR 
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den LI to the Quantity aa If 


2nk 

all theſe happen, call that Root ; and in room of the E- 
quation propoſed, write this, * +; #xx+Qx +r = + 
Vu x kx In. For this Equation, by ſquaring its 
Parts, and taking from both Sides the Terms on the Right- 
Hand, will produce the Equation propoſed. Now if all 
theſe Things do not — in the Caſe propoſed, the Re- 
duction will be impoſlible, provided it appears beforehand 
that the Equation cannot be reduced by a rational Diviſor. 

For Eraiuple, let there be propoſed the Equation &“ — 


— 24abb 
z r t A Abb +24'b xx +3881" =0, 


—446 

and by writing —2 4, 20 b, 2 abb, —2aabb 4-24»b 
44, o, and 3aabt—at*bbtorfp, q, r, 5, t, and v re- 
ſpectively, there will come out 200 da a. 4466 — 
4 . 24) b + 2aabb — 440 — 4 j. — 64 

:4 b+3aabb—gab' —j4a*=(, — 12 — 34 bb —gab+ 
n, and —4ab' +a* bb—; a =+t. And the common 
Diviſor of the Terms 2 (, u, and 2 6, is 44 — 260, or 2 bb 
— 4a, according as 44 or 2 0 b is the greater. But let 44 


be greater than 2 bb, and aa—2 bb will be 1, For ꝝ muſt al- 


ways be Affirmative. Moreover, 5 is — £44 ＋- 246 + 


+ 
10 b, 2 is — 24 + 2 abb and — is — 341 þ 2444bb, 


Ei nn „ 

D 
:14* bb Z bÞ — 3 aab', the Diviſors whereof are r, 
4, a 4; but becauſe /n, x k cannot be of more than one Di- 
menſion, and the V is of one, therefore æ will be of none 
and conſequently can only be a Number. Wherefore, reject- 
ing & and 44, there remains only 1 for k. Beſides, 1 4 1 


n k & gives o for Q, and SEALS is alſo no- 


and conſequently 


thing ; and conſequently I, which ought to be its Diviſor, will 
be nothing. Laſtly, 271 — 27 3 n K gives abb for R. 


And RR v is "TS bb, which may be divi. 


ded by n or 44 — 2 bb, and the Root of the n 
. ; aa 


. — — — — — 
N ann - ” 
R „ 3 — — — — c 


: 
. x 
i 


| 
| 
| 
l 
| 


5 
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442 b h be extracted, and that Root taken Negatively, vis. — 


1 
4 b, is not unequal to the indefinite Quantity . * 4 


QQ R- 1-5 


0 | 
2. but equal to the deſinite Quantity 21k 


Wherefore that Root — ab will be u, and in the room of the 


„or 


Equation propoſed, there may be writ x) — # pxx +Qx 


TRS VX K TIx In, that is, & — ax wx + 


abb =V aa—2bbxXxx— ab, The Truth of which 
Conclufion you may prove by —_—_ the Parts of the Equa- 
tion found, and taking away the Terms on the Right Hand 
from both Sides. For trom that Operatien will be produced 
the Equationx* —24ax' +2bbx*+2abbx*—2aabbxx 
+24) byx — 449) xx +3a4b+t—4* bb—=o, which 
was propoſed to be reduced. 

If the Equation is of eight Dimenſions, let it be & + 
P TA TT TS + to) box x + we - , 
and make - PP a. r—;fpam=bS—zfpp—;aa= 
5. - 2% — 4 6 . — 127 — 1 A=. 0 —1 395 
Sc, and 2 —- 327 9% =». And ſeek of the Terms 2 J, 2+, 
20, 8, a common Diviſor that ſhall be an Integer, and nei- 
ther a Square Number, nor diviſible by a Square Number, and 
which alſo divided by 4 ſhall leave Unity, provided any of 
the alternate Terms, P, r, t, w be odd. It there be no ſuch 
common Diviſor, it is certain, that the Equation cannot 
be reduced by the Extraction of a Quadratick Surd Root, 
and if it cannot be ſo reduced, there will ſcarce be found a 
common Diviſor of all thoſe tour Quantities, The Opera- 
tion therefore hitherto is a Sort of an Examination, whether 
the Equation be reducible or not ; and conſequently, fince 
that Sort of Reduttions are ſeldom poſſible, it will moſt com- 
monly end the Work. | 

And, by a like Reaſon, if the Equation be of ten, twelve, 
or more Dimenſions, the Impoſſivility of its Reduction may be 
known. | 

As if it be x** + pa% LIT rw +545) Tf“ 
dr A“ +bx*t +cx +4=0, you muſt make 7 — 
2 pm=e, r—4fa=8,5—f8—Leamy, 17 
— 4g 4, - 12 , — 447 — 286 , a—rad— 
227 =0, b—FBI — 27 1 , c — 1 t, 4— 
2 $4 = x, and ſeek ſuch a common Diviſor to = five 

erms, 


by , 
its pre 
be 9 
eren 
ſucceſ 
Sum | 
Numl 
ſuch £ 
Sum, 

dum a 
er tha 
5. q, 1 
farthe1 
ſuch a 


8, if ; 


But s ; 
odd, tl 


. þ 
Which 
ind J, 
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4 Terms, 2 2, ee 8 x, as is an Integer, and not a 
Square, and which ſhall alſo leave 1 when divided by 4, if 
or any one of the Terms p, r, t, a, c be odd. 


43 if 2 be an IR of 2 Dimenſions, as ** 
* ＋E IT +rx” +sx t XK E ur ＋ 4 
er +dx* Ter +f Se, make Fae Go 45 
112 P B, S—3P8—jaa=y, 2p 48 4, 
v 1275 % 247 — 1 58f e, a— 17 — 224 — 2872 
„ — 24 — 256% — 175 ., - 23 — 275 0, 4 
— 27 — 47 1 n, e— 27 N F- A, and 
you muſt ſeek a common Integer Diviſor ot the fix Terms 
:C,8n, 40, 8 x, 42, By, that is not a Square, but being 
divided by 4 ſhall leave Unity, provided any one of the 

Terms p, r, t, a, c, e be odd. : 

And thus you may go on ad infnitum, and the propoſed 
Equation when it has no common Diviſor, will be alway ir- 
reduceable by the Extraction of the ſurd quadratick Root. 
Bur if at any Time ſuch a Diviſor being found, there are 
Hopes of a future Reduction, it may be tried by follow- 
ing the Steps of the Operation we ſhewed in an Equation of 
eight Dimenſions. | 


Seek a Square Number, to which after it is multiplied 
by u, the laſt Term s of the Equation being added under 
ts proper Sign, ſhall make a Square Number. But that may 
be expeditiouſly performed if you add to 2, when 7: is an 
eren Number, or to 4% when it is odd, theſe Quantities 
ſucceſſively u, 3 , 5 , 7 u, 97, 117, and fo on till the 
Sum becomes equal to ſome Number in the Table of Square 
Numbers, which I ſuppoſe to be ready at Hand. And if no 
ſuch Square Number occurs before the Square Root of that 
Sum, augmented by the Square Root of the Exceſs of that 
Sum above the laſt Term of the Equation, is four times great- 
er than the greateſt of the Terms of the propoſed Equation 
5, J. r, 5, t, v, Oc. there will be no Occaſion to try any 
elve, brther. For then the Equation cannot be reduced. Bur it 
ry be ſach a Square Number does accordingly occur, let its Root be 


88—8 1 
72 


1 — lues and þ ought to be Integers if 2 is even, but if u is 
27 7 odd, the may be Fractions that have 2 for their Denomina- 
7 vr. And if one is a Fraction, the other ought to be ſo too. 

* Which alſo is to be obſerved of the Numbers R and 2, Q_ 
% ud /, p and & hereafter to be found. And all the Numbers 
erms, 5 S and 


14 S, if 72 is even, or 2 8 if 2 be odd; and call / 


— ——ͤ—ũ—ͥ1 ——————h;t — — — _ 
y — 


n 


If all theſe Things hall happen in any Caſe, inſtead of the 
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S and h, that can be found within the preſcribed Limit, muſt 


be collected in a Catalogue. b 
Atterwards, for k all the Numbers are to be ſucceſſively 

tried, which do not make 7 k + A/ four times greater than 0 
the greateſt Term of the Equation, and you muſt in all 

nkk+ea b 

Caſes put ——— = Q: Then you are to try ſucceſlively 6 

for J all the Numbers that do not make 21 + Q four times hn 


greater than the greateſt Term of the Equation, and in 
—nþkk 
every Trial put 7 n 12 + EI R. Laſtly, for in 


you mult try ſucceſſively all the Numbers which do not make 


7212 R four times greater than the greateſt of the Terms of 155 
the Equation, and you muſt ſee whether in any Caſe if you Te 
ne and H E m=S, — 
let 8 be ſome of the Numbers which were before brought in- 

to the Catalogue for 8; and beſides, if the other Number ting 
anſwering to that 8, which being ſet down for / in the ſame 
Catalogue, will be equal to theſe three, . 2725 2 


2QS+RR—v—nmm ang {$42 QR —!1—2n/m 


2 * l 4 29k 


Equation propoſed, you mult write this x* + 5 FN + 
Qrxa+Ra+S=ynxka) +Hlxx+ma+h. 
Fer Example, Let there be propoſed the Equation &“ + 
4x7 —* — 10 r +5x*t —5x*' — lO — 10 — 5 
So, and you will have J — PP =—1I—4=—5=a 
fy —Ipa=—10+I0=0=þ 5— 256 — 422 5— 
=-: . - Y- 24 - i =- . 
v2 47 — 6 — 10-1 — :. W—44y — 10 
Z =— 5 - =— 225 =x, Therefore 2, 
2 e 27, 8 n reſpeCtively are — 5, — £5, — 20, and — 
245, and their common Diviſor 5, Which divided by 4, leaves 
1, as it ought, becauſe the Term is odd. Since therefore 
the common Diviſor 77, or 5, is found, which gives hope to a 
future Reduction, and becauſe it is odd, to 42, or — 20, 
ſucceſſively add , 3 , 5 u, 77, 94, &c. or 5, 15, 25, 35» 
45, &c. and there ariſes — 15, o, 25, 60, 105, 160, 225, 
300, 385, 480, 585, 700, 825, 960, 1105, 1260, 1425, 


1600, Of which only ©, 25, 225, and 1600 are 8 —— 
ere- 


— k. 2 —4 
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Wherefore the Halves of theſe Roots o, 5, , 20, are to 


— — 


be collected in a Table for the Values of 8, and the Values 


88 — 
of 7 7 we that is, 1, 3. 2, 9, reſpectively for Y. But 


becauſe 8 + , if 20 be taken for 8 and 9 for Y, becomes 
65, a Number greater than four times the greateſt Term of 
the Equation; therefore I reje& 20 and 9, and write only the 


reſt in the Table as follows: 
5112. 
8. $. 44. | | 
Then I try for & all the Numbers which do not make £þ + 


nk, or2 +5 k, greater than 40, (four times the greateit 
Term of the Equation) that is, the Numbers — 8, — 7, —6, 


<p a” 2-4, f 4 Sa Þ & 2" 


— FT 5kk— 
- - 


ting 


277, 60, 24, 20, , o, — 3, o, , 20, 23, 60, =75, 120, 
reſpectively for Q. But even fince Q + 24, and much 
more Q, ought not to be greater than 40, I perceive I am 
to reject E, 120, +75, and 60, and their Correſpondents — 
8, — 9, — 6, — 5, 5, 6, 7, and conſequently that only — 
4, — 3, — 2, —1, o, I, 2, 3, 4, muſt reſpectively be tried 
for k, and z, 20, , o, — f, o, , 20, 75, reſpectively 
for QO. Let us therefore try — 1 for k, and o tor Q, and in 
this Caſe for / there will be ſucceſſively to be tried all the 
Numbers which do not make Q + #:/ greater than 40, that 
is, all the Numbers between 10 and — 10; and for R you 


TY 


or — 5 — 54, thatis, — 55. — 50, — 45, — 4%, — 37. 
— 30, = 85, — 30, — IF, — 10, — 5, 0, $, 10, I, 302 
25, 35, 49, 45, the three former of which and the lait, be- 
cauſe they are greater than 40, may be neglected. Let us 
try therefore — 2 for 4, and 5 for R, and in this Caſe for 2 
there will be beſides to be tried all the Numbers which do not 
make R + um, or 5 + 5 m, greater than 40, that is, all the 
Numbers between 7 55 mh 2 ſee whether v4 not by put- 
ting 5 — —PR + 2/4, that is 5 — 20+ 20 or 5 = 
2H, it 115 H—+ nkmor5i— 5m = $; that is, if any ot 

F f 2 | theſe 


are reſpeQively to try the Numbers - 


4 that is, the Numbers , 120, 
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e. , =y. 

\ 2 2 2 2 2 2 
i 5 907 08; = , x 
ITS ²˙ Oo Fo = ag Fas, is equal to 


any of the Numbers o, + 5, + 2s, which were firſt 
brought into the Catalogue for 8. And we mect with four 


of theſe — ,. — 275 25 255 to which anſwer ＋ 2, ＋ 1. 18 
7 


=” 457 written for Y in the ſame Table, as alſo 2, 1, o, — 
1 ſu 


＋ 


{tituted for . But let us try — 4 for 8, 1 for %, and 


+ 2 for h, and you will hav nn an e 


2QS+RR—v—nmm 23 ＋ 10—5 


— . and — 

2 1 nee 
1 deR -n —10+5 +20 
5 "x" Wu N ok 


= — 4. Wherefore, ſince there comes out in all Caſes — 3, 
or V, I conclude all the Numbers to be rightly found, and 
conſequently that in room of the Equation propoſed, you muſt 
write & ＋ i P TEQ R SSV 
KA ＋ AX M , that is, * ＋E 2 +5 x—2: 
= VIX — r — 2 r A- 11. For by ſquaring the 
Parts of this, there will be produced that Equation of eight 
Dimenſions, which was at firſt propoſed, | 

But if by trying all the Caſes of the Numbers, all the 
aforeſaid Values of Y had not in any Caſe confented, it would 
be an Argument that the Equation could not be reduced by 
the Extraction of the Surd Quadratick Root. 

But ſomething might be here remarked for the abbreviating 
of the Work, which however I paſs over for the ſake of Brevi- 
ty, ſeeing the Uſe of ſo great Reductions is very little, and 
I was willing to ſhew rather the Poſſibility of the Thing, than 
a Practice that was commodious. Theſe therefore are the 
Reductions of Equations by the Extraction of the Sumd Qua- 
aratick Root. 

I might now joyn the Reductions of Equations by the Ex- 
zraftion of the Sur Cubick Roct, but theſe, as being ſeldom 
of Uſe, for Brevity I paſs by. 

Yet there are ſome Reductions of Cubick Equations com- 
monly known, which, if I ſhould wholly paſs over, the Rea- 
der might perhaps think us deficient, Let there be es 
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the Cubick Equation & X Cr = 0; the ſecond 


Term whereof is wantin 
tion may be reduced to 
have ſaid above. 


be a + 3aab + 5 abb + 
o. Let;aab 
and then will 4 


tion b is = — . 
3 


Therefore, by the latter, 4 — 


Let x be ſu 


For that every Cubick Equa- 
is Form, is evident from what we 
poſed = & + b, Then will 
(that is x) +quz+r= 
+ 34bb (that is, 34bx) +qxbe 
+ bi — r be — 


„and cubically 6» 


= Cc, 


By the former Equa- 
7 
27 43 : 


q , 
nr is So, or a Tra. 


7 
= 77 and by the Extraction of the adfected Quadratick 


Root, 4 =— 4 ry + Vier + 5. Extract the Cubick 


Root and you will have 4. And above, you had — 75 = 6, 


and a +b = x, Therefore a — 5 is the Root of the 


Equation propoſed. 
For Example, let there be propoſed the 


uation 5 — 


6yy +69 +12 = ©. To take away the ſecond Term of 


this Equation, make x 


+ 2 = y, and there will ariſe x? X 


—6Cx+8=0. Wheregis =— 6, r=8, rr =16, 


q? 


7 


—$&==4+/$,4— 7; =, and x + 


2 D, thatis, 2 +3/—4 +8 + Tre 


And after this Way the Roots of all Cubical Equations 
may be extracted wherein 4 is Affirmative; or alſo wherein 


z 
q is Negative, and 25 not greater than x 77, that is, when 


two of the Roots of the Equation are impoſſible. 


But 


| * i 
where 4 is Negative, and 27 at the ſame time greater than 


ir, Jyrr—L becomes an impoſſible Quantity; and 


ſo 
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ſo the Root 2 the Equation x or y will, in this Caſe, be 


impoſſible, ui. in this Caſe there are three Poſſible Roots, "ny 
which all of them are alike with reſpe& to the Terms 

of the Equations 4 and r, and are indifferently denoted by * 
the Letters » and y, and conſequently all of them may be * 


extracted by the ſame Method, and expreſſed the ſame Way eat 
as any one is extracted or expreſſed; it is tinpoſſible to 

expreſs all three by the Law aforeſaid, The Quantity a — the 
2 whereby * is denoted, cannot be manifold, and for 


that Reaſon the Suppoſition that æ, in this Caſe wherein it is 


threefold, may be equal to the Binomial 4 — 8 or a ＋- U, 


the Cubes of whoſe Terms 41 + I may together be = 7, 
and the triple Rectangle 3 40 be , is 3 impoſſible; 
and it is no Wonder that from an impoſſible Hy potheſis, an 
impoſſible Concluſion ſhould follow. 

' There is, moreover, another Way of expreſſing theſe Roots, 
viz. from a + b) + r, that is, from nothing take 4 


wy | 
4 r,orz7 EV arr+L, and there will remain 51 = 


TRE © 


— : 7 T. Therefore à is = 


1 + y 7277 ＋55 5 5 = 
i a . 


. \ = 
err ors = "IX 
— 27 | | two Et 
3 — a" | Roots 
 —+r—y wet, and; b xx quadre 
LE. — 1 * 5 : | Le. ze 
Vir 15, and conſequently the Sum of my 
| : . yy r * 3 2 A 
Gele V —3.r + arr L er 
477 7895 + cannot | 

| 3 | — affeted 
J=rrm=varr+ willbe=u, aer 
| . 15 7 vs. be Een 


f 2 More- 


m of 
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Moreover, the Rocts of Biquairatick Equations may be ex- 
trafted and expreſſed by means of Cubick ones. ; 
But firſt you mult take away the ſecond Term of the Equa- 
tion. Let the Equation that then reſults be K“ + q x x + 
rs o. Suppoſe this to be generated by the Multipli- 
cation of theſe two x #4-e x D, and xx —ex+g=o0, 


a 

that is, to be the ſame with this vi & ++g xx * 7. x + 
— ee 

So, and comparing the Terms you will have f + g — 

e A, eg—ef r, and fg =. Wherefore q-ee = 


7 
a | q+ee+ — 77 
f + 8. 8 - _—_ — 7. =&, 8 5 =f, 


— 2 
4-2 e. 
4 


— (g) = 5, and by Reduction e- 
* 2qe* Tis — PF So. For ee write y, and you will 


have 51 + 7 445 r So, 4 Cubick Equation, 


whoſe ſecond Term may be taken away, and then the Root 
extracted either by the precedent Rule or otherwiſe. Then 
that Root being had, you muſt go back again, by putting 


. r 
r „a 
7 =6, — * 


0 5 a . and the 
two Equations x »+ex+f==0, and x +—ex +g o, their 
Roots being extracted, will give the four Roots of the Bi- 
quadratick Equation #* + q xx +r x +$ = oO, vis. 1 
—ie+vVizee—f, and æ =!e+v 4ee—g. Where 
note, that if the four Roots of the Biquadratick Equation 
are poſſible, the three Roots of the Cubick Equation 5 + 


oa 29 1 
Ife will be poſſible alſo, and conſequently 


cannot be extracted by the precedent Rule. Aud thus, if the 
affeted Roots of an Equation of jive cr more Dimenſions are 
converted into Roots that are not affected, the middle Terms of 
the Equation being ſom? way or other talen array, that Ex- 


preſſion 
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efſion of the Roots will be al:rays impoſſible, where more 
+44 one Root in an Equation of 440 . are poſſible, 
or more than two in an Equation of even Dimenſions, «hich 
cannot be reduced by the Extraction of the Surd Quaaratick 
Root, by the Method laid down above, * | 

Moline Des Cartes Gagne how to reduce a Biquadratick 
Equation by the Rules laſt delivered. E. g. Let there be 
propoſed the Equation reduced above, * - — 5 xx + 
I2X —6==0, Take away the ſecond Term, by writing v+ 
2 for x, and there will ariſe v+ — 23 vv + 25 go. 
To take away the Fractions, write 5 2 for v, and there will 
ariſe 21 — 862% + 6008 — 851 o. Here is — 86 = 
4, 600 = r, and — 851 = 85, and conſequently y* +2 qyy 
2 y—rr =o, ſubſtituting what is equivalent, will 
become y' — 172 y y + 10800 % — 3600090 = o. Where 
trying all the Diviſorg of the laſt Term , — 1, 2, — 2, 
3, — 3, 4, — 4, 5, — 5, and ſo onwards to 100, you 
will find at length y = 100, Which yet may be found 
far more expeditiouſly by our Method above delivered. 
Then having got y, its Root 10 will be e, and 


2e —86 +100—60 | 
— „ that is, or — 23 will be /, 


2 
P 
q+ee+ _ 
and en will be g, and conſequently the 
Equations x x Ter +f = o, and * —ex+g=o0o, 
writing 2 for x, and ſubſtituting equivalent Quantities, will 
become 22 + 10 — 23 =o, and 22 — 10S + 37 = 0- 
Reſtore o in the room of 3 c, and there will ariſe vv + 
24 — , and vv — 224 Hr oO. Reſtore, more- 
over, x — 4 for v, and there will come out x x + 2 x — 2 
So, and xx 3 ＋ 3 o, two Equations, the four 
Roots whereof x =—1 +y/ 3, and x 2144 -, are 
the ſame with the four Roots of the Biquadratick Equatior. 
propoſed at the Beginning, “ — * —5 xx + 12x —6 
o. But theſe might have been more eafily found by the 
Method of finding Diviſors, explained before. 


A P- 
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MITHERTO I have ſhewn the Properties, 
Traſmutations, Limits, and Reductions of all 
? Sorts of Equations. I have not always joyned 
the Demonſtrations, becauſe they ſeemed too 
eaſy to need it, and ſometimes cannot be laid 
down without too much Tediouſneſs. It re- 
mains now only to ſhew, how, after Equations are reduced to 
their moſt commodious Form, their Roots may be extracted 
in Numbers. And here the chief Difficulty lies in obtaining 
the two or three firſt Figures; which may be moſt commo- 
diouſly done by either the Geometrical or Mechanical Con- 
ſtruction of an Equatiori, Wherefore I ſhalt ſabjoin fome of 
theſe Conſtructions. | | f 
The Antients, as we learn from Pappris, at firſt in vain en- 
deavoured at the Triſection of an Angle, and the finding 
out of two mean Proportionals by a right Line and a Circle. 
Afterwards they began to confider ſeveral other Lines, as the 


Conchoid, the Ciffoid, and the Conick Sections, and by 
bone of theſs to folve thoſe Problems, At length, having 
| m 


8 g 


— 4 — ⁵ ̃ . ᷣ —— 
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more throughly examined the Matter, and the Conick Sedcti. 
ons being received intoGeometry, they diſtinguiſhed Problems 
into three Kinds; viz, Into Plane ones, which deriving 
their Original from Lines on a Plane, may be ſolved by a 
right Line and a Circle, into Sid 025, which were ſolved 
by Lines deriving their Original from the Conſideration of a 
Solid, that is, of a Cone: And Linear ones, to the Solution 
of which were required Lines more compounded. And ac- 
cording to this Diſtinction, we are not to ſolve ſolid Problems 
by other Lines than the Conick Sections; eſpecially if no 
other Lines but right ones, a Circle, and the Conick Secti- 
ons, mult be received into Geometry. But the Moderns ad- 
vancing yet much farther, have .received into Geometry all 
Lines that can be expreſſed by Equations, and have diſtin— 
ouiſhed, according to the Dimenſions of the Equations, thoſe 
Lines into Kinds; and have made it a Law, that you are 
not to conſtruct a Problem by a Line of a ſuperior Kind, that 
may be conſtructed by one of an inferior one. In the Contem- 

lation of Lines, and finding out their Properties, I approve 
of their Diſtinction of them into Kinds, according to the Di- 
menſions of the Equations by which they are defined. But 
it is not the Equation, but the Deſcription that makes the 
Curve to be a Geometrical one. Ihe Circle is a Geometrical 
Line, not becauſe it may be expreſſed by an Equatibn, but 


becauſe its Neſcription is a Poſtulate. It is not the Simplicity 


of the Equation, but the Eafineſs of the Deſcription, whic 
is to determine the Choice of our Lines for the Conſtruction 
of Problems. For the Equation that expreſſes a Parabola, is 
more ſimple than That that expreſſes a Circle, and yet the 
Circle, by reaſon of its more ſimple Conſtruction, is admitted 
before it. The Circle and the Conick Sections, if you regard 
the Dimenſion of the Equations, are of the ſame Order, and 
et the Circle is not numbered with them in the Conſtruction 
of Problems, but by reaſon of its ſimple Deſcription, is de- 
preſſed to a lower Order, Vis. that of a right Line; ſo that 
it is not improper to conſtruct that by a Circle that may be 
conſtructed by a right Line. But it is a Fault to conſtruct 
that by the Conick Sections which may be conſtrufted by a 
Circle, Either therefore you muſt fix the Law to be obſerved 
in a Circle from the Dimenſions of Equations, and ſo take 
away as vitious the Diſtinction between Plane and Solid Pro- 


blems; or elſe you muſt grant, That that Law is not ſo ſtrict- 


ly to be obſerved in Lines of ſuperior Kinds, but that ſome, 
by reaſon of their more fimple Deſcription, may be preferred 
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I to others of the ſame Order, and may be numbered with 
4 Lines of inferior Orders in the Conſtruction of Problems. In 
g Conſtructions that are equally Geometrical, the moſt ſimple 
4 are always to be preferred. This Law is beyond all Excepti- 
4 on. But Algebraick Expreſſions add nothing to the Sim- 
a 1 of the Conſtruction. The bare Deſcriptions of the 
5 ines only are here to be conſidered. Theſe alone were 


1 conſidered by thoſe Geometricians who joyned a Circle with 
* a right Line. And as theſe are eaſy or hard, the Con- 
* ſtruction becomes eaſy or hard. And therefore it is foreign 
. to the Nature of the Thing, from any thing elſe to eſta- 
4- bliſh Laws about Conſtructions. Either therefore let us, with 
all the Antients, exclude ali Lines beſides a right Line, the Cir- 
in- cle, and perhaps the Conick Sections, out of Geometry, or ad- 
14 mit all, according to the Simplicity of the Deſcription. If 
ire the Trochoid were admitted into —— we might, by 


its Means, divide an Angle in any given Ratio. Would you 
therefore blame thoſe who ſhould make uſe of this Line to 
divide an Angle in the Ratio of one Number to another, and 
contend that this Line was not defined by an Equation, but 
that you muſt make uſe of ſuch Lines as are defined by Equa- 
tions ? If therefore, when an Angle was to be divided, for 
Inſtance, into roco Parts, we ſhould be obliged to bring 
a Curve defined by an Equation of above an hundred Ni- 
menſions to do the Buſineſs; which no Mortal could de- 
ſcribe, much leſs underſtand : and ſhould prefer this to the 
Trochoid, which is a Line well known, and deſcribed eafily 
by the Motion of a Wheel or a Circle, who would not ſee 
the Abſurdity ? Either therefore the Trochoid is not to be 
admitted at all into Geometry, or elſe, in the Conſtruction 
of Problems, it is to be preferred to all Lines of a more dit- 
ficult Deſcription. And there is the ſame Reaſon for other 
Curves. For which Reaſon we approve of the Triſections 
of an Angle by a Conchoid, which Archimedes in his Lem- 
ma's, and Papprs in his Collections, have preferred to the In- 
ventions of all others in this Caſe; . we ought either 
to exclude all Lines, befides the Circle and right Line, out 
of Geometry, or admit them according to the Simplicity of 
their Deſcriptions, in which Caſe the Conchoid yields to 
none, except the Circle. Equations are Expreſſions of Arith- 
metical Computation, and properly have no Place in Geo- 
metry, except as far as Quantities truly Geometrical (that 
is, Lines, Surfaces, Solids, and Proportions) may be ſaid to 
be ſome equal to others. Multiplications, Diviſions, and 

Gg + ſuch 
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ſuch ſort of Computations, are newly received into Geome- 
try, and that unwarily, and contrary to the firſt Deſign of 
this Science. For * conſiders the Conſtruction of 
Problems by a right Line and a Circle, found out by the firſt 
Geometricians, will eaſily perceive that Geometry was in- 
vented that we might expeditiouſly avoid, by drawing Lines, 
the Tediouſneſs of Computation. Therefore theſe two Sci- 
ences ought not to be confounded. The Antients did ſo in- 
duſtriouſly diſtinguiſh them from one another, that they ne- 
ver introduced Arithmetical Terms into Geometry. And 
the Moderns, by confounding both, have loſt the Simplicity 
in which all the Elegancy of Geometry conſiſts. Where- 
fore that is Arithmetically more ſimple which is determined 
by the more ſimple Equations, but that is Geomerrically 
more ſimple which is determined by the more ſimple draw- 
ing of Lines; and in Geometry, that ought to be reckoned 
beſt which is Geometrically moſt fimple. Wherefore, I 
ought not to be blamed, if, with that Prince of Mathemati- 
cians, Archimedes, and other Antients, | make uſe of the 
Conchoid for the Conſtruction of ſolid Problems, But it 
any one thinks otherwiſe, let him know, that I am here ſol- 
licitous not for a Geometrical Conſtruction, but any one 
whatever, by which I may the neareſt Way find the Roots 
of the Equations in Numbers. For the ſake whereof I here 
premiſe this Lemmatical Problem. | | 


To place the right Line BC of a given Length, ſo between 
tero other given Lines A B, A C, that being produced, it 
Hall paſs through the given Point P. [See Figure go. 


If the Line BC turn about the Pole P, and at the ſame 
time moves on its End C upon the right Line A C, its other 
End B ſhall deſcribe the Conchoid of the Antients. Let 
this cut the Line A B in the Point B. Join P B, and its Part 
BC will be the right Line which was to be drawn. And, by 
the ſame Law, the Line B C may be drawn, where, inſtead 
of A C, ſome Curve Line is made uſe of. 

If any do not like this Conſtruftion by a Conchoid, ano- 
ther, done by a Conick Section, may be ſubſtituted in its 
room. From the Point P to the right Line A D, A E, draw 


PD, PE, making the Parallelogram EA D P, and from the 


Points C and D to the right Lines A B let fall the Perpen- 


diculars CF, DG, as allo from the Point E to the right 
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Line A C, produced towards A, let fall the Perpendicular 
EH, and making AD= a, PD=6b, BCS c, AG=4, 
AB Dx, and AC=y, you will have AD:AG::AC: AF, 


and conſequently AP= 2 Moreover, you will have A B 


AC:: PD: CD, or æ ::: : 4 - . Therefore / A 
— x, which is an Equation ive of an Hyperbola. 
And again, by the 13th of the 2d" Elem, BC will be = 
n p 
ACq + ABq—2FAB, that is, g e . 
Both Sides of the former Equation being multiplied by 


e rake them from both Sides of this, and there will re 


main on ED er 44 an Equation ex- 


preſſing a Circle, where x and y are at right Angles. Where- 
tore, it you make theſe two Lines an —— and a Cir- 
cle, by the Help of theſe Equations, by their Interſection you 

will have x and y, or AB and AC, which determine the 
Poſition of the right Line BC. But thoſe right Lines will 
be compounded atter this Way. [See Figure g1.] | | 

Draw any two right Lines, K L equal to AD, and K M 
equal to PD, . the right Angle MK L. Com- 
pleat the Parallelogram K L MN, and with the Aſymptotes 
& 4 N, deſcribe through the Point K the Hyperbola 

K X. 

On K M produced towards K, take K P equal to AG, 
and K 7 to BC. And on KL uced towards 
K, take K R equal to AH, and RS equal to RQ. Com- 
pleat the Parallelo ram PKR T, and from the Center T, at 
the Interval T 8, Feribe a Circle. Let that cut the Hyper- 
bola in the Point X. Let fall to K P the Perpendicular LY, 
and X Y will be equal to AC, and K Y equa] to AB. 
Which two Lines, AC and AB, or one of them, with the 
Point P, determine the Poſition ſought of the right Line 
BC. To demonſtrate which Conſtruction, and its Caſes, ao- 
w—_ to the different Caſes of the Problem, I ſhall not here 
mult. 

I fay, by this Conſtruction, if think fit, you may 
ſolve x Problem. But this Solution is too compounded to 
ſerve for any particular Uſes, It is 3 bats — 
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and Geometrical Speculations have juſt as much Elegancy as 

Simplicity, and de ſerve juſt ſo much Praiſe as they can promiſe 

Uſe. For which Reaſon, I prefer a Conſtruction by the 

Conchoid, as much the fimpler, and not leſs Geometrical ; 
and which is of eſpecial Uſe in the Reſolution of Equations ( 
as by us propoſed. Premiſing therefore the preceding Lem- 4 
ma, we Geometrically conſtruct Cubick and Biquadratick 
Problems [a5 which may be reduced to Cubick ones} as tollows, 
[See Figures 92 and 93.]. | | 

Let there be propoſed the Cubick Equation W * + q x + ” 

ro, whoſe ſecond Term is wanting, but the third is dente K] 
under its Sign + 9, aud the fourth by + x, | 
Draw any right Line, K A, which call n. On KA, Y X 


produced on both Sides, take K B . to the ſame Side as 


K A, if it be +4, otherwiſe to the contrary Part. Biſe& 
BAinC, and on K, as a Center with the Radius K C, de- 
ſcribe the Circle C X, and in it accommodate the right Line 


C equal to 75 producing it each Way. Join AX, which 


produce alſo both Ways, Laſtly, between theſe Lines CX 
and AX inſcribe E Y of the ſame Length -as CA, and 
which being produced, may paſs through the Point K ; then 
mall XI be the Root of the Equation. {See Figure 94. 
And ot theſe Roots, thoſe will be Affirmative which fall from 
X towards C, and thoſe Negative which tall on the contraty 
| Side, if it be +7, but contrarily if it be — r. | 


3 Damonſtration. 
To demonſtrate which, I premiſe theſe Lemma's. 


temwmna 1. 


: YX is to AK 41 CX t K E. For draw K F parallel 
to C 


X ; then becauſe of the fimilar Triangles A CX, AKE, 
and EV X, EK F, it will be AC to AK as CX to K F, 
and I X to I E or A Cas K F to K E, and therefore by 
perturbated Equality YX to A K as CX to KE. Q. E. D. 1 
' ? ”\ With the 
| Lemma Il, modate 


and 


IXπ AK CY AK +K R. For by Compoli- Nad K 
tion of Proportion Y X is to AK as IX + CX (I. e. CT) paſs * 
to AKK E. Q. E. D. \ | —— 
5 LEMMA 


* 
* 
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LEM MA III. 


K E — BK is to IX as IX to A K. | 

For (by 12. Elem. 2.) YKq—CKqi=CYq—CY 
x CX = CY x YX. That is, if the Theorem be reſolyed 
into Proportionals, CY to IK —CKasYK +CK to 
VX. But IK —CKis=VYK—YE+CA—_CK 
= KE — BK. And IK CK =YK —YE +CA 
+CK=KE+AK. Wherefore C is to KE - BR 
as KE+AK to IX. But by Lemma 2. it was CY to 
as IX to AK. Wherefore by Equality it is 
E— BKasAKtoYX. Or K E BK to 
X to AK. Q. E. D. 

Theſe Things being premiſed, the Theorem will be thus 
demonſtrated. 

In the firſt Lemma it was I X to AK as CX to K E, or 
KExXYX= AK xCX. In the third Lemma it was 
proved, that K E -B K was to YX as YX to AK. Where- 
tore, if the Terms of the firſt Ratio be multiplied by Y X, 
it will be KEXYX—BKxXYXtXYqasYX:AK 
that is, AK X CX - BK IX to IX Vas IX to AK, 
and by multiplying the Extremes and Means into themſelves, 
u will be A N XXC—AKRxXBExXYVYX=YX be. 
Laſtly, for XX, AK, BK, and CX, re-ſubſtituting æ, 


r . . . . . 
7 2. and _— this Equation will ariſe, vis. 1 — 4* = 


. Q. E. D. I need not ſtay to ſhew you the Variations 
of the Signs, for they will be — according to the 
different Caſes of the Problem. 

Let now an Equation be Frepeſed wanting the thir1 Term, 


as x3 + pax +r=0; in order to conſtruct it, 2 


being aſſumed, take in any right Line two Lengths K A 
= — , and K B p, and let them be taken the ſame Way 


if r and 5 have like Signs; but otherwiſe, take them towards 
contrary Sides. Biſect BA in C, and on K, as a Center, 
with the Radius K C, deſcribe a Circle, into which accom- 
modate CX = u, producing it both Ways. Join alſo AX, 
and produce it both Ways. Laſtly, between theſe Lines CX 
and A X inſcribe EY — CA, ſo that if produced it may 
paſs through the Point K, and K E will be the Root of the 
Equation, And the Roots will be Affirmative, when the 


Point 
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Point J falls on that Side of X which lies towards C; and be 
Negative, when it falls on the contrary Side of X, provided it ec 
r; but if it be — 7, it will be the Reverſe of this. - 

0 


o demonſtrate this Propoſition, look back to the Figures 
and Lemma's of the former; and then you will find it thus. Pc 
| Lemma 1. it was YX to A K as CX to K E, or XX qu 
x RE AK xCX, and by Lemma z, K E K B to 

IX as IX to AK, or, (taking K B towards — PRO) of 
K EAT KB to IX as IX to A K, and therefore K E + 

K B multiplied by K E will be to L XN K E (or AK x 

CN) as YX to A K, or as CX to K E. Wherefore mul- 

tiplying the Extreams and Means into themſelves, K E cube 2 
ien ad ces for KB, 9 
K 4 AK, and CK, reſtoring their Values aſſigned above, ( 
* FX . 

2 an Equation having three Dimenſions, and want- K C 
ing no Term, be propoſed in this Form, x* +p xx + q#x + and 
r Do, ſome of whoſe Roots ſhall be Affirmative, and ſome Ne. KC 
gative. [See Figure 95.] toC 


And firſt ſuppoſe 7 Negative, then in any right Line, a „in 
KB, let two Lengths be taken, as K A = ＋ and K B ah 


= 5. and take them the ſame Way, if 7 and - have con- 


trary Signs; but if their Signs are alike, then take the 
Lengths contrary Ways from the Point K. Biſect A B in C, 
and there erect the — rar CX equal to the Square 
Root of the Term q ; then between the Lines A X and CX. 
produced infinitely both Ways, inſcribe the right Line E Y 
== AC, ſo that being produced, it may paſs through K; fo 
fhall K E be the Root of the Equation, which will be Affir- 
mative when the Point X falls between A and E ; but Ne- 
gative when the Point E falls on that Side of the Point X 
which is towards A. 

But if Q had been Affirmative, then in the Line K B 
you muſt have taken thofe two Lengths thus, viz, K A = 


V= and K B N. and the fame Way from K, 


if 9 and E have different Signs but W 
Ways, if the Signs are of the fame Nature; BA alſo wel 
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be biſected in C; and there the Perpendicular CX erected 
equal to the Term ; and between the Lines AX and CX, 
infinitely drawn out both Ways, the right, Line E Y mult al- 
ſo be inſcribed equal to A C, and made to paſs through the 
Point K, as before; then will X be the Roct of the E- 
128 Negative when the Point X ſhould fall between 

and E, and affirmative when the Point J falls on the Side 
of the Point X towards C. 


The Demonſtration of the firſt Caſe. 


By the firſt Lemma, K E wasto CX as AK to YX, and 
Of ve tion) ſo KE+ AK, i. e. KY+KC is to 
CX+LYX, i. e. CY. But in the right-angled Triangle 


K CI, ICS IKT KC ZS KITKCXKI KC; 
and by reſolving the equal Terms into Proportionals, K Y + - 
K C is to CI as C is to KI — KC; or KE+ AK is 
to C as CY is to EK —K B. Wherefore ſince KE 
was to X C in this Proportion, by Duplication K E 
will be to CX as KE ＋T AK t-to KE - KB, and by 
1 Extreams and Means by themſelves K E cube 
—KBxKEgqi = CXqxKE xCXqxAK. And by 

reſtoring the former Values x? —Pxx =qux +. | 


The Demonſtration of the ſecond Caſe. 


_ By the firſt Lemma, K E is to CX as AK is to IX, then 


by multiplying the Extreams and Means by themſelves, K E 
x YX is Cx „AK. Therefore in the preceding Caſe, 
put K E IX for CX x AK, and it will be K E cube — 
KBxKEq=z=CXqxKE+CXxKExXYX; and by 
dividing all by K E, there will be K EH KBK E 
CXq+ CX xY X; then multiply ing all by A K, and vou will 
have AK x KEq—AKxKBxKE=AK xCXq + 
AKxCXxYX. And again, put K E x YX inſtead of its 
equal CX A K, then AK x KEq—AK XK BxX KE= 
EKxCXxYX+KExYX 74; whenceall 1 
by K E there will ariſe AKN K E- AK X K B= TIX 
x CX+YX 4; and when all are multiplied by Y X there will 
be AKxKExXYX—AKxK BxYX—YXqxCX + 
IX cube, And inſtead of K E x Y X in the firſt Term. put 
CXXARK, and then CX . x BK. x 1 
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CX x 1X7 + Y X cube, or, which is the ſame Thing, I X 
cube + CXXYXq+AK *« KBxXYX—CXx AK 
= ©. And by ſubſtituting for YX, CX, AK and K B, their 


— 1 
Values x, 5, V 77 7 V —, there will come out, x* - 


xx Aro, the Equation to be conſtructed. 


Theſe Eqnations are alſo ſolved, by arawing a right Line 
from a given Point, in ſuch a Manner that the Part of ir, 
eehich is iutercetèi berween another right Line aud a Circle, 
both given in Poſition, may be of a given Length. [See H- 
gure 96.] : | 

For, let there be propoſed a Cubick Equation x & + q « 4 
1 = ©, Whoſe ſecond Term is wanting. —_ 

Draw the right Line K A at Pleaſure, which call 2. In 


| 1 3 
K A produced both Ways, take K B = on the ſame Side 


of the Point K as the Point A is if 4 be Negative, if not, on 
the contrary. Biſect BA in C, and from the Center A, with 
the Diſtance AC, deſcribe a Circle C X. To this inſcribe the 


right Line CX = , and through the Points K, C, and X 


NN 
deſcribe the Circle K CX G. Join AX, and produce it til] 
it again cuts the Circle KCXG laſt deſcribed in the Point 
G. Laſtly, between this Circle K CX G, and the right Line 
K C produ&d both Ways, inſcribe the right Line E Y — 
A C, ſo that E Y produced paſs through the Point G. And 
EG will be one of the Roots of the Equation. But thoſe 
Roots are Affirmative which fall in the greater Segment ot 
the Circle K GC, and Negative which fall in the leſſer 
K FC, if r is Negative, and the contrary will be when r is 
Affirmative. | 

In order to demonſtrate this Conſtruction, let us premiſe 
the following Leimmas. 


LEMMAI. 


All Things being ſiit poſe as in the Conſtruction, CE 1s to 
KAusCE+CXirnAY, and as CX to KA. 

For the right Line K G being drawn, AC is to AK as 
C is to K G, becauſe the Triangles ACX and AK G are 
Similar, The Triangles Y E C, YK G are alſd Similar; for 
the Angle at J is common to both Triangles, and the Ange 

an 


comn 
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G and C are in the ſame ent EGCK of the Circle 
K GC, and therefore equal. Whence CE will be to EX 
as KG to K I, that is, CE to A Cas K G to K V, be- 
cauſe EY and A C were ſuppoſed equal. And by comparing 
this with the Proportionality above, it will follow by pertur- 
bated Equality that CE is to K A as CN to K T, and al- 
ternately CE is to CX as K A to K I. Whence, by Com- 
poſition, CE + CX will be to CN aS KA EK to K, 
that is, A to K J. and alternately CE CN is to AL 
as C is to K I, that is, as C E to K A. Q. E. D. 


Lienen 


Zet fall the Perpendicular C H ufon the right Line 
GY, and the Rectangle 2 HE Y vill be equal to the Rect. 
angle CE x CX. 

For the Perpendicular G L being let fall upon the Line 
AY, the Triangles K GL, ECH ES right Angles at L 
and H, and the Angles at K and E are in the ſame Segment 
CKEG of the Circle CG K, and are therefore equal; con- 
ſequently the Triangles are Similar. And therefore K G is 
to K Las E C to E H. Moreover, A M being let fall from 
the Point A perpendicular to the Line K G, becauſe A K is 
equal to AG, K G will be biſected in M; and the Triangles 
K AM and K GL are Similar, becauſe the Angle at K is 
common, and the Angles at M and L are right ones; and 
therefore A K is to K Mas K G is to K L. But as AK is 
to KM ſo is 2 AK to 2 K M. or K G; (and becauſe the 
Triangles AK Gand AC are Similar) ſo is 2 A C to CX; 
alſo (becauſe AC = EI) ſo is 2 EV to CX. Therefore 
2E is to CX as K G to K L. But KG was to KL as 
E C to EH, therefore 2 E is to CN as EC to EH, and fo 
the Rectangle 2 HE Y (by multiplying the Extreams and 
Means by themſelves) is equal toECx CX. Q. E. D. 

Here we took the Lines AKand AG tobe equal. For the 
Rectangles CAK and Xx AG are equal (by Cor. to 36 Prop. 
of the zd Book of Euc.) and therefore as CA is to X A fo 


is AGto AK. But XA and CA are equal by Hypothe- 


ſis; therefore AG AK. 


LEMMA III. 


All Things being as above, the three Lines BY, CE, K A 
ere continual Proportionals. © RI 
Hh 2 For 
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Sides, CYq — EIL 7 is = C 
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For (by Prop. 12. Book 2. Elem.) CI is =E Yq 
CEq4+2EY x EH. And by taking E Yq from bot 
1 +2EY x EH. But 
2EYx EH is CE CX (by Lem. 2.) and by adding 
GE 7 to both Sides, CE- 2 EI x EH becomes CE 
+ CExCX. Therefore CYq—EYVqis = CET 


CEN CX, that is, CY + EYxCY—EY =CE9q 
+ CE xCX. And by reſolving the equal Rectangles into 
roportional Sides, it will be as CE + CX is to CY + 
E V, ſo is CY—EYtoCE. But the three Lines E I, 
CA, CB, are equal, and thence CY + ETI CY + 
CA=AYandCY—EY=CY—CB=BY. Write 
AV for CY+EY, and BY for CY—EY, and it will be 
as CE +CXisto YA ſois BY to CE. But (fy Lem.1.) 
CE is to K A as CEA C is to AY, therefore CE is to 
K Aas B is to CE, that is, the three Lines BY, CE, 
and K A are continual Proportionals. Q. E. D. 
Now, by the Help of theſe three Lemmas, we may 4e- 
monſtrare the Conſtruction of the preceding Problem, thus: 
By Lem. 1. CE is to K A as Cx is to K V, ſo K A * 
CX is =CE xK LY, and by dividing both Sides by CE, 
KAxCX 


becomes = K Y. To theſe equal Sides add 


- ON 

| AXCEA | 

BK, and BK + x Fo ad will be = BY. Whence (by 
EASUT 


Lem. 3.) BK + CF is to CE as CE is to K A, and 


thence, by multiplying the Extreams and Means by them- 


eee ene Y, and both 


Sides being multiplied by CE, CE cub. becomes = K B x 
KAxXCE+KAqxCX. CE was called x, the Root 


of the Equation, K A was =," K B — 2 and CX = 


72 7¹ 


CK, there will ariſy ee or v. — Jr = ro 


the Equation to be conſtructed; when 9 and r are Negatives, 
K A and K B having been taken on the ſame Side of the 
; f Point 


2. Theſe being ſubſtituted inſtead of C E, K A, K B and 


was. 


produc 
ine ] 
Equati 
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Point K, and the Affirmative Root being in the greater 
Segment CGK. This is one Caſe of the Conſtruction to be 
demonſtrated. Draw K B on the contrary Side, that is, let 


its Sign be changed, or the Sign of ＋, or, which is the 


ſame Thing, the Sign of the Term 4, and there will be had 
the Conſtruction of the Equation x + q x — r =o. Which 
is the other Caſe, In theſe Caſes CX, and the Affirmative 
Root CE, fall towards the ſame Parts of the Line AK. 
Let CX and the Negative Root fall towards the ſame Parts 


when the Sign of C X, or of _ or (which is the ſame 


Thing) the Sign of y is changed; and this will be the ird 
Caſe x) So, where all the Roots are Negative. 


And again, when the Sign of K B, or of LY or only of 4, 


is changed, it will be the fourth Caſe & — 4x + S. 
The Conſtructions of all theſe Caſes may be run through, and 
particularly demonſtrated after the ſame Manner as the firſt 
was. We having demonſtrated one Caſe, thought it ſufficient 
to touch {lightly the relt. Theſe are demonſtrated with 
the ſame Words, by changing only the Situation of the 
Lines. | 

Now {et the Cubick Equation ＋ pax & + ro, 
whoſe third Term is wanting, be to be conſtructed. 

In the ſame Figure u being taken of any Length, take in 


any infinite right Line AY, K A - and K B =p and 


take them on the ſame Side of the Point K, if the Signs of 
the Terms Þ and er are the ſame, otherwiſe on contrary 
Sides. Biſect BA in C, and from the Center K with the 
Diſtance K C deſcribe the Circle CXG. And toit inſcribe 
the right Line CX equal to ꝝ the aſſumed Length. Join 
AX and produce it to G, ſo that AG may be equal to A K, 
and through the Points K, C, X, G deſcribe a Circle. And, 
laſtly, between this Circle and the right Line K C, produced 
both —_ inſcribe the right Line EY=AC, ſo chat being 
produced it may paſs through the Point G ; then the right 
ine K J being drawn, will be one of the Roots of the 
Equation. And thoſe Roots are Affirmative which fall on 
that Side of the Point K on which the Point A is on, if » is 


Affir- 


* 
1 
3 
x 
* 
il 
| 1 * 
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Afﬀirmative ; but if 1 is Negative, then the Affirmative 
Roots fall on the contrary Side. And if the Affirmative 


| Roots fall on one Side, the N _ fall on the other. 


This Conſtruction is demonſtrated by the Help of the 
three laſt Lemmas after this Manner: 

By the third Lemma, BY, CE, K A are continual Pro- 
pens and by Lemma 1. as CE is to K A ſoisCX to 

. Therefore B is to CE as CX to K Y. BY is = 
KI — KB. Therefore K J -K B is to CE as CX is 


to K I. But as KI - K is to CE ſo is KI - KB 
KI to CE XK I, by Prop. 1. Bock 6. Euc. and becauſe 
of the Proportionals C E to K A as CX to K it is CE 


KY=KAXxXCX. Therefore KT - KB NKL is to 
K Ax CX (as KY -K B ͤ to CE, that is) as CX to K. 
And by multiplying the Extreams and Means by themſelves 


TT RKB N KTJ/ becomes = K AN CX; that is, 


Y cub. — KBXKTIYS KAN CX. But in the 
Conſtruction K Y was x the Root of the Equation, K B 


: 
was put =, KA=-—, and CX n. Write there- 
fore x, 5. 75, and for KY, KB, KA, and OX re- 


ſpectively, and x* — fx x will become = yr, or x? — 
run —7 ='0. i | 

This Conſtruction may be reſolved into theſe four Caſes of 

uations, * - — r =0, x — PpPax+r=0o, * 
1 * * — 1 _ and & + Foils = ©. The firit 
Caſe I have already demonſtrated ; the reſt are demonſtrated 
with the ſame Words, only changing the Situation of the 
Lines. To wit, as in taking K A and K B on the ſame 
Side of the Point K, and the Aﬀirmative Root K Y on the 
contrary Side, has already produced K Y cub. KBK IJ 
= KAM CX q, and thence * —pxrv - o; ſo by 
taking K B on the other Side the Point K there will be pro- 
duced, by the like Reaſoning, K Y cub. + KB xKYq= 
KAxCXg, and thence & KEN —r . And in 
theſe two Caſcs, if the Situation of the Affirmative Root 
K Y be changed, by taking it on the other Side of the Point 
K, by a like Series of Argumentation you will fall upon the 
other two Caſes, K Y au + KBxKYq=— mY X 
| UA 7 
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CX. orxi Sr X +r =o, and K Y cub. - KB 


K II — KAN CX, or * —fpxx TTS. 


Which were all the Caſes to be demonſtrated. 

Now tet this Cubick Equation #3 p TTT O 
be propoſed, wanting no Term (unleſs perhaps the third). 
has yr 7 conſtructed after this Manner: [See Figures gy 
and 98. 

Take the length 12 at Pleaſure. Draw any right Line GC 


72 


_— and at the Point G erect a Perpendicular G D = 


* To and if the Terms 5 and r have contrary Signs, from 


the Center C, with the Interval CD deſcribe a Circle P BE. ' 


It they. have the ſame Signs from the Center D, with the 
Space GC, deſcribe an occult Circle, cutting the right Line 
GA in H; then from the Center C, with the Diſtance GH, 


deſcribe the Circle PRE. Then make G A — _ 2 


— on the ſame Side the Point G that C is on, provided the 


Quantity — 1 _ 2 (the Signs of the Terms p, 7, 1 in the 


Equation to be conſtructed being well obſerved) ſhould come 


our Affirmative ; otherwiſe, draw G A on the other Side of 
the Point G, and at the Point A erect the Perpendicular AY, 
between which and the Circle P BE already deſcribed, inſcribe 
the right Line EY equal to the Term p, ſo that being 
duced, it may paſs through the Point G ; which being 
the Line E G will be one of the Roots of the Equation to be 
conſtructed. Thoſe Roots are Affirmative when the Point 
E falls between the Points G and Y, and Negative, when 
the Point E falls without, if is Affirmative; and the con- 
trary, if Negative. | 

In order to demonſtrate this Conſtruction, let us premiſe 
the following Lenmas. ; 


L EMMA l. 


Let EF be let fall perpendicular to A G, and the rigbe 
Line EC be araun; E Gq + GCois=ECqH+ 
or 
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For (by Prop. 12. Book 2. Elm.) EGqis=ECq+HÞ 
GCq+2GCF. Let GC# be added on both Sides, and 
EGq—+6GCq will become =E Cq+2GCq+2GCEF. 


But 2GCq+2GCFis=2GCxr GT TTP 
OED. Therefore EGq+ GCqzECq+32CGF. 


Tuammwi 


Tn the firſt Caſe of the Conſtruftion, «where the Circle 
45, es through the Point D, EGq —GDqir= 
2 b 
For by the firſt Lemma EGq+ GCqis=ECq+ 
2CGF, and by taking CG from both Sides, EG 1s 
=ECq—GCq+:CGF. ButECq - GC is = 
CD- GCS GDg Therefore EGq = GD 4+ 
2CGF, and by taking GDq from both Sides, EG, — 
GD i =2CGF. Q. E. D. | 


Lzxwa Ul 


In the ſecond Caſe of the Conſtruction, where rhe Circle 
PBE des nor paſs through the Point D, E Gq + G7 
is =2 CGPF. | 

For in the firſt Lemma, EGq + GCqwas=EC JA 
2 CGF. Take E Cq from both Sides, and it becomes 
2 Py — ECq=2CGF. But GC = DH, 
and =CP = GH. Therefore GC) — ECA 
+ »* 226600 fe and fo EG q+ GD q= 2 CGF, 


LE MMA IV. 


GYx2CGPFir=2CGxAGE. 
For by reaſon of the ſimilar Triangles GE F and G YA, 
as GF is to GE ſo is AG to GY, that is, (by Prop. 1. 
Book 6. Elm.) as 2 CGN AG is to2 CG x GY. 
Let the Extreams and Means be multiplied by themſelves, 
and 2CG x GY x GFP becomes = 2CGx AG GE. 


. D. 
wy by .the Help of theſe Lemmas, the Conſtrutticn 
of the Problem may be thus demonſtrated. ; 
| 2 LD Io 
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In the firſt Caſe, EGG D/ is 22 CG F (by Lem- 
ma 2.) and by multiplying all by GY, EGqxGY=— 
GDqxGY becomes = 2 CGF x GY = (by Lemma 4. 
2 CGXAGE. Inſtead of GY write EG+EY, a 
E G cub. EY xEGq—GDqx EG—GD27 x E Y be- 
comes =2 CGA x E G, or EG ab, +EY x EGq— 


GDgqg—2CGAxEG—GDyqxELX =o. 

In the ſecond Caſe, EGq+ GDA is = 2CGF (by 
Lemma z.) and by multiplying all by GY, E Gqx GY + 
GNgq x GY becomes =2CGFx GY =2 CGxAGE, 
by Lemma 4. Inſtead of G M write EG+EY, and EG 
cub. E EY*xEGq+GDqxEG+GDgqxeEYN will 
become S 2 CG Ax E G, or E G cub. +EY x EGq+ 
GDq—:2CGAXEG+GDqxEYTY =o _ | 

But the Root of the Equation E G was called x, GD = 
VET = and GA = — EE 


7 1 
that is, in the firſt Caſe, where the Signs of the Terms Þ and 
r are different; but in the ſecond Cate, where the Sign of 


» 


one of the two, For r, is changed, there is — 2 + 27 


= GA. Let therefore E G be put = x, GD = V3 
1 „ . 
EI =, 2C Gn, and GA =— = ＋ and in 


the firſt Caſe it vil be & +p x +9 + = rer 


03 that is, & EP r- ro; but in the /e- 


cn Caſe, & pax + q+ 7 x + r= o, 


that is, * x? x +r= o. Therefore in both 

Caſes E G ng? 85 Value of the Root x. Q. E. D. 
But either Caſe may be diſtinguiſhed into its ſeveral Par- 
ticulars; as the former into theſe, x* gb C- 1 
=0, pH, - o, - e -H, 
* —qzu+r=0, » +fx'—r=o, and æ& — 
pr +r=0; the latter into theſe, » + e + 
o, v3 t - TSO x) - P pqr—r 
So, * — þ 1 — J - So, x + x +f=0, and 
li ** — 


242 Of the Linear Conſlruttion 


* — p r = ©. The Demonſtration of all which 
Caſes may be carried on in the ſame Words with the two al- 


ready demonſtrated, by only changing the Situation of the 


Lines. 


Theſe are the chief Conſtructions of Problems, by inſcribing 


a right Line given in Length ſo between a Circle and a right 
Line given in Poſition, that the inſcribed right Line produced 
may paſs through a given Point. And ſuch a right Line 
may be inſcribed by deſcribing the Conchoid of the Antients, 
of which let that Point, through which the right Line given 
ought to paſs, be the Pole, the other right Line given in Po- 
fition be the Ruler or Aſymptote, and the Interval be the Length 
of the inſcribed Line. For this Conchoid will cut the Circle 
in the Point E, through which the right Line to be inſcribed 
muſt be drawn. But it will be ſufficient in Practice to draw 
the right Line between a Circle and a right Line given in 
Poſition by any Mechanick Method. | 
But in theſe Conſtructions obſerve, that the Quantity is 
undetermined and left to be taken at Pleaſure, that the Con- 
ſtruction may be more conveniently fitted to particular Pro- 
blems. We ſhall give Examples of this in finding two mean 
Proportionals, and in triſecting an Angle. TY 
t x and y be two mean Proportionals to be found between a 
and b. Becauſe a, , y, b are continual Proportionals, 4* 
will be to x* as x to b, therefore v» =a ab, or x* — aab 
o. Here the Terms p and 4 of the Equation” are want- 
ing, and — 44 h is in the room of the Term 7; therefore in 
the firſt Form of the Conſtructions, where the right Line EX 
tending to the given Point K, is drawn between other two 
right Le EX and YC, given in Pofition, and the right 


—aab 
Line CX ſuppoſed = 75 that is = —, let n be 


taken equal to 4, and then CX will become — . From 
whence the following Conſtruction comes out. [ See Figure 99.] 
I draw any Line, KA a, and biſect it in C, and from 
the Center K, with the Diſtance K C, deſeribe the Circle 
CX, to which I inſcribe the right Line CX b, and be- 
tween AX and CX, infinitely produced, I fo inſcribe E Y 
= CA, that E M being produced, may paſs through the Point 
R. SoKA,XY, K , CX will be continual Proportion- 
als, that is, X Y and K E two mean Proportionals between 4 
and . This Conſtruction is known. [See Figure 100.] 


But 


IAA 
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But in the other Form of the Conſtructions, where the 
right Line EY may to the given Point G is inſcribed 
between the Circle GECX and the right Line AK, and 


—aab 
CX is = _ that is, (in this Problem) = 77 » I put, 


as before, „ — a, and then CX will be = b, and the reſt 
are done as follows. [See Figure 101.} 


I draw any right Line K A =4, and biſeR it in C, and 
from the Center A, with the Diſtance AK, I deſcribe the 
Circle K G, to which I inſcribe the right Line KG = 26, 
conſtituting the Jſeſceies Triangle A K G. Then, through the 
Points C, K, G I deſcribe the Circle, between the Circum- 
ference. of which and the right Line A K produced, I in- 
ſcribe the right Line EY CK tending to the Point G. 
Which being done, AK, EC, KY, 1 K G are continual 
Proportionals, that is, EC and K J are two mean Propor- 
tionals between the given Quantities 4 and b. 


Let there be an Angle to be divided into three equal Parts; 
[See Figure 102.] and let that Angie be A CB, and the Parts 
thereof to be found be A CD, ECD, and ECB. 


From the Center C, with the Diſtance CA, let the Circle 
AD E B be deſcribed, cutting the right Lines CA, CD, 
CE, CB in A, D, E, B. Let AD, DE, E B be joined, 
and A B cutting the right Lines CD, CE at F and H, and 
let DG, meeting A B in G, be drawn parallel to CE. Be- 
cauſe the Triangles CAD, ADE, and DFG are Similar, 
CA, AD, DF, and FG are continual Proportionals. 'There- 
fore if AC be =4, and AD=x, DF will be equal to 


z 


—, and FG ===. But ABis =BH + HG+PA— 


was” 4 


* 
r = AD-OG P32 i. Let AB be=b, then 


* 
b becomes = 3 * — = or x'—3445 + aab=0. Here 


aa 
, the ſecond Term of the Equation, is wanting, and in- 
ſtead of q and 7 we have — 344 and à 4 b. erefore in 


the firſt Form of the Conſtructions, where p was =o, KA 
E, that is, in this Pro- 


liz blem, 
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biem, KB = , and CX = , that theſe Quan- 


tities may come out as ſimple as poſſible, I put 2» = 4, and 
ſo K B becomes = — 34a, and CX . Whence this Con- 
ſtruction of the Problem comes out. 


Draw any Line, K A = 4, and on the contrary Side make 
K B = 3 a. [See Figure 103.] Biſect BA in C, and trem 
the Center K, with the Diſtance K C, deſcribe a Circle, to 
which inſcribe the right Line CX , and the right Line 
AX being drawn between that infinitely produced and the 
right Line C X,inFribe the right Line E Y= AC, and ſo that 
it being produced, will paſs through the Point K. So XX 
will be = x. But (ſee the laſt Figure) becauſe the Circle 
ADE B = Circle CX A, and the Subtenſe A B = Sub- 
tenſe C X, and the Parts of the Subtenſes BH and X I are 
equal; the Angles A C B, and CK X will be equal, as alſo 
the Angles BCH, XK Y ; and fo the Angle X K will be 
one third Part of the Angle CK X. Iherefore the third 
Part X K Y of any given Angle CK X is found by inſcribing 
the right Line EY = AC the Diameter of the Circle, be- 
tween the Chords CX and AX infinitely produced, and 
conyerging towards K the Center of the Circle. | 


Hence, if from K, the Center of the Circle, you let fall 
the Perpendicular K H upon the Chord CX, the Angle 
HK I will be one thi:d Part of the Angle HK X; ſo that 
if any Angle HK X were given, the third Part thereof 
HK Y may be found by letting fall from any Point X of any 
Side K X, the Line H X perpendicular to the other Side 
HK, and by drawing XE parallel to HK, and by in- 
ſcribing the right Line YE =2X K between XH and XE, 
ſo that it being produced may paſs through the Point K. 
Or thus. [See Figure 10g. ] 


Let any Angle AX K be given. To one of its Sides A X 
raiſe a Perpendicular XH, and from any Point K of the 
other Side X K let there be drawn the Line K E, the Part 

of which EM (lying between the Side A X produced, andi 
the Perpendicular X H) is double the Side X K, and the An 
le KEA will be one third of the given Angle AXK 
gain, the N E Z being raited, and K F being 
drawn, whoſe Part Z F, between EF and E Z, let be dou- 
ble to K E, and the Angle K PA will be one third of the 
Angle K EA; and fo you may go on by a —_— Tri 


eCtior 
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ſection of an Angle ad infinitum. This Method is in the 
32d Prop. of the 4th Book of Pappus. 

Bur if you would triſect an. Angle by the other Form of 
Conſtructions, <ohere the right Line is to be inſcribed berween 
another right Line and a Circk : Here alſo will K B be = 


LT and CX = _ that is, in the Problem we are now 
— 2 44 aab 
about, K B = ; and CX = —; and ſo by put- 


ting #= 4, K B will be = - 3 4, and CX . Whence 
this Conmſtruction comes out. 

From any Point K let there be drawn two right Lines to- 
wards the ſame Way, K A= a, and KB = 3 a. [Se 
Figure 105. ] Biſect A B in C, and from the Center A with 
the Diſtance A C deſcribe a Circle. To which inſcribe the 
right Line CX = &, Join A X, and produce it till it cuts 
the Circle again in G. Then between this Circle and the 
right Line K C, infinitely produced, inſcribe the Line E Y = 
AC, and paſſing through the Point G; and the right Line 
E C being drawn, will be equal to x the Quantity ſought, 
by "I the third Part of the given Angle will be ſub. 
tended, 

This ConſtruQion ariſes from the Form abbve; which, 
however, comes out better thus; Becauſe the Circles ADEB 
and K X G are equal, and alſo the Subtenſes C X and AB, 
the Angles CA X, or K AG, and ACB are equal, therefore 
CE is the Subtenſe of one third Part of the Angle K AG, 
Whence in any given Angle K AG, that its third Part 
CAE may be found, inſcribe the right Line E Y equal to 
the Semi-Diameter AG of the Circle K CG, between the 
Circle and the Side K A, of the Angle, infinitely produced, 
and tending to the Point G. Thus Archimeaes, in Lemma 8. 
taught to triſect an Angle. The ſame Conſtructions may be 
more eaſily explained than I have done here; but in theſe 
I would ſhew how, from the general Conſtructions of Pro- 
blems I have already explained, we may derive the moſt 
ſimple Conſtructions of particular Problems. 

Beſides the Conſtructions here ſet down, we might add 
many more. [See Figure 1c6.] As if there *vere teto mean 
Proportionals to be foumd between a and b. Draw any right 
Line AK == b, and perpendicular to it AB = a. Biſe& 
AK in l, and in AK put AH equal to the Subtenſe BI; 
and alſo in the Line AB produced, A C = Subtenſe Ther 
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Then in the Line A K on the other Side of the Point A 


take A D of any Length and DE equal to it, and from 


the Centers D and E, with the Diſtances D Band E C, de- 
ſcribe two Circles, BF and CG, and between them draw 
the right Line FG equal to the right Line A I, and converg- 
ing at the Point A, and A F will be the firſt of the two mean 
Proportionals that were to be found. 


The Antients taught how to find two mean Proportionals 
by the Co; but no Body that I know of hath given a 
ood manual Deſcription of this Curve. [See Figure 1c7.] 
— AG be the Diameter, and F the Center of a Circle to 
which the CH oid belongs. At the Point F let the Perpen- 
dicular F D be erected, and produced in infinitiun. And let 
G be produced to P, that FP may be equal to the Diame- 
ter of the Circle. Let the rectangular Ruler PE D be moved, 
ſo that the Leg E P may always paſs through the Point P, and 
the other Leg E D mult be equal to the Diameter A G, or 
F P, with its End D, always moving in the Line FD; and 
the middle Point C of this Leg will deſcribe the C:f617 
G CK which was defired, as has been already ſhewn, 
Wherefore, if between any two Quantities, 4 and 6, there 
be two mean Proportionals to be found: Take AM a, 
raiſe the Perpendicular MN b. Join AN; and move 
the Rule PND, as was juſt now ſhewn, until its Point C 
fall upon the right Line AN. Then let fall CB perpendi- 
cularto A P, take 7 to BH, and v to BG, as MN is to BC, 
and becauſe A B, BH, BG, BC are continual Proportion- 
als, a, t, v, b will alſo be continual Proportionals. 
By the Application of ſuch a Ruler other ſolid Problems 
may be conſtrufted. 
Let there be propoſed the Cubick Equation xv? + * + 
gx —r=0; where let q be always Affirmative, r Nega- 


tive, and p of any Sign. Make AG = — „and biſect it 


in E, and take FR and GL = 2. and that towards A if 


it be + , if not towards P. Moreover, erect the Perpen- 
dicular F D, and in it take FQ=y/ 4; to this ere alſo the 
Perpendicular QC. And in the Leg E D of the Ruler,take 
E D and EC reſpectively equal to A G and AR, and let 
the Leg of the Ruler be applied to the Scheme, ſo that the 
Point D may touch the right Line F PD, and the Point C tho 

| | | | right 


theref 
more 
more 


\ 


of EQUATIONS. 


247 
tight Line QC, then if the Parallelogram B Q be compleat- 
ed, L B will be the ſought Root x of the Equation, : 
Thus far, I think, I have expounded the Conſtruction 
of ſolid Problems by Operations whoſe manual Practice is 


moſt fimple and expeditious. So the Antients, after they 
had obtained a Method of ſolving theſe Problems by a 
Compoſition of ſolid Places, thinking the Conſtructions by 
the Conick Sections uſcleſs, by reaſon of the Difficulty of 
deſcribing them, ſought eafier Conſtructions by the Con- 
choid, Cifloid, the Extenfion of Threads, and by any 
Mechanick Application of Figures, preferring uſeful Things 
though Mechanical, to uſeleſs Speculations in Crone. 
as we learn from Pappus. So the great Archimedes him- 
ſelf neglected the Triſection of an Angle by the Conick 
Sections, which had been handled by other Geometrici- 
ans before him, and taught how to triſect an Angle in his 
Lemmas after the Method we have already explained. If the 
Antients had rather conſtruct Problems by Figures not received 
in Geometry in that Time, how much more ought theſe Fi- 
gures now to be preferred which are received by many into 
Geometry as ol as the Conick Sections. 

However, I do not agree to this new Sort of Geometrici- 
ans, who receive all Figures into Geometry. Their Rule 
of admitting all Lines to the Conſtruction of Problems 
in that Order in which the Equations, whereby the Lines 
are defined, aſcend to the Number of Dimenfions, is arbi- 
trary and has no Foundation in Geometry. Nay, it is falſe 
for according to this Rule, the Circle ſhould be joined wi 
the Conick Sections, but all Geometers join it with the 
right Line ; and this being an inconſtant Rule, takes awa 
the Foundation of admitting into Geometry all Analytic 
Lines in a certain Order. In my Judgment, no Lines ought 
to be admitted into plain Geome des the right Line 
and the Circle, unleſs ſome Diſtintion of Lines might be 
firſt invented, by which a circular Line might be joined 
with a right Line, and ſeparated from all the reſt. But truly 
_ Geometry is not then to be augmented by the Num- 

er of Lines. For all Figures are plain that are admitted 
into be Geometry, that is, thoſe which the Geometers 
poſtulate to be deſcribed in plano. And every plain Problem 
is that which may be conſtructed plain Figures. So 
therefore admitting the Conick Sections and other Figures 
more compounded into plain Geometry, all the ſolid and 
more than ſolid Problems that can be conſtructed by theſe 


Figures 
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Figures will become plane. But all plane Problems are 


of the ſame Order. A right Line is Analytically more 


fimple than a Circle; nevertheleſs, Problems which are 
conſtructed by right Lines alone, and thoſe that are con- 
ſtructed by Circles, are of the ſame Order. Theſe 'l hings 
being poſtulated, a Circle is reduced to the ſame Order with 
a right Line. And much more the Ellipſe, which differs much 
teſs trom a Circle than a Circle from a right Line, by poſtu- 
lating in like manner the Deſcription thereof in /anc, will be 
reduced to the ſame Order with the Circle. If any, in confider- 
ing the Ellipſe, ſhould fall upon ſome ſolid Problem, and 
ſhould conſtruct it by the Help of the ſame Ellipſe, and 
a Circle: This would be counted a plane Problem, be- 
cauſe the Ellipſe was ſuppoſed to be deſcribed in Flano, 
and all the Conſtruction beſides will be ſolved by the 
Deſcription of the Circle only. Wherefore, for the ſame 
Reaſon, every plane Problem whatever may be conſtruct- 
ed by a given Ellipſe. For Example, [See Figure 108.] 
If the Center O of the given Ellipſe A D FG be re- 
quired, I would draw the two Parallels A B, C D meet- 
ing the Ellipſe in A, B, C, D; and alſo two other Pa- 
rallels E F, G meeting the Ellipſe in E, F, G, , 
and I would biſect them in I, K, L, M, and produce 
IK, LM, till they meet in O. Ihis is a real Con- 
fruftion of a plane Problem by an Ellipſe. It imports 
nothing that an Ellipſe is Analytically defined by an 
Equation of two Dimenſions. Nor that it be generated 
Geometrically by the Section of a ſolid Figure. The Hy- 
- potheſis, only conſidering it as already deſcribed in plano, 
reduces all folid Problems conſtructed by it to the Order 
of plane ones, and concludes, that all plane ones may be 
_ rightly conſtructed by it. And this is the State of a 
PHoſtulate. Whatever may be ſuppoſed done, it is per- 
mitted to aſſume it, as already = and given. There- 
fore let this be a Poſtulate to deſcribe an Ellipſe in plano, 
and then all thoſe Problems that can be conſtructed by 
an Ellipſe, may be reduced to the Order of _ ones, 
— all plane Problems may be conſtructed by the El- 
lipſe. | = | 
* is neceſſary therefore that either plane and ſolid Pro- 
blems be confounded among one another, or that all Lines 


be flung out of plane Geometry, beſides the right Line and the 


Circle, unleſs it happens that ſometime ſome other is given 


in the State of conſtructing ſome Problem. But certainly ny 
, 0 V 


of EQUATIONS. 249 


will permit the Orders of Problems to be confuſed. There- 


fore the Conick Sections and all other Figures muſt be caſt 
out «__ Geometry, except the right Line and the Cir- 
cle, thoſe which happen to be piven in the State of the 
Problems. Therefore all theſe Deſcriptions of the Conicks 
in plano, which the Moderns are ſo fond of, are foreign to 
Geometry. Nevertheleſs, the Conick Sections ought not to 
be flung out of Geometry. They indeed are not deſcribed 
Geometrically in plano, but are generated in the plane Su- 
perficies of a Geometrical Solid. A Cone is conſtituted geo- 
metrically, and cut by a Geometrical Plane. Such a Seg- 
ment of a Cone is a etrical Figure, and has the ſame 
Place in ſolid Geometry, as the Segment of a Circle has in 
Plane, and for this Reaſon its Baſe, which they call a Co- 
nick Section, is a Geometrical Figure. Therefore a Conick 
Section hath a Place in Geometry ſo far as it is the Superfi- 
cies of a Geometrical Solid; but is Geometrical for no other 
Reaſon than that it is pon by the Section of a Solid, 
and therefore was not in former Times admitted but only into 
ſolid Geometry, But ſuch a Generation of the Conick Sec- 
tions is difficult, and general! uſeleſs in Practice, to which 
Geometry ought to be moſt ſerviceable, Therefore the An- 
tients betook themſelves to various Mechanical Deſcripti- 
ons of Figures in plano. And we, after their Example, 
have framed the preceding Conſtructions. Let theſe Con- 
ſtructions be Mechanical; and ſo the Conſtructions by Co- 
nick Sections deſcribed in plauo (as is wont now to be done) 
are Mechanical. Let the Conſtructions by Conick Sections 
given be Geometrical ; and ſo the Co ions by any 
other given Figures are Geometrical, and of the ſame Order 
with the Conſtructions of plane Problems. There is no Rea- 
ſon that the Conick Sections ſhould be preferred in Geome- 
try before any other Figures, unleſs ſo far as they are derived 
from the Section of a Cone; they being altogether unſer- 
viceable in Practice in the Solution of Problems. But leaſt 
I ſhould wholly neglect Conſtructions by the Conick Secti- 
ons, it will be proper to ſay ſomething concerning them, 
in which alſo we will conſider ſome commodious manual 
Deſcription. | 5 
The Ellipſe is the moſt ſimple of the Conick Secti- 
ons, moſt known, and neareſt of Kin to a Circle, and eaſieſt 
deſcribed by the Hand in plano. Many prefer the Parabola 
before it, for the Simplicity of the Equation by which it is 
exprelled, But by this Reaſon the Parabola ought to be 
| . preferred 
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referred before the Circle it ſelf, which it never is 

refore the reaſoning from the Simplicity of the Equa- 
tion will not hold. The modern Geometers are too fond 
of the Speculation of Equations. The Simplicity of theſe 
is of an Analytick Conſideration. We treat of Compoſiti- 
on, and Laws are not given to Compoſition from Ana- 
lyfis. Analyſis does lead to Compoſition ; But it is not 
true Compoſition before its freed from Analyſis. If there be 
never ſo little Analyſis in Compoſition, that Compoſition is 
not yet real. Compoſition in it ſelf is perfect, and far 
from a Mixture of Analytick Speculatiors. The Simplicity 
of 1 depend upon the Simplicity of their Geneſis 
and Ideas, and it is not an Equation but a Deſcription 
(either Geometrical or Mechanical) by which a Figure 
is generated and rendered more eaſy to the Conception. 
Therefore we give the Ellipſe the firſt Place, and ſhall 
now ſhew how to conſtruct Equations by it. 

Zet there be any Cubic Equation propoſed, x* = þ x* 
+qx—+r, where p, q, and r ſignify given Co-efficients of 
the Terms of the Equation, with their Signs + and —, 
and either of the 3 — p and q, or both of them, may 
be wanting, For ſo we ſhall exhibit the Conſtructions 
of all Cubick Equations in one Operation, which follows : 

From the Point B in any given right Line, take any 
two right Lines, BC and BE, on the ſame Side the Point 
B, and alſo BD, ſo that it may be a mean Proportional be- 
tween them. [See Figure 109.} And call BC, u, in the ſame 


right Line alſo take BA = £ and that towards the 


Point C, if — 4, if not, the con Way. At the Point A 
erect a Perpendicular Al, and in it take A Fp, FG AFP, 


FI =, and FH to FI as BCisto BE, But FH 


and FI are to be taken on the ſame Side of the Point F to- 
wards G, if the Terms p ander have the ſame Signs; and 
if they have not the ſame Signs, towards the Point A. Let 
the Para llelograms I ACK and HA E L. be compleated, 
and from the Center K, with the Diſtance K G, let a Circle 
be deſcribed. Then in the Line H I let there be taken 
HR on either Side the Point H, which let be to H L as 
BD to BE; let GR be drawn, cutting EL in 8, and let 
the Line GR S be moved with its Point R falling on Hrs 

ne 
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Line HL, and the Point 8 2 the Line E L, until its 
third Point G in deſcribing the Ellipſe, meet the Circle, 
as is to be ſeen in the Polition of y eo. For half the 
Perpendicular | Re let fall from y the Point of meeting to 
AE will be the Root of the Equation. But G or » the 
End of the Rule GRS, or y , can meet the Circle 
in as many Points as there are ble Roots, And thoſe 
Roots are Affirmative which fall towards the ſame Parts 
of the Line E A, as the Line FI drawn from the Point 
F does, and thoſe are Negative which fall towards the 
contrary Parts of the Line AE if r is Affirmative; and 
contrarily if 1 is Negative. 

But this Conſtruction is demonſtrated by the Help of the 
following Lemmas. + 4 I 


LzMMA Il. 


All being 4 as in the Con ion, 2CAX — 
AX9q is = q—2AIx»X+2AGxPFL 
For from the Nature of the Circle, K 77 — CXZ is 


> X — AI I. But K 77 is GIT AC, and CXq= 
AX AC, chat is, AXT 2 CAX TAC, and 
ſo their Difference Glq+2 CAX—AXgis=y X —A |2 
= N Xq—2Al*XyX pn Subtract G I/ from 
A n m_—_ ® 2 — » Y 2 
2Alxy>X + Ala —Glq. But rap. 4. Book 2. 
ITE dos thaors iy and fo 17 
Glais=AGq+2AGI1, that is, =2AGx$AG+GT, 
or =2 AG x FI, and thence2CAX - AX is YK 
— 2 AIX YX T ZA GX FEI. Q. E. D. 5 


LE MM A II. ö 
All Things being conſtructed as above 2 EAX —AX4 


FI 2Fl | | 
* FH NY Ax Xy+2AGXEL. 


For it is known, that the Point , by the Motion of the 
Ruler y e „ aſſigned above, deſcribes an Ellipſe, the Center 
hereof is L, and the two Axis s coincide wit the two right 
Lines LE and LH, of which that which is .in LE ig 
2 7 ec, or =2 G R, and the other which is in LH is = 
2% 6, or =2 GS, And I 

| 2 is 


252 Of the Linear Conflruftion 


is the ſame as that of the Line H R to the Line H L, 

or of the Line B D to the Line B E. Whence the La- 2 A 
ius Tranſverſum is to the principal Latus Rectum, as B E is = 
to B C, or as FI is to F erefore ſince y T is ordi- Ald 
nately applied to H L, it will be from the Nature of the El- FF 


Fl 
lipſe 687— LTT EH T ſquared. But L T is = 


AE — AX, and Ty = XN — AH. Let the Squares 
of which be put inſtead of LT g and T 54, and then G84 


—AEq+:EAX—AX49 will become = HEX 


—:AHxXy +AHgqg But GSq—AEq i= 
 GH+LS|?, becauſe GS is the Hypothenuſe of a Re& 
angled Triangle, the Sides whereof are equal to AE and 
G H+ LS. And (by reaſon of the fimilar Triangles 
R GH and RSL)LSistoGHas LR is to H R, and 
by Compoſition GH LS is to GH as HL is to HR, 
and by ſquaring the Proportions CH + LSI is to GHqas 
HLqistoHRg, thet ie (by Conſtruction) as BE q is to 
BD, that is, as BE is to BC, or as EI is to FH, and fo 
Fl | 

GH PLS is = FH GH. Therefore GS 7 — 


Fl Fl = 
AE is = FH GH g, and ſo PH G HAT ZEAX 


Fl 
AXq=7FqxXyq9 -:AHxXy +AH 4. Sub- 
Fl | | 
tract pH GH from both Sides, and there will remain The 


Fl | 
:EAX—AXq=rqxXyq—:2AHxX»++,ax 


AHq—GHgq But A H is = AG GH, and ſo AHA a be 
= AGq+2AGH+GH 9, and by ſubtracting GHq SF 
from both, there will remain AHq—GHqg—=AGq+ | 


AGH, that is, AG x FAG+GH=z:AG * Equal 
PH, and therefore EAR Ax H= X= | X» i 
| + 5 2A : 


»D 2 8 
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FI 
2: AHxXXy +2 AGxFH, that is, = FH X y 4 » 


1 | q 
a AHxXy+2AGxPL QE. o. 


LE MMA III. 
All Things ſtanding as before, A X will be to X 
AGasXy is to 2 BC. | | 
For if from the Equals in the ſecond Lemma there be ſub- 
trated the Equals in the firſt Lemma, there will remain 


HI 2Fl | 
2CEXAX =jqXv 9 —pAHxRXy ＋ 2AI 


X X yy. Let both Sides be multiplied by F H, and 2 FH x 
CE x A X will become S HIXXVJ—- 2 FIX AH x 
X 2 AIX FHXX Z. But AI is HIN AH, 
and ſo 2 FIN AH — 2 FH X AIS 2FIX AH 
2 FHA — 2 FH I. But 2 FIX HA—2FHA=2AHI, 
and 2 AHI —=2FHI=2HIxAF. Therefore 2 FI x 
AH — 2 FHN AIS 2 HIXAF, and ſo 2 FH X CE x 
AX =—HIx Xy94q—:HIxAFxXy. And thence 
as Hl is to FH, ſo is 2CExXAXtoXyq—2AP* 
X y. But by Conſtruction HI is to FH as CE is to BC, and 
conſequently as 2 CEXAX is to 2 BC AX, and therefore 
I ve e240 x. (by Prop. g. 
Book 5. Elem.) But becauſe the Rectangles are equal, the 
Sides are proportional, AX toXy —2AF, (that is, xy 
AG)asXy isto2BC, G. E. D. 


L EMMA IV. 

The ſame Things being ſtill ſuppoſed, 2 FI is to AX — 
$f #475574 PERS 

For if from the Equals in the tbird Lemma, to wit, 2 BC 
xXAX=X-yq—2AFxX-, the Equals in no tf Lap: | 
ma be ſubtrated, there will remain —2ABx AX AX / 
=2FIxXy —2 AG xPI, that is, AX xAX—2AB 
=2 FI x XY AG. But becauſe the Rectangles are 
Equal, the Sides are * N 2 FI is to AX — 2 AB 


2 AX is to X A G, that is, (by the third Lemma) as 
Xy is to 2 BC. Q. E. P. | 


A. 


2 — 


— —— TR 


two other right Lines are to be drawn from the Point L to 
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As length, by the Help of theſe Lemmas. the ConſtrutÞio:: 

of che Problem is rhus 1 x | . 
By the fourth Lemma, X is to2BCas2Flisto AX 

—2 AB, that is, (by Prop. 1. Book 6. Elem.) as 2BC * 


2 Fl is to a2 BC AX ZAB, or to 2 BC NY AX —2 BC 
x2 AB, But by the third Lemma, A X is to XY - 2 AE 
as X is to a BC, or a BC AX XV-2 AFX X and 
onſequently X is to a BCas 2 BCx2FlistoXyq—2AFxX 

+ —2BCx2 AB. And by multiplying the Means and 
Extreams into themſelves, X + cub. — 2 AFX X77 
4BCXABxXy=8BCqxFI. And by adding 2 AF 
xXXyq+4BCxXABXxX y to both Sides X/ cub. is = 
2AFxXXy/q+4BCxXABxXy4+8BCqxEL But 
X in the Conſtruction to be demonſtrated was equal to the 
Root of the Equation = x, and AF =p, BC =», AB 


= ndl i and therefore B Cx ABA. And BC 
x FI r. Which being ſubſtituted, will make xy? =p x* 


+qx—+?s Q.E.D, 
Corel. Hence if AF and AB be ſuppoſed equal to no- 
mw by the third and fourth Lemma, 2 FI will be to AX 
as AX istoXy, and X to 2 BC. From whence ariſes 
the Invention of two mean Proportionals between any two 
given Quantities, FI and BC, | . 
Sclbolitun. Hitherto I have only expounded the Conſtructi 
on of a Cubick Equation by the Ellipſe; but the Rule is of 
a more univerſal Nature, extending it ſelf indifferently to all 
the Conick Sections. For, if inſtead of the Ellipſe you 
would uſe the Hyperbola, take the Lines BC and BE on the 
contrary Side of the Point B, then let the Points A, F, G, I, 
H, K, L, and R be determined as before, except 2 that 
FH ought to be taken on the Side of F not towards I, and 
that H R ought to be taken in the Line Al not in HL, on 
each Side the Point H, and inſtead of the right Line G R8, 


the two Points R and R for Aſymptotes to the Hyperbola. 
With theſe Aſymptotes LR, L R deſcribe an Hyperbola 
through the Point G, and a Circle from the Center K with 
the Diſtance G K: And the halves of the Perpendiculars let 
fall from their Interſections to the right Line A E will be the 
Roots of the Equation propoſed. All which, the Signs + 
and — being rightly changed, are demonſtrated as above. 


But 


nol AxX@amOxXr t. 


he 
B 


of EQUATIONS. 235 


But if you would uſe the Parabola, the Point E will be 
removed to an infinite Diſtance, and ſo not to be taken an 
where, and the Point H will coincide with the Point F, — 
the Parabola will be to be deſcribed about the Axis H L with 
the principal Lars Rectum B C through the Points G and 
A, the Vertex being placed on the ſame Side of the Point E, 
on which the Point B is in reſpect of the Point C. 

Thus the Conſtructions by the Parabola, if you d A- 
nalytick Simplicity, are the moſt fimple of all. Thoſe b 
the Hyperbola next, and thoſe which are ſolved by the El. 
lipſe, have the third Place. But if in deſcribing of Figures, 
the Simplicity of the manual Operation be reſpected, the Or- 
der muſt be changed. 

But it is to be obſerved in theſe Conſtructions, that by the 
Proportion of the principal Lars Rectum to the Zoe 
Tranſverſum, the Species of the Ellipſe and Hyperbola may 
be determined, and that Proportion is the ſame as that of the 
Lines BC and BE, and therefore may be aſſumed : But 
there is but one Specics of the Parabola, which is obtained b 
putting BE infinitely long. So therefore we may conſtru 
any Cubick Equation by a Conick Section of any given Spe- 
cies. To change Figures given in Specie into Tons given 
in Magnitude, is done by encreaſing or diminiſhing in a 

iven Ratio, all the Lines by which the Figures were given in 

pecie, and ſo we may conſtruct all Cubick Equations by any 

22 Conick Section whatever. Which is more fully explain- 
thus. 

Let there be propoſe: any Cubick Ezuation 
J . 1, to conſtruft it by the Help of any given Conick ey 
on. [See Figrres 110 and 111.] 

From any Point B in any infinite right Line B CE, take 
any two Lengths B C, and BE towards the ſame Way, it the 
Conick Section is an 10 but towards contrary Ways if it 
be an Hyperbola, But let BC be to BE as the principal 
Latus Rectum of the given Section, is to the Latus Tran. 


verſion, and call B C, n, take BA =, and that towards 


C, if 3 be Negative, and contrarily if Affirmative. At the 
Point A erect a Perpendicular A I, and in it take AF =P, . 


ind FG=AP; and FI= -, But let PI be taken to- 


wards G if the Terms p and r have the ſame Signs, if not, to- 
wards A, Then make as FH is to FI ſo is BC to wy 
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and take this F H from the Point F towards I, if the Sefti- 
on is an Ellipſe, but towards the contrary Way if it is an Hy- 
| 1 But let the Parallelograms IA CK and HA EI. 
de compleated, and all theſe Lines already deſcribed trans- 
ferred to the given Conick Section; or, which is the ſame 
Thing, let the Curve be deſcribed about them, ſo that its 
Axis or N tranſverſe Diameter might agree with the 
right Line LH, and the Center with the Point L. Theſe 
ings _ done, let the Line K L' be drawn as alſo GL 
_—_ nick Section in g. In LK'take Lk, which let 
be to LK as Lg to L G, and from the Center k, with the 
Diſtance k g, deſcribe a Circle. From the Points where it 
cuts the given Curve, let fall Perpendiculars to the Line LH, 
whereof let T be one. Laſtly, towards y take TI, which 
let be to T as LG to Lg, and this T Y produced will cut 
AB in X, and: X will be one of the Roots of the 
Equation. But thoſe Roots are Affirmative which lie to- 
wards ſuch Parts of AB as FI lies from F, and thoſe 
are Negative which lie on the contrary Side, if 1 is +, 
and the contrary if 1 iss 2 
After this Manner are Cubick Equations conſtructed by 
iven Ellipſes and Hyperbolas: But if a Parabola ſhould 
be iven, the Line BC is to be taken equal to the Latus 
Reftum it ſelf. Then the Points A, FE, G, I, and K, 2 
found as above, a Circle muſt be deſcribed from the Center 
with the Diſtance K G, and the Parabola muſt be ſo applied 
to the Scheme already deſcribed, (or the Scheme to the Para- 
bola) that it may paſs through the Points A and G, and its 
Axis through the Point F parallel to A C, the Vertex fall- 
ing on the ſame Side of the Point F as the Point B falls 
of the Point C; theſe being done, if Perpendiculars were 
let fall from the Points where the Parabola interſects the 
Circle to the Line BC, their Halves will be equal to the 
Roots of the Equation to be conſtructed. 2 oy 
And take Notice, that where the ſecond Term of the 
Equation is wanting, and ſo the Latus Rectum of the Pa- 
rabola is the Number 2, the Conſtruction comes out the 
ſame as that which Des Cartes produced in his Geome- 
try, with this Difference only, that theſe Lines are the 
double of them. 8 A 4 
This is a general Rule of Conſtructions. But where par- 
ticular Problems are propoſed, we ought ro conſult the moſt 
ſimple Forms of Conſtructions. For the uence u remains 
free, by the taking of which the Equation may, for the moſt 
| Fart, 
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e rendered more ſimple. One Example of which I 
will give. | 

Let there be given an Ellipſe, and let there be two mean 
Proportionals to be found between the given Lines 4 and 5. 


Let the firſt of them be x, and 4. — will be continual 


| z 
Proportionals, and ſo ab==—, or x* ab, is the Equa- 


tion which you muſt conſtruct. Here the Terms þ and 7 are 
wanting, and the Term Saab, and therefore BA and AF 


aab 
are o, and Fl is 1 That the laſt Term may be 


more fimple, let u be aſſumed = 4, and let FI be b. 
And then the Conſtruction will be thus: 

From any Point A in any infinite right Line A E [See Ri- 
you 112.] take AC=4, and on the ſame Side of the Po 

take ACto AE as the principal Latus Rectum of the 
Ellipſe is to the Latus Tran v Then in the P 
dicular Al take AI =6, and A H to AI as A C to AE. 
Let the Parallelograms IA CK, HA EL be compleated. 
Join LA and L K. Upon this Scheme lay the given Ellipſe, 
and it will cut the right Line AL in the Point g. Make 
Lk to LK as Lg to L A. From the Center k, with the 
Diſtance & g, deſcribe a Circle cutting the Ellipſe in . Upon 
AE let fall the Perpendicular - X, cutting HL in T, and 
let that be produced to J, that TY may be to T as LA 
to Lg. And ſo; X will be equal to æ the firſt of the two 


mean Proportionals. Q. E. I. 


LI 
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A New, Exaft, and Eaſy Method, of finding the Roots 
of any Equations Generally, and that without any pre- 
vious Reduction. By Edm. Halley, Savilian Profeſſor 
of Geometry. | Publiſhed in the Philoſophical Tranſ- 
actions, Numb. 210. A. D. 1694.] 


HE principal Uſe of the Analytick Art, is to 
bring Mathematical Problems to Equations, 
and to exhibit thoſe Equations in the moſt 
ſimple Terms that can be. But this Art would 

| juſtly ſeem in ſome Degree defeftive, and not 

| me ſufficiently Analytical, if there were not ſome 

Methods, by the Help of which, the Roots (be they Lines 
or Numbers) might be gotten from the Equations that are 

found, and ſo the Problems in that ref; folved. The 

Antients ſcarce knew any Thing in theſe Matters beyond 


* ol A 
% 
34 2 


75 


Quadratick Equations. And what they writ of the Geome- 


trick Conſtruction of ſolid Problems, by the Help of the Pa- 
rabola, Cifloid, or any other Curve, were only particular 
Things deſigned for ſome particular Caſes. But as to Nu- 
merical Extraction, there is every where a profound Silence; 
ſo that whatever we perform now in this Kind, is entirely 
owing to the Inventions of the Moderns. | 

And firſt of all, that great Diſcoverer and Reftorer of the 
Modern Algebra, Francis Viera, about rco Years ſince, ſhew- 
ed a general Method for extracting the Roots of any Equa- 
tion, which he publiſhed under the Title of, 4 Numerical 
Reſolution of Porters, &. Harriot, Oughtred, and others, 
as well of our own Country, as Foreigners, ought to acknow- 
ledge whatſoever they have written upon this Subject, as 
taken from Vieta. But what the Sagacity of Mr. Newton's 
Genius has performed in this Buſineſs we may rather con- 
jecture (than be fully aſſured of) from that ſhore Specimen 
given by Dr. Wallis in the gat Chapter of his Algebra. 
And we muſt be forced to expect it, till his great Modeſty 
ſhall yield to the Intreaties of his Friends, and ſuffer thoſe 
curious Diſcoveries to ſee the Light. 


Not 
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Mr. eee Raiphſon, F. R. S. publiſhed his Linens Ana- 


thematical Genius, from which the greateſt Things may be 


be gives two very compendious Rules for the Approximation 


ab / PT : 
n between & + 77e and Vier. ＋ 4. And 


. 1 . 8 Ee * 
| 2 14 (where note, that it is 3 4 4, not 


them, and admiring the Compendium, I was willing to find 
dut the Demonſtration. Which having done, I preſently 


demonſtrated from the Geneſis of the Cube, and the 5: 


34ee, And fince 446 is much arg than 4e, * 
| 2 
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. Not long fince, (vis. A. D. 1696.) that excellent Perſon; 


fas of Equations, and illuſtrated his Method by Plenty of 
xamples; by all which he has given Indications of a Ma- 


ny" 

his Example, M. 4e Lagney, an ingenious Profeſſor of 
Mathematicks at Paris, was encouraged to attempt the ſame 
Argument; but he being almoſt altogether taken up in ex- 
tracting the Roots of pure Powers (eſpecially the Cubick) 
adds but little about affected Equations, and that pretty 
much perplexed too, and not ſufficiently demonſtrated : Yet 


of a Cubical Root; one a Rational, and the other an Irra- 
tional one. Ex. gr. That the Side of the Cube 4 +6 


the Root of the 5th Power, 4 + b, he makes = 5 a + 


4a, as it is erroneouſly printed in the French Book.) Theſe 
Rules were communicated to me by a Friend, I having not 
ſeen the Bodk'; but having by Trial found the Goodneſs of 


found that the ſame Method might be accommodated to the 
Reſolution of all Sorts of Equations. And I was the rather 
inclined to improve theſe Rules, becauſe I ſaw that the whole 
Thing might be explained in a Synopſis; and that by this 
means, at every repeated Step of the Calculus, the Figures 

already found in the Root, would be at leaſt trebled, which 
all other Ways are encreaſed but in an equal Number with 
the given ones. Now, the forementioned Rules are eafil 


Power. For, ſuppofing the Side of any Cube = a +e, the 
Cube ariſing from thence is 444 + 34a8ae+3;3ace eee. 
And conſequently, if we ſuppoſe 48 à the next leſs Cube, to 
aby given Non-Cubick Number, then eee will be leſs than 

Unity, and the Remainder 6, will = the other Members of 
the Cube, 34aae+3 618 eee. Whence rejecting eee 
upon the Account of its Smallneſs, we have b= 3 @ 4 e + 
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Me b b - 
3 will not much exceed e; ſo that putting e — then the 


Quantity — 2 e (to which e is nearly equal) will be 


found = — 2 * — , that is, 
1 


742 +b = e. And ſo the Side of the Cube 44 4 + J will 
ab 


be 6 + 7 N= which is the Rational Formula of M. de 


Lagney. But now, if 4 a 4 were the next Cubick 
Number to that given, the Side of the Cube 44 4 — b, will, 


after the ſame Manner, be found to be a— And 


this caſy and expeditious Approximation to the Cubick 
Root, is only (a very ſmall Matter) erroneous in point of 
Defett, the Quantity e, the Remainder of the Root thus 
found, coming ſomething leſs than really it is. 


As for the Irrational Formula, it is derived from the ſame 


RIS b 
Principle, vis. b=3aae+3 ace, or za eee, and 


ſo Va 4 =1abe, and ö 4 2 4 


+ e, the Root ſought. Alſo the Side of the Cube aaa —b, 
after the ſame Manner, will be found to be 5 4 + 


144 — 2. And this Formnla comes ſomething nearer to 


3 
the Scope, being erroneous in point of Exceſs, as the other 
was in Dee and is more accommodated to the Ends of 
Practice, fince the Reſtitution of the Calculus is nothing elſe 
but the continual Addition or Subtraction of the Quantity 


ace 
Is according as the Quantity e can be known. So that 


hb —eee 
34 


we ſhould rather write 54 + + 2 a, in the for- 
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mer Caſe, and in the latter, # 8 + 74% pn 


But by either of the two Formulas the Figures already 


| Known in the Root to be extracted are at leaſt tripled ; 
which I conclude will be very grateful to all the Students in 


Arithmetick, and I congratulate the Inventor upon the Ac- 
count of his Diſcovery. 

But that the Uſe of theſe Rules may be the better per- 
ceived, I think it proper to ſubjoyn an Example or two. 
Let it be propoſed to find the Side of the double Cube, or 


: 
a aa ＋· e · . Here a=1, and 30 =# and ſos + Vos 


er 1,26, be found to be the true Side nearly. Now, the Cube 


of 1,26, is 2,000376, and ſo 0,63 + V ,3969 — 


or 0,63 + y,3968005291005291 == 1,259921049895 — 5 
which in 13 Fi gives the Side of the double Cube with 
very little Trouble, viz. by one only Divifion, and the Ex- 
traction of the Square Root ; when as by the common 
Way of working, how much Pains it would have coſt, the 
mal very well know. This Calculus a Man may continue as 
ar as he pleaſes, by encreafing the Square by the Addition 
of the Quantity 725 which Correction, in this Caſe, will 
give but the Encreaſe of Unity in the 14h Figure of 
the Root. 


Example II. Let it be propoſed to find the Sides of a Cube 


ual to that Engliſh Meaſure commonly called a Gallon 
which contains 231 ſolid Ounces. The next leſs Cube is 
216, whoſe Side 6 = 4, and the Remainder 15 “; and ſo 


for the firſt Approximation, we have 3 r = the 
Root. And e V 9.8333... is 3,1358..., it is 
that 6,358 =a -e. Now, let6,1358=4; and we ſhall 
then have for its Cube 231,00085 3894712, and according to 


000858394712, 
the Rule, 3,0679 + 94ILOIOUT 8 0% is moſt 


accurately equal to the Side of the given Cube, which, 
within the Space of an Hour, I determined by Calculation to 


be 6. 1359243966195 897, which is exact in the 27 5 Ire, 
defective 
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defeRive in the 19h. And this Formula is deſervedly pre- 
ferable to the Rationale, upon the Account of the great Di- 
viſor, which is not to be managed without a great deal of La- 
bour ; whereas the Extraction of the Square Root proceeds 
much more caſily, as manitold Experience has taught me. 


But the Rule for the Root of a pure Surſolid, or the 5th 
Power, is of ſomething a higher Enquiry, and does much 
more perfectly yet do the Buſineſs : for it does at leaſt Quin- 
tuple the given Figures of the Root, neither is the Calculus 
very large or operoſe. Though the Author no where ſhews 
His Mcthod of Invention, or any Demonftration, although it 
ſeems to be very much wanting; eſpecially ſince all Things 
are not right in the printed Book, which may cafily deceive 
the unskilful, Now the 5 Power of the Side a e is com- 
poſed of theſe Members, a* + a e + 1047 a7 104* e 
＋ 5a6e*t+e* a ; from whence b=5, a* e + 104? ef 
I 104*e* + 5 ae, rejecting e“ becauſe of its ſmallneſs, 


Whence eee + 24e* b+ e*, and adding on 


both Sides 5 4*, we ſhall bare Vz a* + _ Vale 
Tae T 240 þ+e'=43aa+4e+ee. Then ſubtraQting 


3 4a from both Sides, 3.4 Ce will VV 24 + > 


to which, if + 4 be added, then will a +e = 3 a+ 
© oper: Sa | | 12 | 
VV 1% 4 = the Root of the Power 4 + 5. 


But if it had 2 — 5 (the Quantity 4 being too great) the 


3 


„ 
Rule would have been thus, 2 a + VVA — 


nd this Rule approaches wonderfully, ſo that there is hard- 
any need of Reſtitution. | 


But while I confidered theſe Things with my ſelf, I light 
upon a general Method for the Frimulas of all Powers what- 
ſoever, and (which being handſome and conciſe enough) 1 
thought I would not conceal from the Publick. 


Theſe 
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Theſe Formulas, (as well the Rational as the Irrational 
ones) arc thus, | RR 


94441 2 Vaatho + Tip | 


| 1 
* „E or 4 + 75 T 


Ve iL Vi tr 


44* +36 | 

b ab 1 

4422 dats f 

V*a*+1 1 CV“ or — 2 

/ b ab | 

6 FER = | 
ab 


* Li 
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And fo alſo of the other higher Powers. But if à were 
aſſumed bigger than the Root ſought, (which is done with 
fome Advantage, as often as the Power to be reſolved is much 
nearer, the Power of the next greater whole Number, than of 
the next /eſ5) in this Caſe, Mutatis Mutandis, we ſhall have 
the ſame Expreſſions of the Roots, viz. 


/ 08—b=ag—b, or 6——< 


1 


b ab 

"PR" IM Funny" 8 3 | 
2 — vas > or 4 — l 
ab 
$8 —= £# | 


4 $ — 1 — — — 


* 


V*a*—b=2a+y ee ON "ITY | | | 


104 54 —26 


11 
nau te TH or 


Va —b=ja+y IF — or 4 — 
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And within theſe two Terms the true Root is ever found, 
being ſomething nearer to the Irrational than the Rational 
Expreſſion. But the Quantity e found by the rational For- 
mula, is always too great, as the Quotient reſulting from the 
Rational Formula, is always too little. And conſequently, if 
wy have + 6, . 9 1 the Root ſome- 
ing greater than it ſhou „and the Rational ſomething 
leſs. Ss contrariwiſe if it be — 6. | 
And thus much may i to be ſaid concerning the Ex- 
traction of the Roots of Powers; which notwithſtand- 
ing, for common Uſes, may be had much more eaſily by the 
Help ot the Logarithms. But when a Root is to be deter- 
mined very accurately, and the Logarithmick Tables will not 
reach ſo far, then we muſt neceſſari ly have Recourſe to theſe, 
or ſuch like Methods. Farther, the luvention and Contem- 
_ ot theſe Tormmlas leading me to a certain univerſal 
ule of adfected Equations, (which J hope will be of Uſe to 
all the Students in Agel ra and Geometry) I was willing here 
to give ſome Account of this Diſcovery, which I will do 
with all the Perſpicuity I can. I had giren at N 188. of 
the Tranſattions, a very eaſy and general Conſtruction of all 
adſected Equations, not exceeding the Biquadratick Power; 
from which Time I had a very great Deſire of doing the 
ſame in Numbers, But quickly after, Mr. Raiphſon ſeemed 
in t Meaſure to have ſatisfied this Defire, until Mr. Lag- 


the Thing might be done more compendlouſly yet. Now, my 


Method is thus: 
Let 2, the Root of any Equation, be imagined to be 
compoſed of the Parts 4 or — e, of which, let 4 be aſ- 
ſumed as near 2 as is poſſible ; which is notwithſtanding not 
neceſſary, but only commoaions. Then from the Quantity 
a+e, or a —e, let there be formed all the Powers of 2, 
found in the Equation, and the Numerical Co-efficients be 
my affixed to them : Then let the Power to be re- 
ſolded be ſubtracted from the Sum of the given Parts (in the 


firſt Column where e is not found) which they call the Ho- 


mogeneum Comparationis, and let the Difference be b. In 
the next Place, take the Sum of all the Co- efficients of e in 
the ſecond Column, to which put =s. Laſtly, in the third 
Column let there be put down the 8um of all the Co effici- 
ents of ee, which Sum call 7, Then will the Root 2 ſtand 


| b 
thus in the Rational Formula, vis. 3 = 4 + 77 fl. and 


2 thus 


45 what he had performed in his 3 intimated, that 


1 


rr 


0 


Ma" | 
tus in the Irrational Formula, vis. 2 . FUr; 


which parks it may be worth while to illuſtrate by ſome 
Examples. And inſtead of an Inſtrument let this Table ſerve, 
which ſhews the Genefis of the ſeveral Powers of a Te, 
and if need be, may eaſily be continued farther z which, for 
its Uſe, I may rightly call a General Analytical Speculum, 
The forementioned Powers ariſin 


from a continual ultipli- . 
__ by ate () come out So with their ad Co 
ents, ; 


KN 


=,2 
194 = 5 2 
„5,2 
42951248 


9 = 8 
1 = 2 
2 2 
DFI / 


1772 


I, 

9; 

59 16 
ky 


98 92” 


150 
995 9781 


+ 
t 


£ 


29 7 
5 59 
29 ,vqol 


4 


83 
99,9 


159 1 

15 38 
19395401 
19 Jr 


| 19,9 75% 
'umnmy/o10g, rind. 


— TT T_T — 


[ 266 } 


But now, if it be a—e=2, the Table is compoſed.of the 
ſame Members, only the odd Powers of e, as e, el, e“, e“ 
are Negative, and the even Powers, as e“, e, e“, Affirma- 
tive. Alle. let the Sum of the Co- efficients of the Side e, be 
=$; the Sum of the Co- efficients of the Square ee t, the 
Sum of the Co- efficient of e* u, of e* — xx, of e — x, of 
e y, &c. But now, ſince e is ſuppoſed only a ſmall Part 
of the Root that is to be enquired, all the Powers of e will be 
much leſs than the 4 — Powers of a, and ſo far the 
firſt Hypotheſis; all the ſuperior ones may be rejected; and 
forming a new Equation, by ſubſtituting a Ke =2, we ſhalt 


© have (as was ſaid) KU Tse tee. The following Ex- 


amples will make this more clcar. 


Ex AM L E I. Let the Equation 2* — 32* + 75 2 
= 10000 be propoſed. For the firſt Hypotheſis, let 4 = 10, 
and ſo we have this Equation ; 

2* = % 44 ep6ae 4a0 ebet 
—Az —=—44*. 48a e— 4d ee * 
+2 S 4 c e 
= + 10000 goooe + oe ꝗ4oel e“ 

— 900 60e — 3 ee 

＋ 150, 790 


F | 
+ 450—4015e + 597 ee—goe*' +e*=0 
$ r 2 


The Signs + and —, with reſpe& to the Quantities e and 
e*, are left as doubtful, until it be known whether e be Ne- 
gative or Affirmative; which Thing creates ſome Difficulty, 
fince that in Equations that have 8 


creaſed by the minute Quantity a, and on the contrary, that 
being encreaſed, ey are diminiſhed. But the Sign of e is 
determined from the Sign of the Quantity 5. For taking a- 
way the Reſolvend from the "Homegeneal formed of a; the 
Sign of Se (and conſequently of the prevailing Parts in the 


Compoſition of it) will always be contrary to the Sign of 
the Difference b. Whence it will be plain, whether it muſt 


be e, or — e; and conſequently, whether 4 be taken 
greater or leſs than the true Root. Now the Quantity e is 


$S$—y 45S—bt 
t 3 


— 
— 


when 6 and 7 have the ſame Sign, but 
when 


veral Roots, the Homo- 
_ genea Comparationts (as they term them) are oftentimes en- 


FRE. uo = te CR ORs, 


Ss 
when the Signs are different, 22 . 


after it is found that it will be — e, let the Powers e, e“, e“, 
c. in the Affirmative Members of the Equation be made 
Negative, and in the Negative be made Affirmative; that is, 
let them be written with the contrary Sign. On the other 
hand, if it be ＋ e let thoſe forementioned Powers be made 
Affirmative in the Affirmative, and Negative in the Negative 
Members of the Equation. 

Now we have in this Example of ours, 10450 inſtead of 


the Reſolved 10000, or 6 = + 450, whence it is plain, 


that's is taken greater than the Truth, and conſequently, 
that it is — e. Hence the Equation comes to be, 10450 — 
gol5e + 5g ee —4e* + e“ = 10000, That is, 450 — 
4015 e + 597 ee = 0; and ſo 450=qorze— 597 ee, or 
IS—y/ 355—ber SS 


OF — — 


e tee oſe Root e= 
te e, whole R - x Po 


£3 -# I 
4 7x1 that is, in the preſent Caſe, 


200 - 3761406 


4 ———, from whence we haye the Root 


597 | 
ſought, 9,886, which is near the Truth. But then ſubſti- 
tuting this for a ſecond Suppoſition, there comes a +e , 
moſt accurately, 9,8862603936495 + . ſcarce exceeding the 
+ — 
Truth by 2 in the laſt Figure, vis. when L365 nat. — 


Se. And this (it need be) may be yet much far- 
ther verified, by ſubtracting (if it fo e) the Quantity 


Ze. e. 


Vi Fr mw the Root before found; or (if it be — e) 
n f 
by adding r that Root. Which Compendium 


is ſo much the more valuable, in that ſometimes from the 
firſt Suppoſition alone, but always from the ſecond, the Cal- 
culus may be continued (keeping the ſame Coefficients) as 
far as one pleaſes. It may be noted, that the fore-menti- 


oned Equation has alſo a Negative Root, vis. $= 10,26 .... 


ka any one that has a Mind, may determine more accu- 
rately. 


Mm z ExXAMPLE 


* 
uv 
j! 
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Ex Au II. Suppoſe 2 —172+542= 350, and let 


=10. Then according to the Preſcript of the Rule, 
S* 4 a*e aeeqe 
2 s 2A 1226 70 1 
Tes ca +ce 
b s 7 
That is, + 1000 + 300e + zo e“ e! 
— 1100 — 3400 — 17 
+ 540 + 54e 
ne 
Or, — 510 + 14e I zee Teo 
Now, ſince we have — 510, it is plain, that à is aſſumed 
leſs than the Truth, and conſequently that e is Affirmative. 
And from (the Equation) 510 = 14e +13e*, comes e 
vV br +E—25 6679 —7 gq | 
7 13 
which is too much, becauſe of à taken wide. Therefore, 
Secondly, let a = 15, and by the like Way of Reaſoning we 


5 248 4 
ſhall find e — — 2 2 5 ES, a 
conſequently, 2 = 14,954068. If the tion were to be 
repeated the third Time, the Root will be found conforma- 
ble to the Truth as far as the 25th Figure; but he that is 
contented with fewer, by writing rte“ inſtead of 7 , or 


. Whence 6 = 15,7 * + Oz 


121 
ſubrraQting or adding — TT — to the Root before found, 


will preſently obtain his End, Note, the Equation propoſed 
is not explicable by any other Root, becauſe the eſchvend 


550 is greater than the Cube of 7 or 5. 


ExAMPLE III. Let us take the Equation 2“ — 802 
- 1998 2* — 149372 + 5000'= o, which Dr. Wallis uſes 
hap. 62. of his Algebra, in the Reſolution of a very difficult 
Arithmetical Problem, where, by Vieta's Method, he has ob- 
tained the Root moſt accurately; and Mr. Ralphſon brings 
it alſo as an Example of his Method, Page 25, 26. Now 
this Equation is of the Form which may have ſeveral Affir- 
mative Roots, and (which increaſes the Difficulty) the Co- 
efficiexts are very great in reſpect of the Reſolvena given. 


But | 


AA 


\ 
I 


> + 
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But that it may be the eaſier managed, let it be divided, 
and according to the known Rules of Pouring, let —2* + 
82* —202* +152= 0,5 (where the Quantity 2 is x5 of 
v in the Equation propoſed) and for the firſt Suppoſition 
let a=1, Then 2 — fe — ze +4& — e —o0,5 o, 

4 11 
2 2 2 


that is, 11 ge zeez hence e= 


— Y —j 4 and ſo 2 1, 2; whence it is manifeſt, that 


I2,7 is near the true Root of the Equation propoſed. Now, 
Secondly, let us ſu = 2 12, and then according to the 
Directions of the Ta le of Powers, there ariſes 

b $ [2 1 
— 26014, 4041 — 8193,32 — 967,74e* — 08e“ — e“ 
+ 63870, 640 + 3870965 2 3048 e* + oe. 
— 322257,42 — 30749, e — 1998 e 


189699,9 ＋ 14937), e 
— $000. 


＋ 298,6559 — 5296,132e + $2,26e* 2g20 —2*=0 
And fo — 298,6559 = — 5296,132e + $2,26 ee, whoſe 


ES—/ ELS5—bt 


Root e (according to the Rule) = , comes 


- 2648,066 — y/ 6987686, 106022 
$2,26 
De leſs than the Truth. But that it may be corrected, it is 
t i, „ nr: 
to be conſidered, that V 35s —btr 8 2 —— * 
,00000099, and conſequently s corrected, is = 056447c448$- 
And if you defire wy, ens Pw of the Root, from thee 
corrected, let there be made tu t 6 =0,43105602423..., 


rr 
1 — v4 eh tue — ar which is all eg 
2648,066 — v. 6987685,67496597577 «+, __ 
= 82,26 255 NE 
,05644179448074402 =e; whence a Fe = the Root is 
moſt 8 12, 56441 79448074402. ., as Dr. Wallis 
found in the forementioned Place; where it may be _— 


i 


==,05644080331 .... 


2701 


that the 9 of the Calculus does ever triple the truo fi 
Figures in the aſſumed a, which the firſt Correction, or 5 
1 $2 e* . 
ib does quintuple; which is alſo commodiouſly fo 
done by the Logarithms. But the other Correction after the 0, 
firſt, does alſo double the Number of Figures, ſo that it th 
renders the aſſumed altogether Seven-fold ; yet the firſt Cor- re 
rection is abundantly ſufficient for Arithmetical Uſes, for the Fi 
moſt Part. | | Su 
But as to what is ſaid concerning the Number of Places | 
rightly taken in the Root, I would have underſtood ſo, that da 


when 4 is but £5 Part diſtant from the true Root, then 

the firſt Figure is rightly aſſumed; if it be within 55 Part, 

then the two firſt Figures are rightly aſſumed; if within 

res, and then the three firſt are ſo ; which conſequently, 

— according to our Rule, do preſently become nine 
igures. 


It remains now thut I add ſomething concerning our 


Raticual Formula, via. e = 1 70 which ſeems expediti- 
ous enough, and is not much inferior to the former, ſince it 
will triple the given Number of Places. Now, having 
ſdtmed an Equation from 4 + e , as before, it will pre- 
ſently appear, whether à be taken greater or leſſer than the 
Truth; fince Se ought always to have a Sign contrary to the 
2 Sign of the Difference of the Reſolvend, and its Homegeneat 
roduced from 4. Then ſuppoſing +-b + $se + a—tee=o, 
the Diviſor is SS—7b, as often as r and b have the ſame 
Signs; but it is SS br, when they have different ones. 
But it ſeems moſt commodious for Practice, to write the 


T hecrem thus, e=L + 4 ſince this Way the Thing is done 


by one Multiplication and two Divifions, which otherwiſe 
would require three Multiplications, and one Diviſion. 

Let us take now one Example of this Method, from the 
Root (of the forementioned Equation) 12,7 ,...., where 
298,6559 —.5296,132 & + 82,26ee+ 29,2 6 —e* = 0, 
+b —5 ＋ + tu ' 

Bs - | 
andſo—— ez that is, (let it be as g tor, ſob ta 


f 
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tb | 
—= 5296,132) 298,6559 into $2,26 (4,63375 . . where- 


fore the Diviſor is —7 = 5291,49325 . + + + 0 298,6559 


0,056441 . Se, lp is, to five true Figures, added to. 
the Root that was taken. But this Formula cannot be cor- 
rected, as the foregoing Irrational one was; and ſo if more 


| Figures of the Root are defired, it is the a 


Suppoſition, and . the Calculus again: And then a new 


Quotient, tripling the known Figures 7 the Root, will abun- 
dantly abe even the moſt * 
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